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PREFACE

Editorial on the book series
Graph Theory and Its Applications

Topological Indices of Graphs |

Chemical graph theory, a branch of theoretical chemistry, presents many utilities for
WKH FODULAFDWLRQ RI PROHFXODU VWUXFWXUHV UHVXOWLQJ LQ L
these utilities called as topological indices are also known as molecular structure descriptors
and have been extensively studied for a long time. Topological indices have attracted the
attention of many researchers, particularly in mathematics and chemistry. The literature
contains many important results and still-unsolved problems related to topological indices.
Obtaining lower and upper bounds for these indices, characterizing graphs in equivalence,
and using these indices to analyze the properties of chemical structures, QSAR and QSPR
studies are among the primary research topics. Numerous articles have been and are still
EHLQJ VWXGLHG LQ WKLY GLUHFWLRQ LQ WKH OLWHUDWXUH 7R SL
with an opportunity to share their new works, we have attempted to compile a new book
series on Graph Theory and Its Applications DQG WKH AUVW YROXPH RIopoKLYV VHU
logical Indices of Graphs I.

The series will continue with different aspects on Graph Theory and application areas of
graphs. We would like to thank all researchers who responded to our invitation and cont -
ULEXWHG WKHLU UHFHQW ZRUNV LQ WKLV AUVW YROXPH :H KRSH
interest for the forthcoming volumes.

In brief, 20 rigorously selected papers are contributed to this book as follows:

,Q WKH AUVW SDSHU "6WUHVV RI D *UDSK 7KHRU\ $OJRULWKPV
al. effectively demonstrated some applications of a relatively new notion, stress of a vertex,
gave several algorithmic approaches and some applications.

BUREDEO\ RQH RI WKH PRVW SRSXODU WRSRORJLFDO JUDSK LQGI
VHFRQG SDSHU LQ WKLY ERRN LV WLWOHG "7ZR 1HZ /RZHU %RXQG
6RPH +DPLOWRQLDQ 3URSHUWLHV RI *UDSKVu DQG GHDOV ZLWK +
of this index.

Sombor index is a new and very popular topological graph index due to its geometric,
algebraic and combinatoric properties widely applied in a short-term literature. The third
SDSHU LQ WKLV YROXPH E\ .LUJL] DQG ODGHQ LV "%RXQGV LQFOX
LQGH[p ZKLFK VWXGLHG D VOLJKW YDULDQW RI 6RPERU LQGH[ ZLW

Most of the topological graph indices are degree based. Some of these indices are stu -
died in this paper for some algebraic graphs called non-zero component graphs. The next
SDSHU "6RPH 9HUWH[ '"HIJUHH %DVHG 7RSRORJLFDO ,QGLFHV RI 1RC
by Mathew et al. Deals with relations between algebraic side of graph theory and graph



indices enabling one to obtain new information using these two broad areas.

7KH AIWK SDSHU E\ 6UHHMD 3 HW DO WLWOHG "7RSRORJLFDO
ELSDUWLWH JUDSKyu GHDOV ZLWK DQ LQWHUHVWLQJ IDPLO\ RI JUD.
bipartite graphs by calculating several topological graph indices of them.

One of the chemical application areas of graphs is material science. Study of dendri -
mers is an important application and temperature indices, a very recent class of topological
JUDSK LQGLFHV LV VWXGLHG LQ WKH VL[WK SDSHU "&RPSXWDWLR
ULPHU VWUXFWXUHVH E\'" 6 .XPDU DQG 9 /RNHVKD

7KH VHYHQWK SDSHU LQ WKLV ERRN LV ""HIJUHH %DVHG 7RSROF
$QDO\WLFDO 5HVXOWYV IRU $%& DQG *$ OHDVXUHVu E\ ODVRRG XU 5
hors gave calculations on some degree based topological graph indices for nanotubes.

"4635 $QDO\WVLV RI $QWLELRWLFV YLD 9HUWH[2(GJH :HLJKWHG 7F
Sorgun dealt with an extensive QSPR analysis for antibiotics by means of weighted topo -
logical graph indices.

""HIJUHH %DVHG ,QGLFHV RI ORELXV )XQFWLRQ *UDSK RI )LQLWH *

the nineth paper in this volume, again dealing with algebraic graphs called Mobious function
JUDSKV RI AQLWH JURXSY LQWHUFRQQHFWLQJ WKHP ZLWK GHJUHH

"3DUWLDO O\FLHOVNLDQ JUDSKVp E\ -DNNDQQDYDU HW D-O GHDC
pological graph indices of a special and intensively studied type of derived graphs called
partial Mycielskian graphs.

7KH HOHYHQWK SDSHU WLWOHG "2Q GRPLQDWLRQ =DJUHE LQG
JUDSKVu E\ 1DFDURJOX DQG $NIJXQHV FRQWLQXHV WKH XVHIXO LQW
and Graph Theory by studying monogenic semigroup graphs.

"TRSRORJLFDO ,QGLFHV RI 2UGHU 6XP *UDSKVu E\ ODGKXPLWKD
another interesting and new idea of order sum graphs as yet another algebraic graph type
and their topological graph indices are calculated.

$ YHU\ LQWHUHVWLQJ UHFHQW JUDSK LQYDULDQW LV WKH RPHJD L(
and I. N. Cangul which has close relation with cyclomatic number and Euler characteristic
of graphs. It can be used for combinatorial, topological, geometric and graph theoretic
FDOFXODWLRQV UHODWHG WR JUDSKV “6RPH 1HZ 3URSHUWLHV RI
Nurten Urlu Ozalan introduced and studied a variant of this invariant.

", QWHUSUHWDWLRQ RI )UDFWLRQDO 'RPLQDWLQJ 3DUDPHWHUYV |
et al. is the fourteenth contribution in this volume dealing with fractional dominating para -
meters of chemical graphs giving several new ideas for application of graphs.

"BUHGLFWLQJ 3URSHUWLHV RI 3$+V ZLWK *UDSK ,QGLFHV DQG *UI
by Colakoglu and Cenesiz deals with a machine learning approach to PAHSs to predict their
properties by means of graph parameters.

Another very popular topological graph index is the Wiener index. The next contribution
WLWOHG "7KH :LHQHU ,QGH[ RI *UDSKV 2EWDLQHG, IWEP /IXHDSNDVRF
and Thakor gave another algebraic graph example named as associate graph and the
Wiener index is calculated for these graphs.



Graph products help us to obtain required information on large graphs by means of
properties of smaller graphs constituting it. An example of them named as deleted lexi -
FRJUDSKLF SURGXFW LV FRQVLGHUHG LQ WKH QH[W SDSHU "'LVWD (
'"HOHWHG /H[LFRJUDSKLF 3URGXFW RI *UDSKVu E\ &DOLVNDQ DQG ¢

7KH QH[W FRQWULEXWLRQ WLWOHG "5HGXFHG AUVW =DJUHE LQGH}
Hacer Ozden Ayna gives a useful application of some graph transformations adding new
HGJHV WR D JUDSK DQG FDOFXODWLQJ LWV HIIHFW IRU WKH UHGXI

"6RPERU LQGH[ IRU VRPH EHQ]JHQRLGVHu E\ &HOLN DQG .D\D *RN
application of Sombor index for benzenoid structures.

7KH AQDO FRQWULEXWLRQ WLWOHG DV "&RPSXWDWLRQ RI WKH
RI VWDQGDUG JUDSKVu E\ 6ULGKDUD DQG 3IDGPDQDEKDQ FRQVLGHU
and useful parameter for graphs.

7KH SDSHUVY VHOHFWHG FDUHIXOO\ IRU LQFOXVLRQ LQ WKLV YH
the idea of applying mathematical models to the modeling graphs to improve the tech -
nological processes. Thus, these papers provide a nice exploration and some applications
of graphs for improvization of the technological approaches.

'HVSLWH WKH FRYHUHG DUWLFOHY KDYH D ZLGH UDQJH RI VXEM|
ribute to the solution of the existing problems in Chemistry and hence they identify the
possible gaps in the literature. We sincerely hope that this special issue will motivate a large
number of interdisciplinary research.

Editors

Ayse Dilek MADEN

Selcuk University, Konya, Turkey
E-mail:aysedilekmaden@selcuk.edu.tr

Ismail Naci CANGUL
Bursa Uludag University, Nilufer, Bursa 16059, Turkey
E-mail: cangul@uludag.edu.tr

Veerebradhiah LOKESHA
Department of Studies in Mathematics, Vijayanagara Sri Krishnadevaraya University,
Jnana Sagara Campus, Vinayaka Nagara, Ballari-583 105
E-mail: v.lokesha@gmail.com
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On Domination Zagreb Indices of Monogenic Semigroup
Graphs
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Abstract

In this paper, we give domination Zagreb indices of graphs obtained by monogenic
semi-groups with zero.

Keywords: Topological indices, Domination Zagreb indices, Monogenic semi-group
graphs
AMS Classi cation: 05C07, 05C12, 05C76

1 Introduction

Graph theory has become a fundamental tool in chemistry, network analysis, computer science,
electrical engineering and geography to sociology and architecture. Topological indices are humerical
parameters that characterize the topology of a molecule and are generally invariant under graph
isomorphism. Topological indices are generally divided into two main classes: degree-based and
distance-based. The Zagreb indiceslp, 17, 12, 18], Randi index [28], Wiener index [33, 22],
and the more recently introduced Sombor index 19 have demonstrated utility in Quantitative
Structure—Activity Relationships (QSAR) and Quantitative Structure—Property Relationships
(QSPR), providing numerical descriptors that correlate with chemical and physical properties
[31, 29, 10, 32].

Another fundamental topic in graph theory is theory of domination. A set is said to be a
dominating set of , if for any vertex there exists a vertex such that and are
adjacent. The domination number of is the minimum cardinality of a minimal dominating
setin . A dominating-set is minimal if is not a dominating set. For a

survey of domination in graphs, refer to [20, 21] .

De nition 1.1.  For each vertex , the domination degree denoted by and de ned as
the number of minimal dominating sets of which contains .

Based on this new degree de nition, a new family of topological indices called "domination
topological indices" has been proposed as follows.

Corresponding Author
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De nition 1.2. [3] Let be a simple connected graph, the rst domination, second domination
Zagreb and modi ed rst Zagreb indices are de ned as :

The introduction of these indices has spurred research in this area, leading to the rapid
development of other related indices such as the forgotten dominatiord], hyper domination
[4], second domination hyper 4], and domination Sombor indices 30], as well as new concepts
like domination Zagreb polynomials R7, 1, 2]. Domination entropy derived from domination
topological indices has been shown to exhibit better correlation than classical indices in predicting the
physicochemical properties and pi-electron energy of molecules in QSPR analyses on 29 benzenoids
[23].

The concept of a zero-divisor graph was rst introduced in Beck’s11] 1988 work on commutative
rings. The concept of a zero-divisor graph was later extended to both commutative and non-
commutative rings by authors such as Anderson [7, 8, 9].

This concept was generalized to commutative semigroups by DeMeyer and his colleagu#4, [15].
They de ned a semigroup zero-divisor graph as a graph whose vertices have zero-divisors di erent
from the semizero group, and where the product of two distinct vertices is zero if they are adjacent.

Based on this de nition, in 2013, Das and etc. 13] introduced a new and special type of graph
derived from a nite monogenic semigroup as follows. For a survey of monogenic semigroup graphs,
refer to [24, 25, 26, 5].

De nition 1.3. [13] Let be a monogenic semigroup (with zero). The
monogenic semigroup graph, denoted , is a graph obtained from monogenic semigroup . The
vertex set of this graph consists of the elements of, except for zero. Any two vertices and

are adjacent if and only if

1.1 An Algorithm [6]

To simplify our calculations and hence the key results in Section 2 below, we will provide the
following algorithm about the neighborhood of the vertices on while keeping the description
of this speci c graph in mind.

Except for itself, the vertex is adjacent to the all vertices except
itself.
Except for itself and the vertex , the vertex is adjacent to the all vertices
The vertex is adjacent to the all vertices , the vertex and
the vertex

If we continue with these steps in this algorithm, we will have two options at the nal two stages
depending on whether is even or odd.:
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is even:

The vertex is adjacent to the vertices v v , v
The vertex is adjacent to the vertices , \ v
is odd:
The vertex is adjacent to the vertices : \ \ v ,
The vertex is adjacent to the vertices , v , v
As a usual way, let denote the domination degrees of the vertices
in , respectively. By considering the above e ective algorithm, we give the

following lemma.

2 Domination Zagreb Indices of Monogenic Semi-Group Graphs

Lemma 2.1. Let be graph obtained by monogenic semi-group

. Then, the domination degree sequences of this graph are given as
follows:
Proof. Let be a monogenic semigroup graph. In this case, according to the values that n

will receive, two situations arise.

Let be even. Now let’s give the domination degrees of all vertices of the x graph respectively.
Since is the number of minimal dominant sets containing , we can give these dominant sets
as follows.

Therefore, the domination degree of the vertex is
Since is the number of minimal dominant sets containing , we can give these dominant
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sets as follows.

Therefore, the domination degree of the vertex is . If we continue in this way, we will get
. It is seen that the domination set containing  is only :
SO . Similarly, it is seen that

When is odd, the proof is completed by following similar steps.
In the following theorem, we give the exact formula for the rst domination Zagreb index.

Theorem 2.2. Let be monogenic semi-group graph. Then, we have

Proof. In the proof, we will mainly consider Lemma 2.1. By the de nition of rst domination
Zagreb index, we have

We recall that, for a real number , we denote by the greatest integer . For a natural
number , we clearly have

2.1)

Now depends on the status of in , we have to consider (2.1) which implies the result as
desired.

Theorem 2.3. Let be monogenic semi-group graph. Then, we have

Proof. Since the main goal in here to characterize depending on the total number of
degrees, we need to think the summation as the sum of di erent blocks and then calculate each of
them separately. During our calculations, we will mainly focus on the algorithm de ned in Section
1.1 since it presents very systematically way to decide degrees of the vertices. Additionally, we will
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use Equation (2.1) and Lemma 2.1.

Assume that n is even:

which is written by . Let us say to this sum

which is written by . Say to this sum
written by . Say to this sum
written by . Say to this sum

As a result, the second domination Zagreb index is written as the sum

Now to reach the aim, we also need to investigate each separately, as indicated at
the beginning of this proof.

By applying similar arguments as in , we get

and nally
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Thus,

Assume that n is odd:
By taking into account (2) and following same steps as in n is even case, we obtain

Theorem 2.4. Let be monogenic semi-group graph. Then, we have

Proof. Since the main goal in here to characterize depending on the total number of
degrees, we need to think the summation as the sum of di erent blocks and then calculate each of
them separately. During our calculations, we will mainly focus on the algorithm de ned in Section
1.1 since it presents very systematically way to decide degrees of the vertices. Additionally, we will
use Equation (2.1) and Lemma 2.1.

Assume that n is even:

which is written by . Let us say to this sum

which is written by . Say to this sum
written by . Say to this sum
written by . Say to this sum
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As a result, the second domination Zagreb index is written as the sum

Now to reach the aim, we also need to investigate each separately, as indicated at
the beginning of this proof.

By applying similar arguments as in , we get

and nally

Thus,

Assume that n is odd:
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By taking into account (2) and following same steps as in n is even case, we obtain

3 Examples

In the following examples, we show that the domination Zagreb indices of monogenic semigroup
graphs are easily computed with the help of the main theorems.

[
[ [ J
([ [
([ ([
[ ] [ ]
Figure 1: monogenic semigroup graph.

Example 3.1. Let us consider the monogenic semigroup graphs with nine vertices as Figure
1. Then we get

. (by Theorem 2.2)

. (by Theorem 2.3)

. (by Theorem 2.4)
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° °
° °
° °
° °
°
Figure 2: monogenic semigroup graph.
Example 3.2. Let us consider the monogenic semigroup graphs with ten vertices as Figure
2. Then we get
. (by Theorem 2.2)
. (by Theorem 2.3)
. (by Theorem 2.4)
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Some New Properties of the Second Omega Coindex
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Abstract

We present a comprehensive theoretical study of the second omega coindex and derive a fundamental
identity that connects index and coindex values. Our main result shows that for any simplesgraph

the sum ,(G) 2(G) depends only on the degree sequencé athereby providing an invariant de-
termined solely by degree distribution. We establish Nordhaus—Gaddum type inequalities for regular
graphs, prove general upper bounds whose growth is of ofd@nd characterize extremal cases. This
study enhances the understanding of omega-type indices and contributes to the classi cation of topolog-
ical indices according to their structural properties.

Keywords: Second omega index, Coindex, Nordhaus—Gaddum inequalities, Topological indices, De-
gree sequence, Regular graphs
AMS Classi cation: 05C09, 05C92

1 Introduction and Preliminaries

Graph theory has emerged as a fundamental branch of discrete mathematics with profound applications
across diverse scienti ¢ domains, from chemistry and biology to computer science and social network anal-
ysis, [3]. Central to many graph-theoretic investigations is the study of topological indices—numerical
invariants that capture essential structural properties of graphs and enable quantitative analysis of complex
networks.

Among the extensive family of topological indices, degree-based indices have attracted considerable
attention due to their computational simplicity and meaningful interpretations in various contexts, [9, 20].
The classical Zagreb indices, introduced by Gutman and Triba[4tl], in the 1970s, pioneered this area
by establishing connections between molecular structure and chemical properties. Subsequently, numerous
variants and generalizations have been developed, each o ering unique insights into graph structure, [2, 10].

The second omega index was recently formulized as a new degree—based topological descriptor, [19]. It
emerges as an extension of the original omega invariant, which was rst introduced by Delen and Cangul
as a novel graph invariant in 2018, [4]. While the classical omega invariant describes structural aspects of

191



graphs, the second omega index uses degree sequence data in a multiplicative way, making it more e ective
for the study of graph properties.
LetG (V E) denote a simple graph with vertex 3ét V(G) and edge seE ~ E(G). We use
n V(G) to denote the order d6 andm  E(G) to denote its size. For a vertex V, we denote by
d(v) dg(v)the degree ofin G, and by ( G) the maximum degree @3.
Thedegree sequenad G is denoted as

DS(G) 1@) o(@2) (@) (1)

wherea; v V:d(v) i representsthe number of vertices of degrieeG. Note that ;; a nand
i1 1 & 2mby the handshaking lemma.

Theomega indexf a graphG with degree sequend@S(G) 1(@) 2(@) @) js de ned as [19]

(G (i 2)a a )

i3
This invariant provides structural and combinatorial information about a graph solely in terms of its degree

sequence, such as connectedness, cyclicness, and realizability.
Thesecond omega indexX G is de ned as

2(G) [(d(u) 2aqw] [(d(V) 2)aqw)] 3
uv E(G)
where the sum extends over all edgeof G.

This index exhibits several remarkable properties that distinguish it from its predecessors. Unlike many
traditional indices that depend solely on local vertex degrees, the second omega index not only incorporates
global structural information through the degree sequence multiplicijdaut also takes into account the
adjacency of vertices by summing over edges. In this way, it establishes a connection between local degree
information, global degree distribution, and the edge structure of the graph.

A natural extension of any graph index is its corresponding coindex, which considers non-adjacent
vertex pairs rather than edges. T$exond omega coindex, recently introduced in [17], is given by

2(G) [(d(u) 2)agw] [(d(v) 2)aqw] (4)
uvV(G)
uv E(G)

where the sum extends over all non-adjacent pairs of vertig8s in

The systematic study of index-coindex relationships has proven invaluable in understanding the com-
plete structural picture of graphs. Such relationships often reveal deep mathematical identities that connect
seemingly disparate aspects of graph topology.

For a graphG, its complemenG has the same vertex s¢{G) and edge setu v : uv V(G) u
v uv E(G). The development of Nordhaus—Gaddum type inequalities represents a classical theme in
extremal graph theory, [1]. Named after the pioneering work of Nordhaus and Gaddum, [16], on chromatic
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numbers, these results establish relationships between a graph parameter and its value on the complement
graph, providing fundamental insights into how graph properties transform under complementation, [3, 12].

In this paper, we develop a theoretical basis for the second omega coindex and its connection with the
corresponding index. First, we prove Brdex—Coindex Relation, showing that for any simple grapthe
sum »(G) 2(G) depends only on the degree sequendc®,giroviding a fundamental invariant relation-
ship that generalizes earlier results in topological index theory. We then presexplait computational
formula, which allows this sum to be expressed directly in terms of degree sequence multiplicities, making
it possible to compute e ciently without constructing the graph itself. Furthermore, we ddlivdhaus—
Gaddum type inequalitiefor the coindex values of a graph and its complement, with special emphasis on
regular graphs where exact formulas can be obtained, [8]. We also investigegmal cases, describing
graphs that reach the minimum and maximum values of these measures, and show that for graphs with
vertices the maximum value grows on the ordenbfFinally, we establislyeneral upper boundgalid for
all simple graphs and illustrate the sharpness of our results through explicit constructions.

The results of this work not only clarify the role of omega-type indices but also contribute to the broader
e ort of classifying topological indices according to their extremal and structural properties, [15]. The
index—coindex relation we establish introduces a new type of invariant identity that may motivate similar
studies for other graph parameters.

In addition, our ndings have potential applications in chemical graph theory, where topological indices
are widely used as molecular descriptors for predicting physical and chemical properties, [14]. By incorpo-
rating global degree sequence information, the second omega index can distinguish between molecules with
the same local environments but di erent overall structures, [13, 6].

2 Main results

In this section, we present the central identity connecting the second omega index and its coindex. This
result shows that their sum is determined entirely by the degree sequence of the graph, independent of its
speci ¢ edge structure.

Theorem 2.1 (Index-Coindex ldentity) For every simple graph G, the following identity holds:

S0 23’ aal 2a( 2@ ©)
i i

2G)  2(G)

In particular, the sum 2(G)  2(G) depends only on the degree sequence of G.
Proof. For any unordered pair of distinct verticesv ~ V de ne

Wuv): (d(u) 2agu (@v) 2)agy)
Let denote the set of all\z’ unordered vertex pairs, and consider the global sum

S: W(u v)
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A direct computation gives
2G) 1 2(G) 0

while from the formula we obtain
S(OS) aaz(( 2)a)((B 2)as) 11 (1) 1 1

Hence
2(G)  2(G) S(DS)

con rming the Index-Coindex relation for this graph.

2.1 Nordhaus—Gaddum-Type Results for the Second Omega Coindex

The study of Nordhaus—Gaddum type inequalities is a classical theme in extremal graph theory and has also
been investigated for many topological indices [1]. Such results typically provide bounds on the sum or
product of a graph parameter evaluated on a graph and its complement.

From Theorem 2.1, recall that for any gragh

2(G) S(DS(G))  2(G) (7)
whereS(DS(G)) is determined solely by the degree sequends.of

Lemma 2.3 (Degree sequence of the complementet n  V(G). If DS(G) 1) 2(@) (n
1)@1)  then
DS(G) 0@ 1) 1(@n2) (n 1)(60)

i.e.,aj a1 jfor0 j n 1.

Proof. Foreveryv  V(G),dg(v) n 1 dg(v)[3]. Counting multiplicities gives; v :dg(v) ]
vidg(v) n 1 jJ ap1 j. =

Proposition 2.4 For every n-vertex graph G,
2(G)  2(G) [S(DS(G)) S(BS@)] [ 2(G) 2G)] (8

Moreover, by Lemma 2.3,

S(DS(G)) 2 (n 3 ia; 2 gaj (n 3 Na (n 3 ja; 9)
i i
so the right-hand side of8) can be expressed purely in terms of the multiplicitiesfas together with the
index values »(G) and 2(G).

Proof. Equation (8) follows by applying (7) t& and toG and then adding the results. For (9), substitute
aj any jforGandreindexusing n 1 i notingthatf 2 n 3 i m
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Theorem 2.5 Let G be k-regular on n vertices ai@lits complement (which{® 1 k)-regular). Then

3
2(G)  2(G) nz k 2’0 1 K (0 3 Kk (10)

In particular, for n 10 the right-hand side is a concave quadratic in k whose maximum over k

01 n 1 isattained at

k argmax(n 9K (* 10n 9k 4(n 1) 2 ;
k

and hence 6

5
g O (11)

max  2(G)  2(G)
Proof. For ak-regular graph, by a direct count of non-edg@s ( "2” many) and using the uniform degree
kwe get (G) *2 (1K) the complement contributé&* )™ analogously [8]. This proves (10).
Expanding the bracket gives (n 9)k* (n? 10n 9)k 4(n 1), which is concave fon 10, hence

maximized at its vertex. Substituting ”Zz%r?g)g and simplifying yields (11).m

Proposition 2.6 For any n-vertex simple graph G,

nin 1)

, . nn 3)2 and G) 2G) n(h 1) n(n 3)?2 (12)

2(G)
Consequently, »(G) 2(G) O(nP), and Theorem 2.5 shows this order is sharp.

Proof. Each unordered pair contributes a weidki(u v) (d(u) 2agw) (d(v) 2)agy) - We have
du) 2 n 3andagy n, henceWuv) n(n 3) 2 There are at mosfz‘ non-edges il and at
most 22 non-edges countinG andG together, which yields (12)m

Remark 2.7
Kn: 2(Kp) 2(Kn) 0 (tight lower endpoint for the sum).

Sy (star graph): 2(Sp) P22 while DS(S,) 0@ (n 20D gives Sy (n
1)’(2n  8); hence
(n 1) 2

2(Sn) 2(Sn) 2 n

n 18 0 (@ln 3)
C,, (cycle): both coindices vanish, so the surf.is

These examples illustrate that the sum cazés®(complete cyclepositive and of orden* (stars), andas
large as orden® (near-n 2 regular graphs), coherently with Proposition 2.6 and Theorem 2.5. This diversity
of behaviors demonstrates the richness of the second omega coindex farpjly [7,
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Product-type NG bounds Following the classical approach to Nordhaus—Gaddum inequalities, [1], we
can derive multiplicative bounds. For any real numbess we havexy (Xi) g Therefore,

2(G)  2G)?

2G)  2(0) .

(13)

Combining (13) with Theorem 2.5 (regular case) or with the universal bound (12) yields immediate product-
type NG inequalities, extending the classical framework to omega-type indices.

3 Conclusion and Future Work

We have established an index—coindex relation for the second omega index, showing that th€Gum

2(G) depends only on the degree sequenc&.ofOur Nordhaus—Gaddum analysis highlights the role of
regular graphs in attaining extremal values, with the maximum sum growing on the ord&r dhese
results demonstrate that omega-type indices possess a rich structural behavior.

Several directions remain open for future research, including the extension of our methods to other
omega-type indices, the search for analogous relations in di erent index families, and computational studies
of extremal graphs. In addition, applications to chemical graph theory appear promising, since the second
omega index incorporates degree sequence information and thus can help distinguish molecules with similar
local environments but di erent global structures.
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Abstract
Benzenoid molecules are represented here as simple, connected graphs, with ver-
tices corresponding to atoms and edges indicating chemical bonds. Our ndings
provide signi cant insights into the behavior of for polycyclic aromatic hydrocar-
bons, revealing its structural dependencies. Beyond benzenoid systems, we extend
our study to other classes of chemical graphs, including dendrimers and fullerenes.
In particular, we derive the exact values gffor fullerene families under various
modi cations, offering a comprehensive analysis of how structural alterations in u-
ence their fractional domination properties. We also conduct a structural analysis
of linear benzenoid chains by establishing bounds for other domination parameters,
including the independence domination number(i), independence number(), and
cover number( ). Additionally, we examine the impact of structural modi cations,
such as vertex and edge additions or deletions ongloéthese chains. Our results
contribute to the mathematical understanding of molecular graph theory and pro-
vide valuable implications for network science.
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1 Introduction

Extensive research on domination [16] has led to a wealth of documented ndings
and applications. Among these, fractional domination has emerged as a notewor-
thy variant, garnering considerable attention due to its theoretical advancements,
[15].

LetG be a graph where the vertices correspond to atoms and the edges repre-
sent bonds. In a grapB , a vertex (or edge) independent set consists of vertices
(or edges) where no two elements are adjacent. The vertex (or edge) independence
number ofG , denoted by G (or 1 G ), represents the largest possible size
of such an independent set. Similarly, a vertex (or edge) cover set is a collection
of vertices (or edges) such that every edge (or vertex) of the graph is incident to
at least one element of the set. The vertex (or edge) cover numker dénoted
by G (or 1 G ), isthe smallest possible size of such a cover set. For edge
covers, it is assumed that the graph contains no isolated vertices.

A dominating set is a set of vertices such that every vertex in the graph either
belongs to the set or is adjacent to a vertex in it. The domination number, denoted
by G ,isthe smallest possible size of a dominating set. The independent dom-
ination numberj G , is de ned as the minimum size of a maximal independent
set [4, 11]. For any vertex; V G , the open neighborhood x; is the set
of vertices adjacent tgy, while the closed neighborhood#Zsx; Z x3 X1 .
Similarly, for any edgey E G , the open neighborhood m; includes all
edges adjacent toy, and the closed neighborhooddsny Z m;y my , [8].
Afunctionf:V G 0 1 is called a Fractional Dominating Function (FDF) if,
forevery vertexy; V G ,itsatises f Z xg %2 x, I X2 1 The frac-
tional domination number,s G , is the minimum total weight among all FDFs,
[17]. Similarly, a functiong: E G 0 1 is a Fractional Edge Dominating
Function (FEDF) if, foreveryedgey, EG ,gZm mzm dM2 1
The fractional edge domination number, denotg® , is the minimum total
weight of all FEDFs inG , [1].

Klobucar and Vuktevic, [9], examined K-dominating sets on linear benzenoids
and hexagonal grids, while Klobar and Baridi, [10], studied total and double
total domination in octagonal grids. Quadras et al., [13], analyzed domination in
various chemical graphs, and Bukhary, [5], provided an in-depth exploration of
domination in benzenoid systems. Hayat et al., [7], investigated predictive topo-
logical indices related to benzenoid hydrocarbons, and Raji and Jayalalitha [14]
studied domination sequences in fractal-based linear benzenoid graphs. Although
domination parameters and their structural roles have been extensively explored
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in chemical graphs, the fractional domination properties of key molecular struc-
tures remain largely unaddressed. This presents a compelling opportunity to gain
new structural insights and re ne our understanding of molecular stability and
reactivity.

In this study, to push the boundaries of this exploration, we extend our analy-
sis to other classes of chemical graphs, such as polycyclic aromatic hydrocarbon,
Balaban 10-cage, dendrimers and fullerenes. By determining the exact values of

¢ under speci c structural modi cations, we establish a broader framework for
understanding fractional domination across diverse molecular structures and we
also undertake a systematic structural analysis of linear benzenoid chains, estab-
lishing precise bounds for fractional domination-related parameters, including the
independence domination number(i), independence number (), and cover num-
ber (). More importantly, we explore the impact of structural modi cations on
the f, a crucial yet understudied property in PAHs. Our ndings reveal intricate
dependencies between molecular structure and fractional domination, challenging
existing paradigms in molecular graph theory. Beyond theoretical advancements,
our study demonstrates the practical relevance of fractional domination in compu-
tational chemistry. Minimizing ¢ allows for the identi cation of the most reactive
atomic sites in complex molecules, providing a novel approach to optimizing re-
action pathways, predicting catalytic behavior, and enhancing synthetic ef ciency.
This work not only addresses an uncharted aspect of chemical graph theory but
also introduces a foundation for future explorations into fractional domination as
a predictive tool in molecular design.

2 Fractional domination number in the family of
chemical graphs

This section examines thg for selected families of chemical graphs, includ-

ing polycyclic aromatic hydrocarbons(PAHS), fullerenes, and dendrimers. Ben-
zenoid hydrocarbons(BHs) are a speci ¢ subset of PAHs that consist solely of
fused benzene rings, while PAHs encompass a broader range of compounds with
multiple aromatic rings, not all exclusively composed of fused benzene rings,
[6, 3]. Fullerene graphs represent the structure of fullerenes and these graphs
are highly symmetric and planar. The dendrimer family of graphs consists of
highly branched, tree-like macromolecules where each branching level represents
a generation of the dendrimer. These graphs feature hierarchical, regular branch-
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ing patterns and are used to model complex, structured polymers. Our investiga-
tion reveals a compelling insight for these PAHSs, thds equal to the. This

nding has signi cant theoretical and practical implications. After careful ob-
servation and thorough analysis of the fractional domination number in various
BHSs including pyrene networks, hexabenzocoronene, parallelogram benzenoids,
triangulenes, benzene, naphthalene, and anthracene as well as in other PAHSs like
pyrene, chrysene, and coronene, we arrive at the following conclusion.

Theorem 1. For any PAH, ¢ PAH PAH

Proof. Let Dpay be a minimum-set of a given PAH, meanindpan PAH .
Consider a FDH :V PAH 0 1 that satis esf Z x; %Z x TX2 1
foreveryx; V PAH . Assigningf x; 1forall x; Dpayandf x; O forall
Xi DpanwWherel i nclearlyformsavalid FDF, yieldings PAH PAH
Suppose, in contrast, that PAH PAH  which implies the existence of
FDF g satisfying , v pan 9 Xi Dpan This implies that at least one ver-
teX yz x, 9% 1 whichviolates the domination condition. Hence, no such
FDF can exist, ensuring that no valid FDF achieves a strictly smaller value than
PAH . Therefore, we conclude that PAH PAH

Corollary 1. Forany BH, : BH BH

Proof. Since BHs form a subclass of PAHSs, it follows directly from Theorem 1.
¢ BH BH .

Balaban (3-10)-cage graphThe Balaban (3,10)-cage, or simply the Balaban
10-cage, is a bipartite graph consisting of 70 vertices & 105 edges. Named after A.
T. Balaban and rst published in 1972 [2], this graph is signi cant in graph theory.
Even though this was the rst (3,10)-cage to be discovered, it does not stand as a
unique graph. In chemistry, such cage structures and their associated graphs are
used to simulate chemical processes and degenerate rearrangements[12].

Theorem 2. Let BCG be the Balaban 10-cage graph. ThenBCG 2.

Proof. We denef:V BCG 01 asfx; ; x VBCG, satisfying
fZ X 1foreveryx; V BCG. The total weight of this functionis y v gce f Xi
9. Assume that there exists V BCG 0 1 forwhichgisa FDF andy f.
Then, for some; V BCG, it follows that g Z X 1, contradicting the def-
inition of a FDF. Hencef is a minimal FDF, which implies; BCG 70

BCG .
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Similarly, an examination of other chemical graph families, including fullerenes
and dendrimers, yields the following ndings.

Theorem 3. For each dendrimer D belonging to the family of chemical graphs,
¢ D D

Proof. We need to show that for any, D D is satis ed. First, de-
note bySa -set of D, so S D. Dene f:VD 01 by fx;

1 ifx S .
' 7 wherel i n.Becaus&forms a-set, each vertexi, VD
0 otherwise

satises , z x fXi1 1 Thus,fisavalid FDF ofD,and , yp fXj

S D for 1 i n Since ; D indicates the minimum assigned weight

of a FDF, we obtain 1 D D. Now, let f be an optimal FDF foD so

that  vp fXj ¢ D The fact thaD is a hierarchical and highly branched
structure ensures that fractional weight assignments do not provide an advantage
over integer assignments. In aby the domination constraints push fractional
assignments to whole numbers because each leaf vertex must be dominated, forc-
ing a nearby vertex to receive a weight of at least 1, and each internal vertex
has limited neighbors, restricting possible fractional allocations. Because of the
branching structure, the optimum is always realized by an integral function, en-
suring the presence of eset of cardinality bounded above by D . Hence, a

-set S can be found withS ¢ D, which implies D ¢+ D. Since we

have established both inequalitieg,D D holds.

Theorem 4. For each Fullerene Graph(F G) consisting of n vertices,

n

i FG 4 (1)
Proof. Afullerene graph is a cubic simple graph, meaning each vertex has exactly
three neighbors. This structure arises from the presence of only pentagonal and
hexagonal faces, forming a polyhedral carbon allotrope. Dé né FG 01
by assigningf x; ifor everyvertex; 1 i n V FG. This assignment
assigns values such that, for each vestexV FG , we havef Z x; 1. The
total sumis , vgg fXi , Now, suppose there exists anotieV FG
0 1 that also a FDF but satiseg f. Thus, one can identify a vertex
VFG wherel i nforwhichgZ x; 1, contradicting the de nition of a

FDF. This contradiction con rms that is a minimum FDF. Hence,s FG
n
4
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Theorem 5. For every FG, we have

‘FG e 2 )

where FG e denote the graph obtained after deleting the edgeoen EFG .

Proof. Let FG e stand for the graph resulting from the deletion of an edge

e EFG. We aim to prove that the; FG e 4 - Suppose we remove

e EFG. Letf:VG e 0 1 as the functional total value of} .

This function satis es the conditio Z v 1wherev VFG e. Sup-

pose not. Then there is another FIgFso thatg f. Hence, for a certain

vertexv VFG e, wegetg Vv fv.Letu Zv sothatfZu

1. Theng Z u gV WZuwy gwW fv wzZuwy Tw
fZu 1 and hencg Z u 1. This contradicts with the claim thgtis

a FDF which implies thaf is a minimum FDF. Likewise, the theorem remains

valid for the removal of any other edgelG. Hence, 1 FG e }1 .

Theorem 6. For any FG with n vertices, we have

n 3
tFG e 4 3
where FG e refers to the graph of introducing a new edge ev,v, with v

V FG and v being a new vertex added to the graph.

Proof. To construcFG e,anewedge vy isadded, where VFG e
andv is a newly introduced vertex created by adding the edge.fL&t FG

e 0 1 be such thatff v, }1 foralli V FG e exceptthe function
value at the new vertex formed by adding an edge is assignéd &ghen the
minimality condition is not satis ed on the FG, then theis nothing but equal to

the of FG e. Thesumyieldsi FG e ”f . Since this function holds
fzv lwherev VFG e ,weget  FG e s

Theorem 7. For any FG,  FG tFG e f FG e . This inequality
holds for all graphs G that do not contain isolated vertices.

Proof. By equations (1), (2) and (3), it is obvious that for any FGFG
tFG e t FG e . We need to prove that; G tG e. To
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derive a contradiction, assume that,G + G e . From this, it follows

that minimum FDF ofG e is strictly less than the minimum FDF & . Let f

be minimum FDF ofc  e. Becausef isaFDF ofG e, it mustalso fractional
dominatingG becausés contains all vertices and edges®f e along with

the additional edge. Therefore,f should also be an FDF f@ , contradicting

the assumption that G iG e.Thus, G + G e . Similarly,
toprove G e f G e, observe that adding an edgeto G cannot
decrease thes, as the additional edge can potentially require more value to the
FDF to cover all vertices. Hence; G e f G e . Combining these
results, we obtain,s G iG e iG e

Theorem8.Foranyv VFG e.If 1 FG e v t FG e ,then:
tFG e 1 +FG e v tFG e

Proof. Assume s FG e v f FG e ,andletg be a minimum FDF

forthegraphFG e v. Suppose there exists a functignde ned onV FG

e with the same weights ag but fails to serve as an FDF f6iG e. De ne

g asfollowsg v 0 & g x gx X v The contribution ofg

to the closed neighborhoatlv becomeg Z v gV wzv 9w

0O wzv 0w Sinceg is a candidate for an FDF dRG e, it follows

thatg Z v 1. This would makey a valid FDF forFG e, contradicting the

assumptionthaty FG e v ¢ FG e . Consequently, it must hold that:
wzv W 1. Next, construct a new functidanonV FG e as,h v

1 wzv 9w and hx g X X v The functionh satis es the

condition,h Z v h v wzvy hw 1 Thush isanFDFforlFG e.

Its weights satisfys FG e v f FG e weighth  weightg

1 Therefore, the inequalitys FG e 1 it FG e v iFG e

is established.

Theorem 9. For any FG

(FG v g (4)

where FG v represents the graph formed by deleting the vertexW FG .

Proof. To obtainFG v, avertexv V FG is removed fromFG. Suppose
we removev  VFG,let f:VFG v 0 1 so that the functional to-
tal value of 7. Since this function holdsf Z v lforallv VFG v.
It's total weight is 1 FG v . Suppose not, there must exist an FQFfor
whichg f. Consequently, for a certain vertex VFG v ,we getg v
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fv .Letu beavertew Zv wheref Zu 1. Theng Z u gV
WZuwy 9w fv WZuwy TW fZu 1 and hence, we

getg Z u 1. This contradicts with the property thatis an FDF. Thereforé

is a minimum FDF. Similarly, the theorem holds for the removal of another vertex

in G. Hence,  FG v 2.

3 Bounds of fractional and domination-related pa-
rameters in linear Benzenoid molecular graphs

In this section, we consider a member of a polycyclic aromatic hydrocarbons
which is the linear benzenoid chains, which consists of a series of fused benzene
rings. LetLbn represent the linear benzenoid chain, which has 2rvertices

forn hexagons, [14] (see Fig. 1).

Figure 1: Linear benzenoid chain

We discuss the bounds and effects of fractional and related domination pa-
rameters for Lb(n). These parameters are crucial in understanding the structural
properties and behavior of these molecular graphs.

Lemma 1. [14] For a linear benzenoid chain with n hexagons, theof its molec-
ular graphisn 1.

Theorem 10. For every even n , we have
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tLbn v tLbn e

n 1 ifvisaddedtoavertexinR Ry
n 2 otherwise

where R y1X3Ys  Xen1 Yan1 , R2 X1Y3Xs  Yan1 Xn1 and

Lbn v denotes the graph formed by attaching a new vertex v to an existing
vertexinVLb n ,Lb n e represents the graph formed by adding a new edge

e Vviv,wherey V Lbn andvisanewlyadded vertex.

Proof. Let n be an even number and Lbn v X Y v, with v being
the newly added vertex. The edgeBdtb n e M O N eofthe linear
benzenoid graphb n is de ned as follows:

X X1X2X3  Xen Xni
Y Y1Y2Y3s  YonYon1
M mi My Mg Mon1 Mpn
O 01003 On On1
N ninng N2n1 N2n

whereerepresents an edge formed by connecting the new vetteanother ver-
texinVLbn .

Case (i):

Subcase (i):

Assume we add vertexto any vertex in the set/ 1 X3 ys Xon1 Yon1 Of
Lbn. To nd ¢Lbn v, consider f:V Lbn v 0 1 wherefy;

f X3 fys f Xon1 fyon1 1, and all other remaining vertices,
includingv, are assigned a value of 0. The weight of this funcfiean 1 when
all function values are summed. Since the function satis & x; f N v; 1
forallx; yj V Lb n ,itformsaminimum FDF. Suppose; Lbn v n 1.
Then, for everyx; i V Lb n , it follows that a vertex existsf N X; 1or
fNy; 1. This impliesf is not a minimum FDF, contradicting the earlier as-
sertion. Thus,s Lbn v n 1. Consequently, i is added to any vertex in
the sety1 X3 ys Xon1 Yon1 ,then fLbn v n 1.

Subcase (ii):

Now, suppose we add vertgsto any vertex in the sex; y3 Xs Yon1 Xon1
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ofLbn. Dene f:VLbn v 0 1 wheref x1 fys f X5
fyon1 f Xon1 1, and all other vertices, includingv, are assigned a value
of 0. The total weight isn 1. Sincef satises f N x; f Ny; 1 for
all xiy; V Lbn , it forms a minimum FDF, with the function weight being
¢Llbn v.If fLbn v n 1, it follows that a vertex exist6 N x; 1
or f Ny 1, implying f is not a minimum FDF. Thuss; Lbn v n 1.
Therefore, ifvis added to any vertex inthe s&t; y3 Xs  Yan1 Xon1 , then
tLbn v n 1.
Case (ii):
Now, assume we add vertgto the grapiiLb n such thatitis not in the vertex set
Ry R,. Considerf :VLbn v 01 denedbyfy; f X3 fys
f Xon1 fyoni f v 1, and all vertices not mentioned above are
allocated a value of 0. Alternatively, x1 fys f X5 fyan1
f Xon1 f v 1, with other vertices assigned 0. In both cases, the total weight
isn 2. Sincef satisesf N x; f N y; lforallx y; V Lbn ,itforms
a minimum FDF. Thus, i is added to a vertex not iRy R, of Lbn, then
fLbn v n 2. Similarly, if we add any edgeto any vertexirV Lb n ,
the same cases and subcases as discussed above follow, and the theorem remains
valid. Therefore, for every evam
n 1 ifvisaddedtoavertexiR; R

tLbn v fLbn e .
n 2 otherwise

Theorem 11. Foreveryn  and nis odd

fLbn v sLbn e

n 1 ifvisadded toone of the verticesin RR
n 2 otherwise

where R y1X3ys  Xn1 Yon1, R2  X1Y3X  Yan1 Xn1 and
Lbn v represents the graph formed by attaching a new vertex v to vertex in

VLbn , Lb n edenotes adding anedgeetoEbn
Proof. Analogous to Theorem 10’s proof.

Theorem 12. For every n , we have

n 1 ifeisoneoftheedgesimn 1 123 2n 1
n 2 ifeisoneoftheedgesin; i 123 n 1
where Lb n e represents the graph Lb rafter removing the edge e.

tLbn e
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Proof. Case (i):

Let n be an even number.

Subcase (i):

Suppose we remove one of the edges from the edgeset 123 2n

1 of the graphLbn . To calculate the fractional domination number, fet
VLbn e 0 1 be such thatf y4 f x3 fys f Xon1

fyont 1 & the incident vertex of the removed edge is assigned a value of 1,
with all other remaining vertices assigned a value of 0. Alternativelyf et

fys fxs fyon1 f Xon1 1 with the incident vertex of the re-
moved edge assigned a value of 1, & remaining vertices assigned 0. In either case,
the total weightisn 2. Forallx y;, VLbn, fZx andf Zy; 1 be-
cause this function satis es the condition. Therefore, itis a minimum FDF, and the
weight of the functioniss Lbn e.If Lbn e n 2,thentherewould

be avertex suchthdt Zx; andf Z vy; 1 for some, which would imply that

f is not a minimum FDF and the weight of the functiébris not  Lbn e.

Thus, if removing one of the edges frorm ; n; i 123 2n 1, then
tLbn e n 2

Subcase (ii):

Suppose we remove one of the edges fromtheedgesetn;, i 123 2n
1 ofthegraphbn.Let f:VLbn e 0 1 besuchthaty; fxs
fys fxon1  fyon1 1(or) fxig fys fxs fyoni

f Xon1 1 and all vertices not mentioned above are allocated a value of 0.
Regardless of the case, the total weightis 1. Since this function satis es

fZ X 1andf Zyj; lforallx;y; V Lbn ,itisaminimum FDF and

the weight of the function isf Lb n e . Therefore, if removing one of the
edgesfromm ;n i 123 2n 1,then ;Lbn e n 1.

Case (ii):

Let n be an odd number. If we remove any one of the edges from the edge set
E Lb n ofthe graphLbn, by reasoning in the same way as Case (i), we get

Lbn e n 1 ifeisoneoftheedgesiifmm;n i 123 2n 1
f n 2 ifeisoneoftheedgesim; i 123 n 1
Theorem 13.Foreveryn , fLbn v n 1, wherelLbn vdenotes

the graph Lb n with any vertexv V Lb n removed.
Proof. Analogous to the proof provided for Theorem 12.

Theorem 14.Foreveryn ,i Lb n n 1.
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Proof. The linear benzenoid chaltb n consists of 2n 1 vertices. To determine
the independence domination number, we need to identifirsbe
Case(i) If n is even, i(Lb(n))-setiseithery; X3 ys X7 Xon1 Yon1  OF
X1 Y3 Xs Yon1 Xon1 - Supposeilb n n 1. This would imply the
existence of some vertex that is neither independent nor dominating, which con-
tradicts the minimal cardinality requirement. Thuspik even, Lb n n 1.
Case (ii) If nis odd, i(Lb(n))-set is eithely 1 X3 Y5 X7

Yon1 Xon1 OF X1 VY3 X5 Xon1 Yon1 - Supposei Lb n n 1. This
would imply the presence of a vertex that is neither independent nor dominating,
which contradicts the minimal cardinality requirement. Thereforey i odd,
iLb n n 1.

Theorem 15. Foreveryn Lb n n 1.

g

Proof. Consider the linear benzenoid grapbn with edge se€ Lb n , par-
titioned into three setI mi1 mp Mon, O 01 02 On1 , and N
nino non . De neafunctiong:ELb n 0 1 by settingg m; 0and
gni 0 1 i 2n,andgo; 1 1 i n 1. The sum of the weights of
this functiongisn 1. Since this functiorg ensures thagj Z m 1 for every

m E Lb n , it constitutes a minimum FEDF. Thus, the weight of the functgpn
is gLbn . Now, suppose 4Lbn n 1. Thereissomen ELbn with
gZm 1. This would imply thatg is not a minimum FEDF, and hence, the
weight ofg does not represent thg Lb n . Therefore, 4Lb n n 1forn
hexagons.

Theorem 16. Foreveryn , Lb n 2n 1

Proof. The linear benzenoid chain consists of 2t vertices. To calculate the
Lb n,let T Z; Zp, whereZ; xx t 12 n and Z; n, and

Z, yx1 t 0123 n andZ, n 1. Thisformsthe maximum vertex

independence set consisting of 2t vertices folLb n . Hence, Lb n T

Zir Z» n n 1 2n 1

Theorem 17.For everyn g Lb n Lb n 1Lbn .

Proof. We know that ifLb n has no isolated vertices, thebhb n 1Lbn

[4]. Therefore, 1 Lb n 2n 1 foreveryn hexagons. Thus, by Theorems
15and16,ngn Lb n 1Lbn .

Theorem 18.Foreveryn , Lb n 2n 1.
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Proof. The linear benzenoid chain consists of 2hvertices. To calculatd,b n
letT Zy Zp,whereZ; xx1 t 012 n andZ; n 1,andZ
yx t 123 n and Z; n. This forms the minimum vertex covering set

consisting of 2n 1 vertices forLb n. Hence, Lb n T Z1 2>
n 1 n 2n 1
Theorem 19. Foreveryn , 4Lbn Lb n 1Lbn.

Proof. We know that in any bipartite graph, the number of edges in a maximum
matching equals the number of vertices in a minimum vertex cover[4]. Since

the linear benzenoid chain is a bipartite grapbb n 1Lbn 2n 1
for n hexagons. Therefore, by Theorems 15 and }8,b n Lb n
1 Lb n .

Remark 1. The following theorems lead us to the conclusion that for every,n
iLb n i Lbn fLlbn v ngn fLbn v Lb n
1Lbn 1Lbn Lb n .

4 Conclusion and future work

We extended our analysis of to other molecular graph families such as poly-
cyclic aromatic hydrocarbon, Balaban 10-cage, dendrimers and fullerenes. Specif-
ically, we determined the exact values gffor fullerene graphs under structural
modi cations involving vertex and edge additions or deletions, demonstrating
how such changes impact the domination properties of molecular networks. Fur-
thermore, we analyzed the in dendrimers, revealing signi cant variations due

to hierarchical branching and connectivity patterns with domination parameter.
Also, we analyzed the structural properties of linear benzenoid chains and estab-
lished bounds for key domination parameters, including the independence dom-
ination number(i), independence number( ), and cover number(). We further
examined the effect of structural modi cations such as the addition or removal of
vertices and edges on the, providing deeper insights into its behavior of linear
benzenoid chain. Our ndings provide novel insights into the fractional domina-
tion number in chemical graph families, establishing structural dependencies that
have not been previously explored. Future research may focus to establish the
bounds for fractional domination chain in chemical graphs, with speci c focus on
examining inequalities and identifying the conditions under which these parame-
ters are equal.
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Reduced rst Zagreb index of graphs with
added edges
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Abstract

Adding or deleting an edge or a vertex gives a smaller or larger graph compared to the original
graph and hence the calculations on smaller graph helps us to get the information of larger
graph. In this paper, we compute the change in the reduced rst Zagreb index of a simple
graph when an arbitrary edge is added is considered. In particular, some statements for the
change of reduced rst Zagreb indices of path, cycle, star, complete, complete bipartite and
tadpole graphs are obtained to illustrate the affect of this operation.

Keywords: Graphs, Pendant edge, Vertex degrees, Graph index, Reduced rst Zagreb index,
Edge addition.

2010 AMS Classi cation: 05C07, 05C09, 05C30, 05C38

1 Introduction

Throughout this paper, we consider as connected and simple graphs which are nite
and undirected graphs without any loops and multiple edges. The notation denotes the de-
gree of a vertex . Avertex having degree one will be called as a pendant vertex. Here the
notations and denote the path, cycle, star, complete, complete bipartite
and tadpole graphs, respectively.

Corresponding Author
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2 Zagreb indices

Since 1947, several degree based graph topological indices have been de ned in many areas to
study required properties of different objects such as atoms and molecules. The most studied
degree based topological indices are the family of Zagreb indices. Two of the most important
indices are called the rst and second Zagreb indices denoted by and , respectively
in [3]:

and 1)

In a similar way, reduced rst and second Zagreb indices are introduced and they are denoted
by and

The reduced rst Zagreb index is de ned by

And the reduced second Zagreb index is de ned by

Reduced rst and second Zagreb indices interms of rst and second Zagreb indices are as
follows:

Reduced rst Zagreb index satis es the following relation in terms of the rst Zagreb index
and the order and size of the given graph:

and hence

2
Reduced second Zagreb index also has a similar expression in terms of the rst and second
Zagreb indices together with the size of the graph as

In this work, we nd the effect of the reduced rst Zagreb index when an edgeadded to
a given graph. Finally we give examples to the change of reduced rst Zagreb index for some
well-known graphs when a new edge is added.
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which gives the result.
ii) Consider two vertices . Let us add a new edge to the graph. Adding
an edge increases the degrees ofand by 1. Hence we have

Figure 2: Adding a non-pendant edgé&

Hence we proved the theorem.
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4 Effect of edge additionon  for some classes of graphs

In this section, we get the results for the graph classes and when we

add a pendant or a non-pendant edge using above results. We shall not give the detailed proofs
as all have utilized Theorem 3.1. These results help us to extend our studies to all graph types by
using the same methods of calculation used here.

4.1 Path graph
We nd that and . Therefore by Theorem 3.1, we can write

if a pendant edge is added to one of the two end points

if a pendant edge is added to one of the midponts

if the new edge is added to two end vertices

if the new edge is added between one end vertex and one internal vertex
if the new edge is added to two internal vertices

4.2 Cycle graph
We nd that and . Hence by Theorem 3.1, we can write

if a pendant edge is added at any vertex
if the new edge is added between two vertices

4.3 Star graph

We nd that for , and . Hence by Theorem 3.1,
we can write

if a pendant edge is added at the central vertex

if a pendant edge is added at an outer vertex

if the new edge joins two outer vertices

if the new edge joins an outer vertex to the central vertex

4.4 Complete graph

We nd that and . Hence by Theorem 3.1, we
can write

if a pendant edge is added to any vertex
if the new edge is added between any two vertices of

4.5 Complete bipartite graph

We know that and . By Theorem 3.1,
we can write

if a pendant edge is added to a vertex of degree

if a pendant edge is added to a vertex of degree

if the new edge is added between two vertices of degree
if the new edge is added between two vertices of degree
if the new edge is added between two vertices of degress
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4.6 Tadpole graph

We nd that . By Theorem 3.1, we can write

if a pendant edge is added to the pendant vertex

if a pendant edge is added to the vertex of degree 3

if a pendant edge is added to a vertex of degree 2

if the new edge is added between two vertices of degree 1 and 3
if the new edge is added between two vertices of degree 2 and 3
if the new edge is added between two vertices of degree 1 and 2
if the new edge is added between two vertices of degree 2

5 Summary and conclusions

In this work, the effect of adding a new edge to a connected simple graph on its reduced rst
Zagreb index is studied. This effect differs for adding a pendant edge or a non-pendant edge. Both
effects are formulized and all possible differences are determined for six most frequently used
graph classes. And there will be a continuation of this paper for other indices and graph types.
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