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PREFACE *

This book brings together a series of recent developments in nonlinear differential
equations, variational analysis, and the theory of special polynomials, forming a coherent
contribution to fields that, despite their distinct origins, intersect through operator methods,
generating functions, and functional analytic techniques. We begin with the study of
Kirchhoff-type problems and elliptic equations involving critical exponents, employing
the Nehari manifold and Lusternik-Schnirelmann category theory to establish existence,
multiplicity, and concentration results for positive solutions. These initial chapters, grounded
in Sobolev theory and variational methods, lay the foundation for understanding the
analytical complexity of models with potential wells, weighted operators, and asymptotic
behaviors in critical regimes.

The focus then shifts foward special polynomial families, particularly those arising from
the monomiality principle and operational calculus. We investigate matrix extensions of
Hermite-type polynomials, along with new U-Bernoulli, U-Euler, and U-Genocchi families. Their
periodic functions and Fourier expansions are studied in depth, revealing connections with
the Riemann zeta function and with significant combinatorial structures. Here, operators,
algebraic frameworks, and generating functions play a central role in deriving identities,
recurrence relations, and integral representations with wide applicability.

The final chapters infroduce innovative discrete polynomial families—such as the
new U-Charlier—Poisson and generalized U-Bernoulli-Korobov types—where properties of
orthogonality, three-term recurrence relations, and differential/difference structures are
established. Moreover, Szdsz-type and Brenke-type operators associated with these families
are constructed to obtain approximation and convergence results, bridging polynomial
theory with numerical analysis and classical positive operator theory.

Overall, this book offers a unified journey through several areas of contemporary
mathematics, motivated by the interplay between analysis, combinatorics, special
functions, and operator theory. Its aim is to provide the reader with a modern and coherent
perspective on these topics, while presenting new theoretical contributions that we hope

will serve researchers and advanced students engaged in these fields.
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Multiplicity results for a problem of 2 — ¢ Laplacian operator

Seyedehfahime Hashemi?®, Clemente Cesarano?®, William Ramirez2*
@Section of Mathematics, UniNettuno University, Corso Vittorio Emanuele II, 39, 00186 Rome, Italy.
b Department of Natural and Ezact Sciences, Universidad de la Costa, Calle 58, 55-66, 080002
Barranquilla, Colombia.

Abstract

This work investigates the existence and multiplicity of positive solutions for a class of
Kirchhoff-type Laplacian problems. By applying the Nehari manifold approach together
with the Lusternik Schnirelmann category theory, we establish that the problem possesses
at least cat(£2) distinct positive solutions.

Keywords: positive solutions; Nehari Manifold; critical points; Ljusternik Schnirelmann
category.

2020 MSC: 35J60, 58E05, 35J47, 35B09.

1. Introduction

Here, we would like to consider the multiplicity of positive solutions for the Kirchhoff
Laplacian type problem:

—Au— Agu+ NV (2)u = plu|"2u + |u* 2u, r € RY, (1)

where N > 4,1 < g < %, max{2,2* —q} < r <2,V : RY — R is a nonnegative

continuous function, there is some My > 0 in which
meas{r € RY V(z) < My} < +o0 (2)

and
Q = int(V'({0}) (3)

which is a non-empty bounded open set with smooth boundery.
For litrary, let us give a brief story: In special case, if ¢ = 2 the problem (1) is reduces
to a simpler case that recently studied by Alves and Barros |4]

—Au+ NV (z)u = pu" "t +u? x € R". (4)

*Corresponding author.

Email addresses: s.hashemi@students.uninettunouniversity.net (Seyedehfahime Hashemi),
c.cesarano@uninettunouniversity.net (Clemente Cesarano), wramirez4@cuc.edu.co (William
Ramirez)



§ § Multiplicity results for a problem of 2 — g Laplacian operator

In fact, using variational method and the Lusternik-Schnirelman category they showed exis-

tence of \* and u* positive such that for A > A* and p < p* problem (4) has at least cat((2)

positive solutions for 4 < r < 6 when N =3 or 2 < r < 2* = ]3—],\[2 and N > 4: Rey in

[10] proved that if N > 5; A = 0 and r = 2; for 1 small enough ,the number of solutions of
problem (4) is at least cat(Q2): Here, cat stands for the Lusternik Schnirelmann category of
Q(see [8; 9]).

In [6], Yin and Yang have established the existence and multiplicity of positive solutions
for the problem

—Apu — Agu = plul""u+ |[u* "2u, z€Q,
u >0, x € Q, (5)
u =0, x € 0f)

This problem plays an important role in the limit problem. Our main result is the following.

Theorem 1.1. Assuming (2) and (3). There are p*,\* > 0 such that problem (1) has at
least cat(§2) positive solutions for € (0, u*) and X € (A*, 00).

In this paper, we fix used the following notations:
* The usual norms in H*(R") and LP(R") will be denoted by ||| and | |, respectively

** If f is a mensurable function, [ f(z)dz will stand for [,y f(z)dz.

This paper is organized as follows: In Section 2, we will recall some required important
points in the limit problem. In Section 3, we prove some technical results which are crucial
in the proof of Theorem 1. In Section 4, we use the Lusternik-Schnirelmann category theory
to prove of the main theorem. The letter C' will be repeatedly used to show various positive
constants whose exact values are not important.

2. The limit problem
Problem (5) can be reduced to a simple problem

—Au— Aju = plu|?u+ |ul* "2, in Q,
u =0, on 0f)

Let I, : Hy(©) — R be the energy functional for problem (6) which is

1 1 1
I,(u) :5/Q]Vuﬁd:c+gL[Vu!qu—%lllu\rdx—§/£2|u

Let S be the best Sobolev constant of the embedding Hi () < L?" () given by

2
S := inf fQ [Vl :
uweHL(Q) (fQ \Vu 2*dx) ¥

Y dx.

__* f00)
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Yin and Yang [6] proved that:

0<cu<%52, Vi >0 (8)
where
= nf L(w)
where

Ny ={x € Hy(Q) :u#0 and I (u)u =0},

is the Nehari manifold 7,, Q) is a smooth bounded domain of RY. It is proved [6] that there
is r > 0 small enough so that

Qf i={z eRY: dist(x,Q) <r}
Q- ={xeQ: dist(x,00) > r}

are homotopically equivalent to €2. Without loss of generality. We can assume that 0 € €
and B,(0) C €. Set

1 1 1
I(u):== |Vu|*dz + - |Vulldz — L lu|"dx — — lu
Hy 2 2*
B-(0) 4 JB,(0) P JB,(0) B-(0)

then

Y dr.

NS4

1
0<m(p) < NS
Define

m(p) = inf I,,(u),

u€ENy r
Nyr ={z € Hy(Q) :u#0 and I} (u)u =0},
Bo : Hy(2) \ {0} — RY

0 fQ |u|* xdx
o) = ST )

We will recall and prove some lemmas which are crucial in the proof of the main theorem.

1\3‘2

Lemma 2.1. lim, ,oc, = lim,_,om(p) = %S )

Lemma 2.2. [6, lemma 3.3] There is p* > 0 such that if p € (0,p*) and u € N, with
I,(u) <m(p) then Bo(u) € Q.

Lemma 2.3. [6, lemma 1.2] There exists a p* > 0 such that for any p € (0, u*) problem
(6) possesses at least cat(S)) positive solutions in H} ().

__* No)
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3. Preliminary results

From now on, we fix the space E C H'(R") given by
E={uc H'(R"): /V|u]2da; < 400}
with inner product
(u,v)y = /(VUVU + AV (z)uv)dz

and norm

2

fulhi= ([ (09 4 AV @)y

Suppose that E is endowed with the norm ||.||» and we denote it by E). It is well known
that E), is a Hilbert space, moreover

lullx > Tull, Yu € Ej, VA>1 (10)
which it shows that the embedding E\ — H'(RY) is continuous for A > 1 and embedding

E\ — L*(RY), Vs € [2,2%]

is also continuous for A > 1.
Define I,, : E)y — R by

1 1 vl 1
n(w) = gl + 2l =2 [ furas - 5 [

which is the energy functional respect to (1), is in C'(Ej,R). Moreover

2 dax, (11)

I (u)v = /(VuVU—i—)\V(x)uv)dx—i-/(]Vu]q2Vqudx—u/ \u|r2uvdx—/ lu|* 2uvdz, u,v € F

(12)
SO
Ty(u) = L(uw)u = |ull} + [|u]lg - /|u|7”da; (13)
It is direct to see that critical points of I,, are weak solutions of (4). Set the Nehari manifold
of I)\”u by
={ueH)\ {O}\I&M(u)u = 0}.
For any u € N,
1 1 1 1 1 1 .
LW = (5= Dl + G = Dl + ;= 50) [ 1o >0, (14

Thus, I, is bounded from below on N, , so

o= ot D)

——4 3
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exists. For any u € N,

%w>=mw&+ﬂmm—rg/MWM—2ﬂ/M?wx

= 2 =n)ul} + (¢ —)llullf + (T—Q*)/\UV* <0. (15)

We are going to show that the Mountain Pass Theorem is applicable.
Lemma 3.1. Suppose that 1 <qg<2<r <2, A>0, u>0. Then
i) there exist positive numbers p and d such that I, ,(u) > p for ||ul|x = d,
i) there exists e € C5°(S2) such that |le]|x > d and I, ,(e) < 0.
PROOF. i) Using the Sobolev embedding

HY(R?) — L*(R?), for 2 <s<2%,

1 1 1 . 1
1) = gl + el =2 [ = 52 [ 1
1

1 r *
> EHUHi—i_EHuHZ_CHUH)\_CHu”i‘ (17)

. (16)

Hence, there exist positive numbers p > 0 and d > 0 such that I ,(u) > p for ||ul|, = d.
ii) Fix ¢ € C§°(Q2) with suppp C Q. So

- _ﬁQeqr_'u pi 2
olt) = 1t6) = S101 + Tlolly = =2 [1oP =5 [ 1o

Then limy o I),(t¢) = —oo Hance, there exists ¢, positive such that ||t,¢| > d and
I . (t,9) < 0.

By Lemma 3.1, I, possesses the mountain pass theorem in Willem [8]. We will denote by

my,, the Mountain -Pass level, there is a (PS),,, , sequence (u,) for Iy ,:

Iy (ug) = my = ;rg mazeo, ). (v(t)) and Iy ,(up) =0,

where

I'={yeC([0,1]), E\) :7(0) =0 and ~(1) =e}.

Investigating of the following two assertions similar to [3; 4].
1) ¢, =my,.

2) There is ¢ > 0, which is independent of x such that k||u||y > o for all u € N,,.
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Lemma 3.2. There is 7 = 7(p) > 0 such that the mountain pass level ¢, wverifies the
following inequality

1 .~
O<cn<N52 -, VA > 0.

PROOF. From (3)
Lo(w) = L(u)  Yue HY(Q),

so by definition of ¢, and ¢y, ¢y, < ¢, for all n > 0. Then, it is enough to apply (2) to get
the desired result.

Lemma 3.3. Any (PS)q sequence (wy,) for I, is bounded in Ex. Moreover,

2pd
lim sup [|w, ||* < =

n—+o0o -2

(18)

PROOF. Let (w,) be (PS)q sequence for I, in E) such that I, ,(w,) = d + 0,(1) and
I (wn) = on(1).

1 1
Du(wn) = I (wn) (wn) < Ly (wn)] + Z—jIIIS,,L(wn)(wn)||.||wn||A

< d+ 0p(1) 4 0n(1)]|wnl]x. (19)
On the other hand, for n € N
1, 11 , 1 1 L1 ).
Bualwn) = L0 wn)wn) = (5 = Dl + G = Dllwnll?+ = 5 [ fun do
1 1
> (3 — D)lhwl} (20)

Combining the above inequalities, then for n € N large enough

(5 = Ml < d+ 0u(1) + o (1) 1)

This proves boundedness. Doing limsup of (21) then (18) follows.

Lemma 3.4. Let © > 0. If (w,) C E) is a (PS)q for I,, with 0 < d < ©, then given § > 0
there are A, = A\(9,0) such that

limsup/ \wy, [Pdx < 6, VA > A,
B

n—-+0oo <
+ R

PROOF. See Lemma 3.6 of [4].

Corollary 3.1. Let (v,) C E) be a sequence such that (||v,],) is bounded, where A, — +00
If v, = 0 in HY(RY), then v, — 0 in LP(RY).

——4
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PROOF. From Corollary 1 in [4].

Proposition 3.1. There is A\ = A(7) > 0 such that I, verifies the (PS)q
dy € (O, %S% — 7') for all A > \ where T is as in Lemma 3.2.

A

PROOF. Let
Iy(wy) = dx and I (w,) — 0.

By Lemma 3.3, there is w € F) such that

w, — W in E,
wy(z) — w(zx) ae in RY
w, —w in L% (RY), 0<s<?2

Set v, == w,, — w.

/\wn\quz/|vn]qu+/|w|qu+on(1)
/|wn|2*dx:/|vn|2*dx+/]w|2*dx+on(1).

and

Then
1

Since I ,(wn)(wn) = 0,(I) and I} (w)(w) = 0, it follows that

JonlB + enlly = [ Toapd = [ unf? do = o).

1 1 1 *
ol 2l = 5 [ Tonf?"de = ds = ) + on().

Since I ,(w,)w, = 0,(1) and I} ,(w)w = 0, it follows that

Jonl + enll = [ fonl® d = of1)

Assume that for a fix A, [|v,]|3 = hy >0 and [ |v,|* dz — hy > 0.

1 W . 1 .
Sl + 2l =2 [unlrde = o2 [l do = d = 1) + on()

condition for any

(22)

(23)

(24)

(25)

If hy =0, we deduce that v,, — 0 in E), equivalently, w,, — w in E), which it completes

the proof.
Now assume that h; and hy are positive By Sobolev embedding
[vallX < Cllvall + l[oall ) + 0a(1).

Recalling that there is C' > 0 verifying

]_ *
tm < —|t|* + C|t|*, vVt €R
1t < sl + €|

— 43

(26)
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The last inequality ensures that

1
0<(C)i=(———— 73 < i s
Then there is Cy > 0 in which
hl, hg > OQ > 0. (27)
On the other hand )
[[vall3 hy

2 < 2 -
(f fon]*dz)*™ (ha +o0x(1))*

S <

Then
Sz < liminf A;.

A—400

Using (24) and since w € Ny, I, > 0 (by (14)), so

1
dy > q(HUnH)\ + [lvallg)

1 1
liminfdy, > (- — —)liminf hy > —S 2
A—+o0 q *7 A—+oo

But this is impossible, since

limsupd, < —Sz —T7< —S2
A—400 N

There is A > 0 such that hi =0 for all \ > .
This reasult has a direct following corollary.

Corollary 3.2. There is A > 0 such that I, verifies the (PS)q4
dy € (O, %S% — 7') and X > \ where T is as in Lemma 3.2.

\ condition on N, for any

Theorem 3.5. There is \* such that the mountain pass level ¢y, is a critical level of I,
for all X\ > \*, that is uy, € E\, verifying

Dop(uag) = oy and I;\,u(uhyu) =0

PROOF. From Lemma 3.2, there is \* = X\*(7), VA > \*, ¢y, < %S% — 7 . Proposition 3.1
implies that I, , satisfies in (PS)CW Thus, by mountain pass theorem due to Ambrosetti-
Rabinowitz [1], ¢y, is a critical level of I, , for all A > A\*.

Definition 3.1. (u,) C H'(R") is called a (PS)c if:

u, € Ey, and An — +00,

Iy, u(uy) = ¢, Jor some ceR,

1B, () g, — 0. (28)
14

——9
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Theorem 3.6. Let (uy) be a (PS).o sequence for ¢ € (0, %S% . Then, there is a subse-

quence of (u,) and u € HY(RY) such that

N———

Up, — U n HY(RM).
i) u=0inRV\ Q.
i) |lun —ull3, — 0.
iii) Moreover,
Up —> U in HY(RM),

)\n/V(x)|un|2dx — 0,

/ (|Vun|® + XNV (2)|un|?)dz — 0, (29)
R\Q

Junl}, = [ [Vude = el
Q

i) u is a weak solution of the problem (6).

PROOF. As Lemma 3.3 implying that (||u,|/»,) is bounded in R and so (10) implying that
(u,) is bounded in H*(RY) thus there exists a subsequence of (u,,) such that

Uy — U in HY(RY).
For i) set
1
Cy, = R3:V(z)>—).
(r e B V(@) >}
Hence,
+o0 B
U Cn=R"\0
m=1
Note that,

m
[ tualde < 3
Cm n

Fatou’s Lemma implies that

/ lul|?dx < liminf/ u, |2 de < liminfﬁﬂunﬂin = 0.
- n—+o00 Com n—+o00 )\n

This implies that v = 0 almost everywhere in

RN\ Q.

=
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ii) From i) HUH%(%(Q) = ||ul|3, and
lun = wllX, = lluallX, = lullf) + 0n(1) (30)
and since (u,, — u) is bounded so ||u,||x, would be a bounded sequence.
lunllX, = Nunll§ = I3 (un)un + /(Mlun!r + [un|*)dz
— [l + a2 )z + 0, (1) (1)
On the other hand, since I} ,(u,)u — 0 so
/QVunVudx - /Q IV, |7 *Vu, Vu — /Q(,u|un|r_2un + |un|? un Judz = o0,(1).
It follows that
/|Vu|2dx + / |Vu|?dx — /(,u|un|r + |un|* )dx = 0,(1), (32)
Combining (30), (31) and (32)

lun = wllX, = lluall3, + lually — (lullzy o) — lullg) = (lwl§ = )

:/wmruw%w—/ww+m

#)dw + (ullg = [luallf) +0a(1)  (33)

that is
[onll%,, = plon]” + [on]* + (Jull = llun[|2) + 0n(1),

where v,, = u,, — u.
Corollary 3.1 implies that, v,, — 0 in L"(RY) and from Brézis-Lieb lemma

HUnHin + ||UN||3 = |Un’§* + 0n(1).
Now, the same arguments used in the proof of Proposition 3.1 shows that
lval3, = 0.

iii) It comes from the following inequality and i) that « = 0 on Q¢

0< )\n/V(x)|un|2d$ = )\n(/ V($)|un|2d:c+/ V(2)|u,|*dz) = )\n/V(x)|un—u|2dx < Joall3, -
Q Qe

and

anHin = /(]an\z + A\ V(@) v, |P)dx > / (]an\Q + A\ V()| [P)dx > 0.
Qc

— 43
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Finally

a2, = /(|an\2+>\nV(x)]vn]2)dx _ /(|an\2+>\nV(x)|vn]2)dx—|—0n(l) _ / Vo Pton(1).
[9] Q

iv) For ¢ € C5°(§2) we have

Iy (un)p ::/QVuanodx—i-/Q|Vun|q_2Vuan0dx—,u/|un|r_2ung0dx—/|un|4ung0dx,

(un) is a (PS). o sequence, so o
I (un)o — 0. (35)
Since u,, — u in H'(RY)
/QVuanpdm — /QVquodx, (36)
and
R O e e P e O P 7
and similar |2, Theorem 5.9
/Q |V, |9 ?Vu, Vodr — /Q |Vu|"2VuVedz. (38)
Therefore,
/QVUV(pdx—k/ﬂ|Vu|q_2Vqupdx:,u/|u|r_2ug0dx—|—/ﬂ|u]2*_2ugodx, Yo e C5°(Q).
(39)

Cs°(9) is dense in HY () so

/Vuvda:+/ |Vu|q2Vuvdx:,u/ |u|r2uvd:c+/ lu|* ~2uvdz, Vv € Hy(Q).
Q Q Q Q

Lemma 3.7. If A\, — 400, then cy, , — c,.
PROOF. See Lemma 3.13 of [4].
The proof of corollaries 3, 4 and 4 are similar to those one in [4; 7).

Corollary 3.3. Let A\, € RT be a sequence verifying \, — +oo and uy, ,, the ground state
solution obtained in Theorem 3.5. Then, there is a subsequence of (uy, ) still denoted by
itself, and w € H} () such that uy, ,, — uw in Hy(Q) and u is a ground state solution of the
limit problem (6).

Corollary 3.4. There are \* > 0 large and p* > 0 small such that
m(p) <2y, A=A and Y e (0,u7).

Corollary 3.5. If u € E\ is a nontrivial critical point of I, such that I, < m(u) then u
18 positive or u 1S negative.

corollary 3.5 implies that the nontrivial critical points of I, , are positive solutions of problem

(1).

———+ 3
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4. Proof of main theorem

Choose R > 0 such that Q C B = {z € R : |2| < R} and set

1, 0<t<R
Moreover, we define
S|z ))oda
Bu) := Tuds for we Ny,

Lemma 4.1. There is \* > 0 such that if u € Ny, and I, ,(u) < m(u) then B(u) € QF for
all A > \*.

PROOF. If the conclusion is not true, then there would exist sequences A\, — oo and
U, € Ny, , in which I, ,(u,) < m(p) and

Buy) ¢ F,  VneN.

Form (14), clearly the sequence (||uy,||,,) is bounded in R; (up to subsequence). There is,
u € H(Q) such that

Up — U in HY(RY),
un () = u(r) a.e. in RY, (41)
Uy —> U in LY (RM) for tel,2"). (42)

Moreover,
gi + On(1)7

annin + anHg = plvaly + v,
where v, = u,, — u. By Corollary 3.1 |v,|l — 0, and so

2

A T “UnH(q; = |Un %: + On(l)'

[[on
Arguing as in the proof of Proposition 3.1,
[onllx, — 0
This limit combined with ||v||, > ¢ implies that
Up —> U in HYRY). u #0, I (u)u =0 and Iy (un) = 1,(w).

Thus u € N, and [,(u) < m(p) Applying the Lemma 2.2, so 8y(u) € ), then

r/2
Bo(u) = lim B(uy) € QF,.
n—00

which is a contradiction.

e
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Lemma 4.2. Ifu is a critical point of Iy, on Ny, then it is a critical point of I, in Hj(S).

PROOF. Let u € Ny, then I (u)u = 0.
On the other hand, by the theory of Lagrange multipliers, there exists # € R such that
I (u) = 0J) ,(u). Thus,
0=1 ,(wu=0J,  (u)u.
Using (15), so § = 0, Thus w is a critical point of I, in Hg ().
Let u, € Hj(B,(0)) is a positive radial ground state solution for I, ,, that is

L, (u,) =m(p) = uelI]%ff 1, (u) and I, (u,) = 0.

Define ¢ : Q= — I where I'" = {u € N, : L,,(u) < m(u)}

¢r<y)x = ur(’x - y’)a YIS Br(y)

_ Jlew)(@)*'¢ (le)xdx

s |Ur |9C—?J|) §(|x])zdx
N fBT |ur(lz = y])|* da
s |Ur(|z|)|2 (y+2)d
B fBT | (

=, VyEQ;.

(43)

Lemma 4.3. If € (0, %), p* is given in Lemma 2.2, then
cat (I3 mlu )) > cat().

PROOF. Suppose that
LMW = A U AU ..U Ay

where A;, j = 1,2,...,n, is closed and contractible in I that is, there exists h; € C([0,1] x A;, I;’LE“))
such that
h;(0,u) =u and hi(1,u) = w; Yu € Aj,

where w; € A; is fixed. Any ¢, '(A;) = Bj, is closed for 1 < j < n,

Q7 =B UB,U...UB,.
Consider the deformation map g; : [0, 1] x B; — Q. given by

95(t,y) = B(hy(t, 90 ().
Then

9i(0,y) = B(h;(0,9.(y))) = B(¢r(y)) =
9i(1,y) = B(h;(1, 6 (y))) = ﬁ(wj).

Thus any ; is contractible in Q. Lemma 4.1 implies that

cat(2) = catq+(2,) < n.

——+ 3
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To prove Theorem 1.1 we need the following results.

PROOF. of Theorem 1.1. For 0 < p < p* and A > \*,

Q; 2 e 2 af

Let u, € H}(B,) C E be a minimizer of I, on N, with u, > 0 and ¢(z) =, (|. — z|), so
o(z) =01in R3\ Q for every z € Q.

p(z) € Noyand I u(p(2)) = I ((z)) = m(p).

Clearly, I and § are even and [ o ¢ is a homotopy equivalence.

Thus Lemma 4.3 implies that cat() < cat([f\'?ls“)). Since I, satisfies the (PS). condition
on N, , for ¢ < m(u) An standard Lusternik-Schnirelmann theory and Lemma 4.3 yields at
least cat(€2) of critical points in N, , and consequently, critical points in Ey. Corollary 3.2
conclude that I, , has at least cat(£2) positive solutions.
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Abstract

This work investigates the nonlinear equation of Schrodinger
—Ayw + Ba(z)w = nw +w? !, weRY,

where 2* = 2% denotes the critical Sobolev exponent with N > 4. Here, a(z) > 0 is a given
potential function. Under the assumption that the parameter n > 0 is sufficiently small and
£ > 0 is large, we establish the existence and multiplicity of positive solutions that exhibit
concentration phenomena around the potential well.

Keywords: Schrodinger equations, Weighted Potential, Positive Solutions, Concentration
Phenomena, Potential Well, Critical Exponent, Multiplicity of Solutions, Variational
Methods.
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1. Introduction

The nonlinear Schrodinger equation has garnered significant interest in recent years due
to its broad range of applications in quantum mechanics, nonlinear optics, and mathematical
physics. The study of solutions involving critical Sobolev exponents is particularly challeng-
ing due to the loss of compactness and the delicate variational structure.

Several researchers have explored the existence and multiplicity of positive solutions to
nonlinear Schrodinger-type equations. For instance, in [28], the authors examined normalized
solutions under critical growth conditions and discussed the impact of the potential term.
Similarly, [29] addressed magnetic Schrédinger equations and provided new insights into
concentration phenomena under Sobolev critical exponents. Recent contributions, such as

*Corresponding author.
Email addresses: c.cesarano@uninettunouniversity.net (Clemente Cesarano),
s.hashemi@students.uninettunouniversity.net (Seyedehfahime Hashemi), wramirez4@cuc.edu.co
(William Ramirez)
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|30], extend these ideas by considering steep potential wells and proving the existence of
multi-peak solutions in the presence of critical nonlinearity.
Motivated by these results, in this paper we investigate the following problem:

—Ayw + Ba(z)w = nqw +w* ' in RY,
{ ’ (PS5,)

w>0, we (RN,

where N > 4, 2* = ]\2,—1172 is the critical Sobolev exponent, 5 > 0, and € R. The potential
function a(z) is assumed to satisfy the following assumptions:

(B1) a € C(RY,R), a(z) > 0, and Q := int(a~1(0)) is a nonempty bounded set with smooth

3

boundary such that Q = a=1(0).
(B2) There exists M, > 0 such that
ZL{z eRY 1a(z) < My} < oo,
where .Z denotes the Lebesgue measure in RY.

Under these hypotheses, we aim to establish the existence and multiplicity of positive
solutions, particularly in the regime of small 7 and large 3, and investigate their concentration
behavior around the potential well.

Definition 1.1. Letb € LP(Q) for some 1 < p < oo. The weighted Sobolev space WP(Q, b)
s defined as the set of all real-valued, Lebesque measurable functions w defined almost ev-
erywhere in Q such that

el o = ( / ()P do + / b(a)| Vo )]? dx) " < voo

In the special case p = 2, we denote W'2(,b) by S (Q) and define the corresponding
norm. as

[wllg = (/Q\w(x)\deJr/Qb(x)IVw(w)\zdx)l/2- (1)

Furthermore, the inner product in 7" is defined by
(w,v) == / w(z)v(z) dr + / b(x)Vw(z) - Vu(z)dr, Yw,v € (2)
Q Q

A solution wg of (PSZW) is said to be a least energy solution if the corresponding energy
functional

T (w) == /RN (% (b(@)| Vol + (Ba(z) — n)u?) — ~w 2*) dz

attains its minimum at w = wg among all nontrivial solutions of (PS}, ).
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A sequence of solutions (wy) to (PS}% ) is said to concentrate at a solution w of the
following limit problem:
—Ayw =nw +w? 1, in Q,
w > 0, in €, (3)
w =0, on 0f),

if a subsequence converges strongly to w in the space 4 (RY) as 3, — oo.

Let
fRN b(z)|Vwl|? dx

2 dx) 2

denote the best constant for the Sobolev embedding in the weighted space. We aim to prove
the following results.

S = inf
weAH RV )\{0} (fRN |w

Theorem 1.1. Suppose that conditions (By) and (Bs) are satisfied, and let N > 4. Then,
for every 0 < n < n(Q), there exists a constant $(n) > 0 such that problem (PS},) admits
a least-energy solution wg for all 5> B(n).

Theorem 1.2. Assume that conditions (By) and (Bs) hold, and that N > 4. Then there
exists a constant 0 < n* < n1(Q) such that, for each 0 < n < n*, there exist two constants
A(n) >0 and 0 < ¢(n) < %SN/Q with the following property: for all 8 > A(n), the problem
(PS},) admits at least cat(Q) positive solutions satisfying

Thp(w) < c(n).

Theorem 1.3. Let (w,) be a sequence of solutions to (PS}y ), where n € (0,7:1(Q)) and
B, — 00. Suppose that the corresponding energy levels satisfy

1
b N/2
S, n(Wn) = ¢ < —NS as n — 0o.
Then, up to a subsequence, (w,) concentrates at a solution of problem (Df;)

2. Variational Compactness and Functional Setting

In this study, we consistently assume that conditions (B;) and (Bs) hold, with N > 4.
Let 71(€2) denote the smallest eigenvalue of the operator —A on the domain Q subject to
the Dirichlet boundary condition w = 0. Additionally, we use |- |, to denote the L9-norm
for ¢ € [1, 00].

Define the Hilbert space Ej, as

By, = {w c JHRY) /RN a(x)w® dv < oo}
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equipped with the norm

1/2
= (luli + [ ateye dc)
RN

This norm is clearly equivalent to the following family of norms:

1/2
lwlls.s = <Hw||27fbl +B/RN a(z)w? dx) . for 8> 0.

Lemma 2.1. Let 3, > 1 and w, € E} be a sequence such that 3, — oo and HwnHEﬁn <K
for some constant K > 0. Then there exists a function w € %’f)lb(ﬂ) such that, up to a
subsequence, w, — w weakly in Ey, and w, — w strongly in L*(RY).

reflexivity and standard compactness arguments, there exists w € Ej, such that (up to a
subsequence) w, — w weakly in E, and w,, — w in L} _(RY).
Define the sets

PROOF. Since ||lw,|; < [lwnllig, < K, the sequence (w,) is bounded in E,. Hence, by

1
Dm::{xERN:pc\gm, a(x)z—}, m € N.
m

Then, for each m,

mK
— 0 asn — oo.

/ lw,|? dz < m a(z)w? dx <
m Dm

This implies that w(z) = 0 almost everywhere in RV \ ©, so w € #},(Q) due to the
smoothness of 0f.

To show strong convergence in L*(RY), let F := {z € RY : a(z) < My}, where M, is as
in assumption (B,), and denote F°:=RY \ F. Then

1 K
w? dr < Bna(z)w? dx < —0 asn — oo.
/C _ﬁnMO Fe ( ) _B

niVi0

Now, consider B := {z € RY : |z| < R} and B := R¥\ Bg. Take any r € (1, N/(N—2))
with Holder conjugate v’ :=r/(r — 1). Then

| =l de < o, = vl LB 0P < Cllun = wlly, £(B50 ) =0
%N

2

ivc, we also have

as R — oo due to assumption (By). Since w, — w in L
/ lw, —w|*dr — 0 asn — oco.
Br

Combining these results shows w,, — w in L*(RY).
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We define the self-adjoint operator %’g := —Ay + fa on the Hilbert space L*(RY), where
the associated form domain is Ej,. The inner product in L*(RY) is denoted by (-,-). The
bilinear form corresponding to %} is given by

(%’gw,v) = / (b(z)Vw - Vv + a(x)wo) dz, for all w,v € Ej.
RN

Let m% = inf a(%’g) denote the lowest point in the spectrum of %’g It is straightforward
to verify that
/{% = inf {(Bjw,w) : w € By, |||z =1} >0.

Moreover, the mapping 3 — KV% is non-decreasing due to the monotonicity of the potential
term fa(z) in B.

Lemma 2.2. Let n € (0,7:(52)). Then there exists a constant 5(n) > 0 such that for all
B > B(n), the spectral bound satisfies

+ ()
b > NTNBE)
Kg > 5

As a consequence, for all w € Ey and > B(n), we have
agllwlis < (%5 — njw,w),
where the constant o, is defined as

.: n+m(2)
Tom(Q)+2+ 3y

PROOF. Suppose by contradiction that there exists a sequence (3, — oo such that m%ﬂ <

—’7”’21(9) for all n, and assume /i%n — T = 77szl(m'

Let w, € Ej be a sequence satisfying ||w,||;2 = 1 and
(A5, — Kb, )wn, wy) — 0.

Then, we estimate:

fanllis, = [ (@IVwa 4+ (1+ Brala))u?)

(25, = 5, Jwn, wn) + (1+ kg, ) w72

for all sufficiently large n. Hence, by Lemma 2.1, we may assume (up to subsequence) that
w, — w weakly in Ej and strongly in L*(RY), with |w]||z: = 1.

Due to the support properties induced by a(z), it follows that w € %‘gﬁ,(@) Moreover,
using weak lower semicontinuity and convergence, we obtain

/ b(w)|Vw|2 — 7'|w|2 < liminf ((%’gn — m%n)wn, wn) =0.
Q n—oo ’
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Thus,
/ b(x)|Vw|2 <7 <m(Q),
Q

which contradicts the variational characterization of 7,(€2) as the lowest eigenvalue of —A,
on J4(Q) with ||w||z2 = 1. This contradiction completes the proof,

Let us consider the energy functional associated with problem (PSZW), defined by

1 1 .
Togfw) =5 [ G@Ivuf+ pate)? — ) do = oo [ ol do
1 1 x
D) (5 = mw,w) - ;Hw Lot

It is straightforward to verify that ng € C(FE,, R), and that its critical points correspond
to weak solutions of the equation

—Ayw + Ba(x)w = nw + |w[* 2w, w e I (RY).

A sequence {w,} C Ej is said to be a Palais-Smale sequence at level ¢ (briefly, a (PS).
sequence) for Jﬁbm if

Ty, (wa) = ¢ and [|(J5,) (w,)]

EZ_>0 as n — oo.

We say that the functional J}, satisfies the (PS), condition if every (PS). sequence admits
a strongly convergent subsequence in Ej.

Lemma 2.3. Let n € (0,m1(Q2)) and > B(n). Then every (PS). sequence {w,} C E,
associated with the functional ng 18 bounded in Ey, and moreover satisfies:

lim ((B5 —n)(wn,w,)) = nll_{rolo |wa||%2 = Ne. (4)

n—oo

PROOF. By assumption, {w,} is a (PS). sequence, i.e.,

J§7n(wn)—>c, and ||(Jgn)'(wn)|

E;—)O

Using the standard Pohozaev-type identities associated with critical exponents, we compute:

Thafwn) = 50T (W), 00 = (B — ), ), o)
Thau) = (T (w0), ) = & e (©

Since (J§,) (w,) — 0 in Ej, it follows from (5) that (%% — n)(wy, w,) remains bounded.
Lemma 2.2 then guarantees that {w,} is bounded in Ej.
Passing to the limit in (5) and (6) yields the desired identity (4).
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Let D) Tl d
[ 4(@)| Yl d .

2" ()

S = inf
wertl, () ol

denote the best Sobolev constant corresponding to the weighted embedding J7},(Q) —
L¥ ().

In what follows, and without loss of generality, we assume that the threshold [3(n) is
chosen large enough so that

B(n) >

e

My’

ensuring that SMy —n > 0 holds for all 5 > B(n).

Proposition 2.1. Let 7 € (0,m(Q)) and 8 > B(n). Then the functional Jj, satisfies the

Palais-Smale condition at any level ¢ < +~SN/2. In other words, every sequence {w,} C E,
such that
Jhwa) = ¢ and I (w5, =0 asn— oo,

admits a strongly convergent subsequence in Ej,.

PROOF. By Lemma 2.3, the sequence {w,} is bounded in Ej,. Thus, up to a subsequence,
we may assume that w, — w weakly in F,, w, — w in L3 (R"Y), and w,(z) = w(z) almost
everywhere in RV,

Standard variational arguments imply that the weak limit w satisfies the limiting equation

—Ayw + Ba(z)w = nw + |w|* 2w in RY.

To analyze the convergence behavior of the sequence, we define the remainder sequence
by

Zp 1= Wy — W.
By the Brezis-Lieb lemma [7; 27|, we have

2+ |zalE +o(1). (8)

5 = |w

|wn
Moreover, since J3' (w,)(w,) — 0, it follows that

(,@g — 1) (2ns 2n) — |2n %: — 0. 9)

Using Lemma 2.3 and equations (8) (9), we conclude

2 S b< NC < SN2,

(B —n)(zp,20) = b and |z,

As in the proof of Lemma 2.1, one can show that

/|zn|2—>0 as n — 0o,
F
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where F := {z € RV : a(z) < My}, and F¢ =RV \ F.
Now, by the definition of the best Sobolev constant S in (7), we estimate:

S|z

o< [ eIV
< [ IVl + [ (Baz) -2

< (B — 1) (2 20) 41 /

= (,%’Z — ) (zn, 2n) + 0o(1).

Taking limits yields:
SH** < b,

Since b < SN2 it follows that b = 0, and therefore 2, — 0 strongly in E,. Hence, w, — w
in Ej, completing the proof.

3. Existence via the Nehari Manifold: Proof of Theorems 1.1 and 1.3
We consider the Nehari manifold associated with the functional ng, defined by

//gm = {w € B, \ {0} : Jgfn(w)(w) = O}
= {w e B\ {0} : (B — n)(w,w) = [lw

5 b (10)

The Nehari manifold ///é’m is radially diffeomorphic to the unit sphere in Ej, with respect
to the L% -norm, namely,

Y i={ve By |v]s =1},

via the mapping
N-—2

V= MY, v (B —n)(vv)] T .

For each w € ,///jgw the energy functional reduces to

1
ng(w) =~ (25— 1) (w,w).
Therefore, the least energy level of ng over the Nehari manifold is given by

= inf Jj (w)= k= inf ((%5 —n) (U,U))N/2.

b
wE///Bm N vey

Lemma 3.1. Let %, :={v e Ey: |v

o« = 1} and define the Nehari manifold
39

Then, there exists a homeomorphism ® : ¥, — //é’m, and thus ¥, ~ ///ﬁbm.

///é’m = {w e B\ {0} : (%} —n)(w,w) = ||w
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PROOF. Define the mapping ® : %, — t///é)m by

N-2

O(v) = [(B%—n)(v,v)] © v.
Set co := [(B4 —n)(v,v)] 5 g0 that w = ®(v) = cov. Then:

(25 —n)(w, w) = (%5 — 1) (cov, cov)
= (%5 —n)(v,v)
= [(#5 —n)(v,v)]* =|lw

vl

2*
2%

since [|w]|ox = col|v
Hence, w € //fé’n. The mapping ® is continuous and invertible, with inverse ®~1(w) =
w/||w||2« € #. Thus, ® is a homeomorphism.

2+ = Cp.

Lemma 3.2. Show that #3, # 0.

PROOF. Let w € C%”O?b be a nonzero function. Then, there exists some ¢ > 0 such that
tw € //lgm, where //lﬂbm denotes the Nehari manifold associated with the problem.
From the definitions, we compute:

* *
=t

(2~ o) = & [o0T0P 45 [ator? =g o) =PLe )

Equating (11) and (12), we get:

2 =17 Ly, (11)

(%’g —n)(tw, tw) = [tw w

* L ﬁ
t2L2 = t2 Ly = t= (—2> .
Ly

1
Thus, for ¢ = (f—f) “7% we have tw € A ,. Consequently, .5, #0.

If .45, # 0 then J§  # 400

Proposition 3.1. If w € t//lgm s a critical point of ngn and satisfies ng(w) < 20%7,], then
w does not change sign. Consequently, |w| is a solution of the problem (PS},).

PROOF. Since w is a critical point of ng, we have the relation

(B~ n)w.e) = [ ol ds

RN

for every v € Ej,. In particular, this holds for v = w*, where w* = max{4w, 0}.
If both w* and w™ are nonzero, then w* € .Zf,, and it follows that

ng(w) = ng(uﬁ) + ng(w’) > 20%7,7,

which leads to a contradiction.
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Similarly, for every domain D € R, we define the functional
1
Tonw) =3 [ 0 >|Vw|2—nw /
D
1
= 5 (@ = m)(w)(w) — 5 on g, (D),

and is associated with the problem (D,). The corresponding Nehari manifold is defined as

M = {w € H(D)\ {0} : (B — 1) (w) (w) = Jwl3:}.

This manifold is radially diffeomorphic to %, p = {v € H, (D), [v]o- = 1}. Set
1.
(. D)= inf Jpp(w) = inf (B —n)(v)(©)">.
weM, p vE€YD

Lemma 3.3. Let n € (0,m(2)) and B > B(n). Then

1 N/2 b b L onye
N(%S) / §c57n<c(77,9)<ﬁ5 2,

PROOF. By Lemma 2.2, we have the inequality
agllvlly < ayllvllss < (5 —n)(v,v).

Taking the infimum over v € %, yields the first inequality. Since %o C ¥ and (%5)(v,v) =
(A%)(v,v) for all v € ¥, it follows that

Cﬁn (na Q)

Moreover, Brézis and Nirenberg [8] showed that for every n € (0,7:(f2)), we have
t(n, ) < £5N/2 and that c*(n, Q) is attained at some function @ > 0.

If c%m = cb(n,Q), then this minimum would be achieved at w. However, since 1 vanishes
outside €2, this contradicts the strong maximum principle. Therefore, it must hold that

., < (0, Q).
We are now prepared to demonstrate the validity of Theorems 1.1 and 1.3.

PROOF (PROOF OF THEOREM 1.1). Let {w])} C .#3, be a minimizing sequence for .J; ,
ie.,
Jﬁn( )—>cﬁn as n — 00.

By Ekeland’s variational principle [15; 27|, we may assume that {w”} is a Palais-Smale
sequence at level c%’n.

Then, by Proposition 2.1, the (PS). condition holds for all ¢ < %SN/Q. Moreover, by
Lemma 3.3, we have C%,n < %SN/Q, ensuring compactness.

Therefore, up to a subsequence, w? — wg strongly in Ej, and wg is a least-energy critical
point of Jj . Thus, wg is a least-energy solution to the problem (PS} ).
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PROOF (PROOF OF THEOREM 1.3). Let {w,} be a sequence of solutions to (PSgM) such
that URS <07 771<Q))7 ﬁn — 00, and
b 1 b
Jgn,n(wn) = N(’%)Bn —n)(wy, w,) — c.
Assume further that the energy satisfies
NJb, (wa) = (B4 —n)(wn,w,) — Ne < SN2,

Then, by Lemmas 2.1 and 2.2, there exists w € 4% () such that, up to a subsequence,
w, — w weakly in Ej, and w, — w strongly in L2(]RN). Since each w,, satisfies the Euler-
Lagrange equation,

/ (b(x)Vw, - Vv + Braw,v — nw,v) = / |w,
RN

RN

2w, Yo € By,

taking the limit with test functions v € J4}(Q) yields

2.

/RN (b(x)Vw - Vv + nuwv) = / |w

RN

Hence, w solves (D}).
Now let t,, := w,, — w. Using Brezis-Lieb lemma [7], and orthogonality of cross-terms, we
obtain

(25, = n)(wn, wa) = (Fg —n)(w,w) + (B, —1)(ta, ta) + o(1),
and
5« + [tal3- + o(1).
From the Nehari condition and energy identity, we conclude:
(2, — 0)(tn t) = It
Assume by contradiction that |¢,

S|t

%i:|w

|wy,

2*
5 — 0.

2. — b > 0. Then Sobolev inequality implies

5 +o(1),

2 < IVtall3 < (85, — 0)(tn, ta) + (1) = |tn

which leads to SN2 < ¢ < SV/2 a contradiction. Therefore, |t,,

(%gn — ) (tn, tn) — 0.

o« — 0 and

Consequently,
(%5 —n)(w,w) = lim (B —n)(wn, wn),

n—o0

and since a(z) = 0 in €, it follows that [aw? — 0. Thus, w, — w in E,, and the sequence
concentrates at a solution of (D).

As a consequence of theorems 1.1 and 1.3, we obtain:
Corollary 3.1. For each n € (0,m(92)), we have

lim C%m = (n,Q).

B—00

— 4
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4. Proof of Theorem 1.2

To prove Theorem 1.2, we adopt the topological method introduced by Benci and Ce-
rami [6]. Since Q C R is a smooth, bounded domain, there exists a small radius r > 0 such
that the following inclusions hold:

Qf, = {z e RY : dist(z, Q) < 2r},
Q7 ={z e Q:dist(x,00) >},
and both sets (5 and €2 are homotopically equivalent to . Moreover, we can assume that

the open ball B, := {z € RY : |z| < r} is contained in (.
Using the argument developed in the proof of Lemma 3.3, it follows that

1
(n,Q) < (n,B,) < NSN/Q,

for every n € (0,7:(£2)).
For any nonzero function w € L? (§2), we define its center of mass by

Jo lw|* @ da
Jo lw|? dz

Recalling a result of Lazzo [19], we state the following lemma:

flw) =

Lemma 4.1. There exists a constant n* = n*(r) € (0,n:(Q)) such that for all n € (0,7,
the following statements hold:

(i) (0, Br) < 2¢°(n, ),
(ii) For every w € MY satisfying J) o(w) < (0, B,), the center of mass ((w) lies in Q.
As in [4], we choose R > 0 with Q C Bp and set
1, 0<t<R,
§(t) =
R/t, R <t.

Define
fRN E(Jw|)xdx

Jan [w|¥ dz

Lemma 4.2. There exists a constant n* = n*(r) € (0,m7:()) and, for each n € (0,1%], a
number A(n) > 5(n) such that:

(i) (n, )<206 for all B> A(n),

(i1) gir all B> N(n) and for every w € A, with Jj (w) < (n, B,), we have fy(w) €
2r:

Bo(w) = for we L* (RY\ {0})
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PROOF. Assertion (i) follows directly from Lemma 4.1 and Corollary 3.1, which imply:

b b 9 i b b
¢’ (n, By) <2c’(n,Q) = 2511_{210 Chp < 205,

for all B > A(n).
We now prove (ii) by contradiction. Suppose that, for arbitrarily small 7, there exists a
sequence {wy} with w, € .4} ,, By — 00, Jj ,(wn) < c(n, B,), but fo(w,) ¢ O3,
By Lemma 2.1, up to a subsequence, w, — w, weakly in Ej, and w,, — w, in L*(RY).
We consider two cases:
Case 1: |wy|3. < (B — n)(w,, w,).
Define t,, :== w,, — w,,. Since a(z) = 0 in Q, we have:

(85, — 1) (wn, wy) = (B — 1) (wy, wy) + (B, — 1) (ta, ta) + (1),
and by the Brézis-Lieb Lemma |7]:

2

2: = |w, % + |tn|§i + o(1).

|wn,
Since w,, € ///é’n ,» We obtain:

5 +o(1).

(%Zn - n)(tmtn) < |tn

Assume by contradiction that |¢,|% — b > 0. Then:

S|tn 3: +0(1)7

2 < /b(m)]thP < (B, —0)(tusta) +0(1) < [t

which implies SV/2 < lim,, o0 |w, |3 < SN2 a contradiction.

Therefore, |t,|o« — 0, and hence w,, — w, in L?" (RY). Tt follows that By(w,) — B(w,).
Since J) o(w,) <lim Jj , (w,) < ¢*(n, B,), Lemma 4.1 implies f(w,) € Q. This contradicts
the assumption Sy(w,) ¢ Q3 .

Case 2: |w,|3. > (B, — n)(w,, w,).

Then there exists ¢ € (0,1) such that tw, € ///75’79, and hence

t2
(0, Q) < Jpqltwy) = N(%’S — 1) (wy, wy)

< lim Jj , (tw,) < (n, B,).

n—oo

Thus, for n sufficiently large,
< N((n, B;) = (0, Q)

2%
P

gi — [twy

[l
and since ®(n, B,) — ®(n,Q) — 0 as n — 0, it follows that:

|Bo(wy) — B(tw,)| <.

However, by Lemma 4.1, S(tw,) € QF

+, contradicting By(w,) ¢ Q. This contradiction
completes the proof of (ii).
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For a given function I : M — R, the set /= is defined as:
ISt={ze M :I(z) <t}

which represents the level set of all points z € M where (z) does not exceed t.
The following is an easy consequence of Lusternik-Schnirelmann theory:

Proposition 4.1. Let J : M — R be an even C*'-functional defined on a complete, symmet-
ric, C' submanifold M C V' \ {0} of a Banach space V. Assume that J is bounded below
and satisfies the Palais-Smale condition (PS). for all ¢ < t. Further, suppose there erist
continuous maps

XLyt By
such that the composition [ o L is a homotopy equivalence and [((z) = f(—z) for all z €

M N JSt. Then J admits at least Cat(X) pairs of distinct critical points {z,—z} with
J(z) =J(—2) <t

PROOF (PROOF OF THEOREM 1.2). Let 0 <n <n* and 8 > A(n). We define the maps
O Lok, 0 J5s 00 B

where [y denotes the barycenter map introduced earlier. Lemma 4.2 ensures that [ is well
defined on this subset of the Nehari manifold.

Let w, € J,(B,) C Ej be a positive minimizer of .J} 5 over .4, 5 . For each z € Q,
define the translated function I(x) := w,(- — x). Since B,(x) C , we have [(x) € .#}, and

Jh,((x) = ) (w,) = (0, B,).

Moreover, the radial symmetry of w, yields Sy({(x)) = x for all z € . Thus, the composi-
tion [y o L is the identity map on €2 and therefore a homotopy equivalence.

Additionally, since J§, (w) = Jj,(—w) and fo(w) = Bo(—w) for all w € E \ {0}, the
symmetry conditions of Proposition 4.1 are satisfied.

By the inequality c’(n, B,) < %SN/Q from [8|, Proposition 2.1 guarantees that ng satisfies
the (PS), condition for all ¢ < ®(n, B,). Consequently, Proposition 4.1 applies. Invoking
also Proposition 3.1 (positivity of critical points) and Lemma 4.2, we deduce that the problem
(NS},) possesses at least Cat(€2) positive solutions.
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Abstract

In this paper, the Hermite-general matrix polynomials are introduced by

using certain operational methods. Also, the differential equation, recurrence rela-
tions and other properties for the Hermite-general matrix polynomials are obtained
within the context of the monomiality principle. Further, it is shown that these ma-
trix polynomials include many other new special matrix polynomial as particular cases.
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1. Introduction

Hermite polynomials are frequently used in many branches of pure and applied
mathematics and physics. The importance of multi-variable Hermite polynomials has
been recognized in [9] and these polynomials have been used to deal with quantum
mechanical and optical beam transport problems. The Hermite matrix polynomials and
their extensions and generalizations have been introduced and studied in [2,15,16,18-
20, 22-26] for matrices in C™*" (n € N) whose eigenvalues are all situated in the right
open half-plane.

We review the definitions and the concepts related to the Hermite matrix polyno-
mials.

Let A be a matrix in C**" such that
Re(p) >0, for all u € o(A), (1.1)

where o(A) denotes the set of all the eigenvalues of A. If Dy is the complex plane cut

along the negative real axis and log(z) denotes the principal logarithm of z, then z!/2
represents exp(3log(z)). If the matrix A € C™" with o(A) C Dy, then AY? = VA
denotes the image by 2/? of the matrix functional calculus acting on the matrix A.

We recall that the 2-variable Hermite matrix polynomials (2VHMP) H,(z,y, A)

* Corresponding author;E-mail: nraza.maths@gmail.com (Nusrat Raza)
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are defined by the series [2; p.84]

3

(3]

H,(z,y,A) =n! (—1)Fgyk (z/2A)2F

>0 1.2
(n — 2k)IK! (n=0) (12)
k=0
and specified by the generating function
o tn
exp(ztV2A — yt*I) = Z H,(z,y, A)—'. (1.3)
et n!

Also, the 2-variable Hermite matrix polynomials (2VHMP) of the second form
H,(x,y; A) are defined by the series [23; p.162]

Ho(z,y; A) = nl % v ( §> (n>0) (1.4)

and specified by the generating function

exp (mt\/z +yt’l > Z’H x,y; A '. (1.5)

The 2-index 2-variable Hermite matrix polynomials (2I2VHMP) H,, ,,(z,y, A) are
defined by the series [25; p.689]

% k k T )n mk
Hy (2, y, >0 1.6
(2.9, 4 §k:j HUEREE iz 0) (1.6
and specified by the generating function

o0 tn
exp(ztvmA — yt™I) = g Hn’m(x,y,A)—‘. (1.7)

n!

n=0

We note that the 2I2VHMP H,, ,,,(x,y, A) are also defined through the operational
rule [25; p.699]

Hyn(,y, A) = exp (—y<m)—m%) {(:m/m)n}. (1.8)

Very recently, the 3-index 3-variable Hermite matrix polynomials (3I13VHMP)
HY™)(x,y, 2 A) are introduced, which are defined by the series [20]

7'L

(m,s ; ans mxyvA
ms) (g, 2; A) = nl Z o nk—sk ) (1.9)
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and specified by the generating function

tTL

n!

exp(xtvmA — yt™ I + zt°1) = Z H™) (2, y, 2, A)

n=0

(1.10)

The 3I3VHMP H,(Im’s)(x, y,z; A) are also defined through the operational rule [20]

H"™) (2,9, 2; A) = exp (z(m)_s ;;) {Hn,m(x, Y, A)} (1.11)

We recall that according to the monomiality principle [4,28], a polynomial set
pn(z) (n € N,z € C) is “quasi-monomial”, provided there exist two operators M and
P playing respectively, the role of multiplicative and derivative operators, for the family
of polynomials. These operators satisty the following identities for all n € N:

M{pn(2)} = pnya(2), (1.12q)

P{pn(x)} = npn_1(x). (1.12b)
The operators M and P also satisfy the commutation relation
[P, M] =1 (1.13)

and thus display a Weyl group structure. If M and P have differential realization, then
the differential equation satisfied by p,(z) is

MP{p,(z)} = np,(x). (1.14)

Assuming here and in the sequel po(z) = 1, then p,(x) can be explicity constructed
as:

palz) = M"{1} (1.15)

and consequently the generating function of p,(z) can be cast in the form

Gla,t) = exp(tN){1} = an(@g (] < o0). (1.16)

n=0

We note that the 2I2VHMP H,, ,,(x,y, A) are quasi-monomial under the action of
the operators [24; p.43]

m—1
M = 2vVmA — my(vVmA)~(m=b 0 (1.17)

Oxrm—1 ’

Pi=——_ (1.18)
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Also, the 3I3VHMP H™*) (x,y,2; A) are quasi-monomial under the action of the
operators [20]

. . om— 1 e 85—1
M = zvVmA — my(vVmA)~(m=b e + s2(VmA) ™ 1)63:5*1’ (1.19)
P .= (\/mA)—laﬂ. (1.20)
x

The special polynomials of two variables are important from the point of view
of applications and also these polynomials are helpful in introducing new families of
special polynomials. We consider a general family of the polynomials of two variables,
namely the 2-variable general polynomials (2VGP) denoted by p,(z,y) and defined by
the generating function

- anw)f% (po(z,y) = 1), (1.21)

where ¢(y,t) has (at least the formal) series expansion

=S o) (60(s) #0). (1.22)

Now, we recall that the 2-variable Appell polynomials (2VAP) P,(z,y) [7], the
Gould-Hopper polynomials (GHP) H ,(18)( z,y) [17], the 2D Appell polynomials (2DAP)
) (x,y) [3] and the 2-variable generalized Laguerre polynomials (2VGLP) ,,,L,(z,y)

[10] are defined by the generating functions

o tn
n=0
WW=Zﬂ%m% (1.24)
n:
eTtytt ZR S)(x y (1.25)
and
¥t Co(—xt™) Zm (1.26)

respectively, where Cy(x) denotes the 0" order Tricomi function. The n'* order Tricomi
functions C,,(z) are defined as [27]:

Colz) =) T('_& (1.27)
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The 0% order Tricomi function Cp(az) is also defined by the operational rule

Co(az) = exp(—aD; {1}, (1.28)
where 15; I denotes the inverse of the derivative operator D, := a% and is given as:
D1} == (n € Ny = NU{0}). (1.29)
n!

In view of generating functions (1.21), (1.23)-(1.25) and (1.26), we note that the
2VAP P,(z,y), the GHP H{™(z,y), the 2DAP R\ (z,y) and the 2VGLP ,,L,(y, z)
belong to family of 2VGP p,(z,y).

It is worth to mention that for y = 1 and y = 0, the 2VAP P,(z,y) and the 2DAP
RY (x,y) respectively, reduce to the Appell polynomials A, (z) [1], i.e., we have

P,(z,1) = A, (), (1.30)
R (z,0) = Ap(x). (1.31)

The Appell polynomials A, (z) are defined by the generating function
X S tn
At) e*t = ZAn(x)m, (1.32)
n=0

where A(t) has (at least the formal) expansion

n

All) = ZA,L% (Ao £ 0). (1.33)

The use of operational identities [4-6, 8, 10, 11, 12-14], currently exploited in the
theory of algebraic decomposition of exponential operators, may significantly simplify
the study of Hermite matrix generating functions and the discovery of new relations.
Recently, Metwally [24] introduced generalized forms of operational rules associated
with operators corresponding to the 2I2VHMP H,, ,,,(z,y, A) expansions. The associ-
ated generating function is reformulated within the framework of an operational for-
malism and the theory of exponential operators.

In this paper, the Hermite-general matrix polynomials are introduced by making
use of operational identities for decoupling of the exponential operators. The concepts
associated with monomiality principle are used to establish their properties. Examples
of some members of the Hermite-general matrix polynomials family are considered and
certain results for these polynomials are derived.

—— 2
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2. Hermite-general matrix polynomials

To generate the Hermite-general matrix polynomials (HGMP), we take the 2I2VHMP
H, ;m(x,y, A) as base in the generating function (1.21) of the 2VGP p,(z, z). Denoting
the HGMP by gpnm(z,y, 2; A), we consider the generating function

exp(Mt) ¢(z ZHpnm (x,y, 2; A) (2.1)

which is the result of replacement of z in equation (1.21) by the multiplicative operator
M of the 2I2VHMP H,, ,,,(z,y, A).
Using the expression of M given in equation (1.17), we find

exp ((:c mA — my(\/mA)(ml)am—__l) t> (2, t) = Z HDPnm (T, Y, 25 A);—n!, (2.2)

1
dxm —
which on using the Crofton-type identity [11]

s (x 4 m)\dci::ll) (1} = exp (ij—mm> [1)}. (2.3)

to decouple the exponential operator in the 1.h.s. gives the generating function for the
HGMP ppnm(z,y, 2; A) in the following form:

exp(xtvmA — yt™I) ¢ ZHpnm .Y, % A) (2.4)

n=0

where m, s are both positive integers and A is a matrix in C"*" satisfying condition
(1.1).
Next, we proceed to find the series definition of the HGMP gp, . (z,y, z; A).

Breaking the exponential in the Lh.s. of equation (2.4) and then using definition
(1.21) and expanding the exponential term in the resultant equation, we find

© 0 tn+mk 0 n
Zzpn<x mAa Z)<_y)k k! = ZHpn,m<x7y72; A)ﬁv
n=0 k=0 n=0

which on replacing n by n — mk in the Lh.s. and then using the lemma [27]

n

ii/l(k:,n i S A(k,n —rk), (2.5)
n=0 k=0 n=0 k=0

gives the following series definition of the HGMP gpp, (2, vy, 2; A):

\ 3

m ypn mk(x A,Z)
nm .2, A) =nl . 2.6
a5 4) =3 I e (2.0
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Expanding ¢(z,t) in equation (2.4) by using equation (1.22) and then using equa-
tion (1.7) in the Lh.s. of the resultant equation, we find (after equating the coefficients
of like powers of t)

n

.95 4) = 3 () 60-4(2) Hiont ), 27)

k=0

which in view of equation (1.6) gives the following alternate series definition of the
HGMP Hpn,m(x’ Y, z; A)

(2)(=1)"y" (zv/mA)s—mr
rl(k —mr)l(n —k)! '

n [E]
Hpn,m(xu Y, z; A) = n' Z ¢n_k

k=0 r=0

(2.8)

Differentiating equation (2.4) partially with respect to x and y, we get the following
matrix differential recurrence relations satisfied by the HGMP gp,, m(x,y, 2; A):

0

a_prn,m(x7y7’Z; A) =nv mA Hpnfl,m(x>y7Z;A) (n Z 1) ) (29)
0 n!
a_prn,m<m7yvz;A) = _m Hpn—m,m(x7ywz; A) (TL Z m) (210)
From equation (2.9), we have
om — N
&E—men,m(%yu z; A) = (VmA) m HPn—mm(T,Y, 2, A) (R >m).  (2.11)

Consequently, from equations (2.10) and (2.11), we have

o™ — 0
ax_men,m(xa Y, =3 A) = _< mA>ma_prn,m(xa Y, =3 A) (212)

Taking y = 0 in equation (2.4) and using equation (1.21) in the Lh.s. of the
resultant equation, we find (after equating the coefficients of like powers of t)
HPnm (2,0, 2; A) = p(zVmA, z). (2.13)

Now, solving equation (2.12) with the initial condition (2.13), we get the following
operational representation:

HPnm (T, Yy, 2; A) = exp <—y(M)m§C—mm) {pn(a: mA, z)} (2.14)
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Further, replacing y by z, t by (v mA)_lﬁx in expansion (1.22) and multiplying
both sides of the resultant equation by exp(xtvmA — yt™I) we find
A e ﬁn
(2, (VmA) ' D,) exp(ztvVmA — yt™I) = Z On(2)(VmMA) " —F exp(atvmA —yt"I),
n!
n=0

(2.15)
which on using identity

(\/M)—”D;{ exp(ztvVmA — ytmI)} =" { exp(ztvVmA — ytmI)} (2.16)

in the r.h.s. and then using equation (1.22) again in the r.h.s. of the resultant equation
gives

d(z, VmA) ' D,) exp(xtvV'mA — yt™I) = ¢(z,t) exp(atvVmA — yt™I). (2.17)

Using equations (1.7) and (2.4) in the Lh.s. and r.h.s. respectively of the above
equation and equating the coefficients of like powers of ¢ in the resultant equation, we
get the following operational representation for the HGMP g, (2, y, 2; A):

iPnn (.9, 25 A) = 0z, (VmA) " Do) { Hun.9, 4) }. (2.18)

In order to frame the HGMP gp,, (2, y, z; A) within the context of monomiality
principle formalism, we prove the following results:

Theorem 2.1. The HGMP pp,m(x,y,z; A) are quasi-monomial with respect to the
following multiplicative and derivative operators:

~

M,,, = xvVmA —my(vVmA)

ey O (2 D./vmA)

0t (5, Daf/mA) 10

and P
P, = (\/mA)*la—x, (2.190)
respectively.

Proof. Consider the identity
(ﬁx/\/ mA){ exp(xtvmA — yt"I)¢(z, t)} =t { exp(ztvVmA — yt™I)p(z, t)} (2.20)
z,t)

Since, ¢(z,t) is an invertible series and (Z((z 5
of t, therefore, we have

(2, ?x/\/M)
¢(Z’, Dx/m)

has Taylor’s series expansion in power

{ exp(atvVmA — yt™I)¢(z, t)}
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_ i f,f)) {exp(atvmA — ytm Do(z,1)}, (2:21)

where the prime denotes the derivative of the function ¢(z,t) with respect to t.

Now, differentiating equation (2.4) partially with respect to ¢, we have

(x mA — myt™ I + ¥z, t)) {exp(xtv mA—yt™I)(z, t)} = ZHan,m(an Y, 2 A)%
n=0 ’

(2, 1)
(2.22)
Using equations (2.4) and (2.21) in the Lh.s. of equation (2.22), we find
[e'S) n 00 tn—i—m—l
TV mAZHpn,m(xay7Z;A>a _myZHpn,m('ruyvz;A) n!
n=0 n=0

((ZZ 11))1//\/@) ZHp”m .y, 2 A) g ZHanm(fL" Y, % A) z (2.23)

which on using equation (2.11) in the Lh.s. gives

n

oy O™ (z Dx/\/_

0 m
= ZHanrl,m(xayaZ;A)ﬁ' (224)

n=0

Equating the coefficients of like powers of ¢ in both sides of equation (2.24), we
get

oy O @ (2, Dy /V/mA
(:1: mA — my(vVmA)~ 1)8xm_1 + ¢<(Z b //m;> HPnm (2, Y, 25 A)
- Hpn-i—l,m(x? Y, z; A)v (225)

which in view of the monomiality principle equation (1.12a) yields assertion (2.19a) of
Theorem 2.1.

Also, from recurrence relation (2.9) and in view of equation (1.12b), we get asser-
tion (2.19b) of Theorem 2.1.

Corollary 2.1. The HGMP yp, m(x,y,2; A) satisfy the following matriz differential
equation:

(2.26)
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Proof. Using expressions of M, , and P, , given in equations (2.19a) and (2.19b) in
monomiality principle equation (1.14), we get assertion (2.26) of Corollary 2.1.

Remark 2.1. Since gpom(z,y,2; A) = I, therefore in view of monomiality principle
equation (1.15), we have

x,y,2;A) = | xvVmA —m mA)~(m=1) om qb’(z,f)x/\/M) '
HDnn (2,7, ,A)—( A —my(VmA) g <b(z,l5x/\/m)) {1}.

(2.27)

Remark 2.2. Using relation (2.11) in equation (2.25), we get the following matrix
differential recurrence relation satisfied by the HGMP gp, (2, v, 2; A):

— n!
xVmA Hpn,m(xv Y, z; A) - myMHpnferl,m (Q?, Y, z; A)

'(z, D, /vVmA
+¢( ~ / )Hpn,m(xay7z; A) = Hpn+1,m(z7yaz;A>' (228)

d(2, Dy /V/mA)

3. Examples

By making suitable choice for the function ¢(z,t) in equation (2.4), we get the gen-
erating functions for some members belonging to the HGMP family gp, .(z,y, z; A).
The properties of these special matrix polynomials can be obtained from the results
derived in previous section. We consider the following examples:

I. Taking ¢(z,t) = A(zt) (that is when the 2VGP p,(z, y) reduce to the 2VAP P,(x,y))
in generating function (2.4), we find that the Hermite-Appell matrix polynomials
(HAMP) g P, n(x,y,2; A) are defined by the following generating function:

exp(ztvmA —yt"I) A ZHP”’”” T, Y, 2 A) (3.1)
n=0

Since, in view of equations (1.22) and (1.33), we have ¢, x(2) = A, 2" " and

therefore from equation (2.8) we get the following series definition for the HAMP
HPn,m<:U7 Y, =5 A)

#Pom(z,y, 2 A) _”'ZZ Ay 2 (L)Y (/) - (3.2)

prr r!( k mr)l(n — k)!

From equations (2.19a) and (2.19b), we find that the HAMP g P, ,..(z,y, z; A) are
quasi-monomial with respect to the following multiplicative and derivative operators:

X gm-1 A' (2D, /vVmA
M, p:=xvVmA— 'rny(\/mA)’(m*l)a — +z ( - >
v A (sz/\/mA>

(3.3a)
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and

~ 0

P p:=(VmA) ' —, (3.3b)
Ox

respectively. Also, from equation (2.26), we find that the HAMP P, . (z,y, z; A)

satisfy the following differential equation:

o 0 A'(zD,/v/mA) 9
<my(VmA)m— —x— —2(VmA)~! A((ZZD //\/%)) or T n) HPum(z,y, 2 A) = 0.
(3.4)
Further, from equations (2.14) and (2.18), we get the following operational repre-

sentations for the HAMP g P, . (x,y, z; A):

aPum(x,y,2; A) = exp (—y(M)_mai—rjn) {Pn(x mA,z)}, (3.5)

i B, 2 A) = A(z(mylbw){ﬂn,m(x,y, A)}. (3.6)

Remark 3.1. Inview of relation (1.30), for z = 1, the 3-variable HAMP 5 P, ,,,(z, vy, 2; A)
reduce to the 2-variable Hermite-Appell matrix polynomials g P, ,,,(z, y; A). Therefore,
taking z = 1 in equations (3.1), (3.2), (3.3a), (3.3b), (3.4), (3.5) and (3.6), we get the
corresponding results for the HAMP 5 P, . (z,y; A).

IT. Taking ¢(z,t) = Co(—=t®) (that is when the 2VGP p,(z,y) reduce to the 2VGLP
sLn(y,x)) in generating function (2.4), we find that the Hermite-Laguerre matrix poly-

nomials (HLMP) g L) (x,y, z; A) are defined by the following generating function:

oo tn
exp(ztvVmA — yt™I) Co(—2t°1) = Z g L) (2, 2; A)m (3.7)

n=0

Since p,(x,y) = sLn(y, x), therefore from equation (2.6), we get the following series
definition for the HLMP L{™* (x,y,2; A):

1)"”yk sLn—mi(z, xv/mA)

kl(n — mk)! (38)

(]
WL a5 4) =3
k=0

From equations (2.19a) and (2.19b) and in view of operational definition (1.28), we

find that the HLMP HL,(Im’S) (x,y, z; A) are quasi-monomial with respect to the following
multiplicative and derivative operators:

m—1 s—1
M, 1, = zvVmA — my(vmA)~(m=Y 0 +sD; MV mA)’(s’l)a— (3.9a)

8x5—1
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and
P, = NM)*2 (3.90)

respectively. Also, from equation (2.26), we find that the HLMP HL%m’s)(z,y,z; A)
satisfy the following differential equation:

m (V mA)—m 87714—1 —r 62 B 3( /_mA)—(S—l)ﬁ + nﬁ L(m,s) (l‘ 5 A) —0
Y 0z0x™ 020 oxs Oz HLotp » Y, 23 = U.
(3.10)

Further, from equations (2.14) and (2.18), we get the following operational repre-
sentations for the HLMP HLng’S)(ZE, y,z; A):

ox™

g L) (2, y, 2, A) = exp (—y(ﬂ)_ma—m) {sLn(z,x\/H)}, (3.11)
HL;m’S)(a:, y,2; A) = exp (ﬁ;l(M)_5D2> {Hn,m(iﬁ, y,A)}. (3.12)

Remark 3.2. Putting A = % € C™! and replacing m by s, s by m, x by y, y by
—z and z by x in equation (3.7), the HLMP L) (z,y, z; A) reduce to the recently

introduced Laguerre-Gould Hopper polynomials (LGHP) LH™ (z,y,2) [21], i.e., we
have
g L™ (y, —z, ;1 /m) = LH™ (x,y, 2), (3.13)

where the LGHP LHT(@m’S)(:E, y, z) are defined by the generating function [21, p. 9933]

oo tn
exp(yt + zt*) Co(—at™) = Z LH™) (2,9, Z)ﬁ (3.14)
n=0 )

ITI. Taking ¢(z,t) = A(t) exp(zt®) (that is when the 2VGP p,,(z, y) reduce to the 2DAP
RY (x,y)) in generating function (2.4), we find the following generating function of the
Hermite matrix 2D Appell polynomials (HM2DAP) HRq(@m’s)(a:, y,z; A) [22):
o tn
A(t) exp(xtvmA —yt™I + 2t°1) = Z aR™) (2,9, 2; A)—|, (3.15)
n!
n=0
whose properties are discussed in [22]. Also, in view of equation (2.18), we get the
following operational representation for the HM2DAP HRS{”’S’ (x,y,2; A):

a R (2, y, 2 A) = A(VmA)™1D,) exp (z(\/M)—sD;) {Hn,m(x,y,A)}. (3.16)
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IV. Taking ¢(z,t) = exp(zt®) (that is when the 2VGP p,(x,y) reduce to the GHP
Hff)(aj,y)) in generating function (2.4), we find generating function (1.10) of the
3I3VHMP H{™(z,y,2; A). The properties of the 3I3VHMP H{™® (z,y,2; A) are
discussed in [20].

4. Summation formulae

We establish some summation formulae connecting the HGMP gp, (2, vy, 2; A)
with certain other special polynomials.
First, we prove the following results:

Theorem 4.1. For a matriz A in C"*" satisfying condition (1.1), the following ex-
pansion of the 2VGP p,(z,y) in a series of the HGMP gp, m(x,y,z; A) holds true:

(]
yk Hpn—mk,m(xu Y, z; A)

=nl
pn(zVmA, z) = n! Kl — mh)] (4.1)
k=0
Proof. From generating function (2.4), we have
- n,m Y A
exp(xtvVmA) ¢(z,t) = y" up kfx' KAk )t"””k (4.2)
n
n,k=0

Using generating function (1.21) in the L.h.s. of equation (4.2) and replacing n by
n —mk in the r.h.s. and then using equation (2.5) in the resultant equation, we find

- t - m nmm ) A
NSRS 5) SLAT SECHE I

which on equating the coefficients of like powers of ¢ yields assertion (4.1) of Theorem
4.1.

\:

Theorem 4.2. For a matriz A in C™*" satisfying condition (1.1), the following implicit
summation formula for the HGMP gpy m(x,y, 2; A) holds true:

n

HDPnm (T +w,y,2; A) = Z (n) oPkm (T, Y, 23 A) (wm)”_k. (4.4)

k
k=0

Proof. Replacing x by x+w in equation (2.4) and using exponential function property
in the resultant equation, we find

o0 tn
exp(xtvmA — yt™I) ¢(z,t) exp(wtvVmA) = Z HDPnm (T +w,y, 2; A)E’ (4.5)

n=0
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which on using equation (2.4) and expanding the second exponential in the L.h.s., gives

tn+k "
Z aHPkm (T, y, 23 A) (wvVm ) ZHpnm T+ w,y, 2, A)—' (4.6)
n,k=0
Now, using equation (2.5) (for r = 1) in the Lh.s. of equation (4.6), we have
ZZ( )Hpkmmy,z A)(wvmA)"™ ZHpnmx—l—w Y, 2 A)—' (4.7)

n=0 k=0

which on equating the coefficients of like powers of ¢ yields assertion (4.4) of Theorem
4.2.

Theorem 4.3. For a matriz A in C"*" satisfying condition (1.1), the following ez-
plicit summation formula for the HGMP pypnm(z,y, z; A) in terms of the 2I2VHMP
H, p(x,y, A) and the 2VGP p,(x,y) holds true:

n

n
HPnn(T +w,y, 2 A) =Y (k> Hi (2,9, A) pp-r(wVmA, 2) (4.8)

k=0

Proof. Following the same lines of proof of summation formula (4.4) and using gener-
ating functions (1.7), (1.21) and (2.4), we get assertion (4.8) of Theorem 4.3.

Theorem 4.4. For a matriz A in C"*" satisfying condition (1.1), the following im-
plicit summation formula for the HGMP ypnm(z,y,2; A) involving the 212VHMP
H,m(z,y, A) holds true:

~ n
Hpn,m(x + w,y + v, z; A) = Z (k) Hpk,m(xa Y, z; A) ank,m(wv v, A) (49)
k=0

Proof. Replacing = by = + w, y by y + v in equation (2.4) and then following the
same lines of proof of summation formula (4.4) and using generating functions (2.4)
and (1.7), we get assertion (4.9) of Theorem 4.4.

Theorem 4.5. The following explicit summation formula for the HGMP gpp m(x,y, 2; A)
in terms of the SISVHMP H,(lm’s)(x,y,z; A), 2VGP p,(z,y) and GHP Hés)(m,y) holds

true:

n n—l
aHPnm (T, y,v; A) Z < )( ) Hﬁf_)k(x,y,Z; A) pp(w,v) Hl(s)(_m—z).
0

=0 k=
(4.10)



Subuhi Khan, Ahmed Ali Al - Gonah, Nusrat Raza 4 4

Proof. Consider the product of the generating functions (1.10) and (1.21) of the
3I3VHMP H\™(z,y, z; A) and the 2VGP p,(z, y) respectively, in the following form:

oo 00 tn+k
exp(xtvVmA — yt™I + zt°I) exp(wt) ZZH (z,y,2; A) pp(w,v)—— Pk
nlk!
n=0 k=0
(4.11)

Breaking the first exponential in the L.h.s. and replacing n by n — k in the r.h.s.
of equation (4.11) and then using equation (2.5) (for r = 1), we have

eXp(It\/_ yt™I) exp(wt + zt°) ¢ ZZ( > s (2,9, 2, A) pr(w, U)f;

n=0 k=0
(4.12)

Now, shifting the second exponential to the r.h.s. of the above equation and then
using generating function (1.24) of the GHP H,(f)(x,y) in the r.h.s. of the resultant
equation, we find

tn+l
exp(ztvVmA—yt™I) ¢(v,t) = m)a: 2 A) pr(w,v) H (—w, —2)——,
p(etVimA—y zzz() 9.5 A) pel, ) B (o, =)
(4.13)
which on replacing n by n — [ in the r.h.s. becomes
oo n n—l
exp(ztvmA — yt™I) ¢ Z Z ( ) ( ) Hflm :5) W2y, 2 A)
n=0 [= =0
(s) t
xpr(w,v) H™ (—w —z)—| (4.14)

Finally, using generating function (2.4) in the L.h.s. of equation (4.14) and then
equating the coefficients of like powers of ¢ in the resultant equation, we get assertion
(4.10) of Theorem 4.5.

Remark 4.1. Taking z = 0 in assertion (4.10) of Theorem (4.5) and using the following
relations:

H™) (2,y,0; A) = H, (x,y, A), (4.15)
H'¥(z,0) = 2", (4.16)
we deduce the following consequence of Theorem 4.5.

Corollary 4.1. The following explicit summation formula for the HGMP gpym (2, y, z; A)
in terms of the 2I2VHMP H,, ,,(x,y, A) and 2VGP p,(x,y) holds true:

n n—l|

() =35 () (") Hocronnte A) o) (<l (@)

=0 k=0

— 4 @
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5. Concluding remarks

In order to further stress the importance of the use of operational methods in
introducing new families of special polynomials, here we introduce two more families of
special matrix polynomials by using integral representation method. We also establish
some integral and operational representations for the HGMP gp,, (2, vy, z; A).

We recall that the 2-variable generalized truncated matrix polynomials (2VGTMP)

e (x,y; A) and the 2-variable generalized Chebyshev matrix polynomial (2VGCMP)

U™ (x, y: A) are defined by [20]:

0 (2. A kzm: - x\/k_)!)" " (5.1)
and "
U™ (z,y; A Z y (av/mA) (5.2)

k'n—mk) ’

respectively, where A is a matrix in C”X” satisfying condition (1.1).

We note that the 2VGTMP e (z,y; A) and the 2VGCMP U™ (x,y: A) are de-
fined in terms of the 2I2VHMP H,, ,,(z,y, A) by following integral representations:

ey (z,y; A) = / ™! Hym (z,yt, A) dt (5:3)
0
and -
(m) 1 —t 4n Y
U (z,y: A) = — e t"H,n, <.CE, —,A> dt, (5.4)
n! Jo t
respectively.
Also, we note the following relations [20]:
el™(x, D s A) = Hpm(z,y, A), (5.5)

0 (o[22 5 4) = Hnlo. ). (56)

Now, replacing y by yt in equation (2.7) and multiplying the resultant equation
by e~! and then integrating with respect to ¢ between the limits 0 to oo, we find

n

/ e ypnm (z,yt,z; A)dt = Z (Z) Gn_1(2) / e Hyp (z,yt, A)dt,  (5.7)
0 0

k=0

which on using equation (5.3) in the r.h.s. becomes

n

/000 e upnm (z,yt,z; A)dt = Z ( )¢n w(2) e (™) (2 y: A). (5.8)

k=0
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In view of equation (2.7), the r.h.s. of equation (5.8) can be viewed as the
truncated-general matrix polynomials. Denoting this newly introduced truncated-
general matrix polynomials (TGMP) by cp,.m(z,y, 2; A), we find

/ e upbnm (T, yt, 23 A) dt = cpnm(z,y, 2; A), (5.9)
0

where
n

Py, 5 4) =Y (Z) Oni(2) e (2, y; A). (5.10)

k=0

Again replacing z by xt, y by yt™~! in equation (2.7) and multiplying the resultant
equation by e~ and then integrating with respect to t between the limits 0 to oo, we
find

n

/ e HPnm (xt, yt™ b 2 A) dt = Z (Z) On—1(2) / e " Hym (:Et, yt™ A) dt.
0 =0 0
(5.11)
Now, using the relation

than(fL’,y7A) = anm(l’t,ytm,A) (512)

in the r.h.s. of equation (5.11), we have

- m—1 . _n n! i/oo—tk Y
/o e HPnm (mt,yt ,Z,A) dt—Z—(n_k)!(bn_k(z) zl e 't Him (m,t,A> dt,

k=0
(5.13)
which on using equation (5.4) in the r.h.s. becomes

n

/ e Hpum (wt,yt™ " 2 A) dt = Z m%fk(z) U™ (2,5 A). (5.14)
0 k=0 ’

In view of equation (2.7), the r.h.s. of equation (5.14) can be viewed as the
Chebyshev-general matrix polynomials. Denoting this newly introduced Chebyshev-
general matrix polynomials (CGMP) by yp,.m(x,y, z; A), we find

/ eit Hpn,m (IvytvzaA) dt: Upn,m(x7y7Z;A)7 (515)
0
where
u n! m
Upn,m(xayyz;A) = Zm¢n—k(z) Ulg )({L‘,y,A) (516)
k=0 )
53
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Further, we mention the following integral representations of the 2I2VHMP H,, ,,,(z, y, A)
in terms of the 2VGTMP e{™ (z, y: A) and 2VGCMP U™ (z,y; A):

A 1 0+ t 1—1 (m) Y A)d
Hn7m([L’,y’ ): %/_OO et €, (1’7;, ) t (517)
and
n! [0
Hym(z,y, A) = 2—/ et 7L UM (2, yt; A)dt, (5.18)
T ) oo

respectively, which are obtained by using the Hankel formula [27]

1 1 o0
—_— = — t* dt 5.19
[(z) 2mi /_OO ‘ (5.19)
in series definitions (5.1) and (5.2) of the 2VGTMP eglm)(x, y; A) and 2VGCMP UL (z,y; A),
respectively.
Using relations (5.17) and (5.18) respectively in the r.h.s. of equation (2.7), we
find
1 [0 " /n Y
- A= — 41 wn(2) e (2, %54) b 5.20
HDPn, ($,y,Z, ) oi /_OO € kzzo (k>¢ k(z> €k €, t) ) ( )
and
1 [0 _ n! x Yy
- JA) = — LS k() U (S A) dt, (521
HP y (x7y7za ) 27TZ /oo € kz:% (n_k)|¢ k('z) k tatm,17 ) ( )

respectively, which on using equations (5.10) and (5.16) give the following integral
representations for the HGMP gp,, (2, y, 2; A):

n,m\Ls Y, 25 - 5 t e nm( y 71 % )dt 5.22
HPnm(7,Y, 25 A) 27”/_006 Prom (%5552 (5.22)
and o)
1 Ty
HDn, (x7y727 ) Qi /_oo € UDPn, ta tm_1727 3 ( )
respectively.

Finally, in view of equations (2.18), (5.5) and (5.6), we get the following operational
representations for the HGMP gp,, m(x,y, 2; A):

iPam (9,2 A) = 0z, (VmA) Do) { e (e, D5 A) . (5.24)
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(905 4) = o, (V) {0 (o[ B a) ) 6

By making suitable choice for the ¢(z,t) as in Section 3, in the results derived

above, we can obtain the corresponding results for the members belonging to HGMP
family.
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A Note on Fourier Expansions of Periodic U-Bernoulli, U-Euler
and U-Genocchi Functions
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Abstract

In this paper, we investigate several analytic properties of the U-Bernoulli, U-Euler, and U-
Genocchi polynomials, building on previously studied families of U-type special polynomials.
We then derive the Fourier series expansions of the corresponding periodic functions and
establish their connections with the Riemann zeta function. In addition, we provide new
bounds for the associated U-Bernoulli, U-Euler, and U-Genocchi numbers.

Keywords: New U-Bernoulli polynomials, New U-Euler polynomials, New U-Genocchi
polynomials, Fourier expansion, Integral representation, Riemann zeta function.
2010 MSC: 11B68, 11B83, 11B39, 05A19.

1. Introduction

Fourier series and generating function theory is an active branch of modern analysis
that has gained importance due to its applications in methods of analysis for mathematical
solutions to boundary value problems, engineering, and signal processing in communications.
On the other hand, the Riemann zeta function and its generalizations are useful in the
investigation of analytic number theory and allied disciplines, especially in the role played
by their special values in integral arguments (see [4; 14]).

It is well known that the classical Bernoulli, Euler, and Genocchi polynomials, with z € R,
are respectively defined by the following generating functions (see [7; 16]):

n

ze* . z
e o1= L By (e <o), (1)

*Corresponding author.
Email addresses: alejandrourieles@mail.uniatlantico.edu.co (Alejandro Urieles),
mortega22@cuc.edu.co (Maria José Ortega), c.cesarano@uninettunouniversity.net (Cesarano
Clemente)
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267 > n
ST B (el < )
2ze** > 2"
==Y Gl (<), Q

For z = 0, the numbers B, (0) = B,, E,(0) = E,, and G, (0) = G,, appear.

If n > 2, the Fourier series for periodic Bernoulli functions of period 1 for even index is
given by (see [10] )

Bunlo) = (-2 S O G er (ne ) ()

and for odd index

- 2(2n 4+ 1)! X sin(2mmr)
_ n+1 .
Bon () = (1) (27)2n+1 m2n+l

m=1

reR, (neN). (5)

Bay
By (5) and integration of the series for Bonia(w)

T
Riemann zeta function ¢(2n + 1), n € N (cf. [10] ):

leads to the series representation of the
" (27T)2n+1 1 p
C(Qn + ].) = (—1) +1m ; Bgn+1( )COt ( 5 > dzx. (6)

Given that, E,(z +2) = —E,(z 4+ 1) = E,(z), z € R, if n € N, the Fourier series for the
periodic Euler functions of period 2 is given by (see [11] ):

Mg

Bunlo) =4(-17 (0! Y mn((2m + 1)),

@m + D (r € R). (7)

0

3
]

Egn (IL‘)

Using (7) and integration of the series for
T

((2n+1), n € N (cf. [11]).

Given that, Gn(z +2) = —G,(z + 1) = G,(x), for € R, the Fourier series for the
periodic Genocchi functions of period 2, is given by the relation (see [12] ):

leads to the integral representation of

Gongi(z) = 4(=1)"(2n + 1) Z 1(2m2T1+ %H), (z € R). (8)
G2n+l( )

By using (8) and integration of the series for leads to the integral representation

of ((2n+1), n e N (cf. [12] ).

T
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In the present work, considering [9], we investigate Fourier expansions for the new peri-
odic U-Bernoulli, U-Euler, and U-Genocchi functions for finding new relationships with the
Riemann zeta function, respectively. Moreover, we study special bounds for the respective
numbers. In the next section, some formulas for the U-Bernoulli, U-Euler, and U-Genocchi
polynomials will be derived, and we will recall some known results necessary for the present
investigation. In Section 3, we give the Fourier series of the functions f,. Also, we give a
connection with U-Bernoulli numbers and the Riemann zeta function, and we find a bound
for these numbers. We do the same job in sections 4 and 5 for the two families, g,(x) and

hn(z).

2. Preliminary and basic results

Let s = 0 + ip, be a complex number with o, p € R. The Riemann zeta function is defined
by (see [1, p. 249|)

1
C(s) =) = 0>0 (9)
k=1
The Euler formula is given by

" = cos (z) + isin (z). (10)

We can see from (10) that (cf. [5])

At =1—-— . 11
itanx o (11)
Moreover, let us notice that:
el — gTix 2 4
ttan.x el 4 e—ix 62133 -1 + 6413@ -1 ( )
From (12), it follows that
2 4q

tan(—z) = —i +

e—2iz _ | o e—diz _ 1’
therefore

2ix drx
2z _ 1 e—diz _ 1’

rtan(—z) = —iz +
e
It is known that the integer part function |z | is defined by
|z] :==max{k € Z: k < z}.

The new family of U-Bernoulli polynomials M, (x) of degree n in variable x is defined by
the following generating function (see [9])
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Far(z, 2) = (ej_ 1) e = ;%Mn(:v)i—j, (2] < 27). (13)

Some U-Bernoulli polynomials are:

MO(x) = _17 M1<I') =T — %,
M(x) =z - é, My(z) = —a* + 22% — 22 + &,
My(z) = —2* + 2 — g, Ms(z) = 2® — Sa* + 323 — La.

If 2 =01in (13), M, = M,(0) will be called the U-Bernoulli numbers, hence, we have

[e.e]

Z % (2] < 27). (14)

Some of these numbers are:

1 1
My = —1; M1:—§§ M2:_6§ M; = 0.

We can easily prove that for n € N odd,
M, =0, Vn>3. (15)

The new family of U-Euler polynomials A,,(x) of degree n in variable z is defined by the
following generating function (see [9])

EA(a:;z):< : ) iAn —T (2] < 2m). (16)

e 2+1

n=

Some U-Euler polynomials are:

AO(.T) = ]_7 Ag(x) = _%IB + %12 o 31_2’
Ai(z)=1-%, Ay(z) = 5ot — 32° + 5,
As(z) = 12 — 1, As(z) = —g52° + Zat — Za? + 4

When z = 0 in (16), A, = A,(0) we will call them the U-Euler numbers. We have therefore

> 2"
=>4 wor (el < 2m). (17)
n=0
Some of these numbers are:
1 1
Ag=1. A== Ay, =0, A3=——.
0 ) 1 47 2 ) 3 32

—— >
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In (17), we can prove that if n € N is an even number,

A, =0, Vn > 2. (18)

The new family of U-Genocchi polynomials V,,(z) of degree n in variable x is defined by
(see [9])

€73 41

Gv(x,z):( 22 ) f: —T: (12| < 2n). (19)

Some U-Genocchi polynomials are:

Vo(x) =0, Vs(z) = %12 — 3,
Vi(z) =1, Vi(z) = —3a° + 327 — ¢,
Vo(z) = —x + 3, Vs(z) = 2a* — 223 4 2u.

For z = 0 in (19), V,, = V,,(0), we will call them the U-Genocchi numbers. So

= vn';— (|2| < 2n). (20)

n=0

M\N

Some of these numbers are:

1
V=0 V=1 Vi=—.
Starting from (19), it is possible to establish, for n > 1 a relationship with the U-Euler
polynomials employing

Vo(x) = nA,—1(x). (21)
Furthermore, by setting x = 0 in (21), it follows

Vo =nA,_1, Vn>1. (22)

Proposition 2.1. The polynomials M, (z) satisfy

M, (x) = —nM, 4 (x), Vn € N. (23)
My, (z +1) — M,(z) = n(=1)""tz" Vn € N. (24)
62
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PROOF. In view of (13), we have

0 ze *® > 2"
or ( = 1) =12 M)y

Besides,

0 ze TF >,z
or (e—z - 1) =D M,(@)7r

n=0
So, the uniqueness of the power series leads us to

M, (z) B —nMn_l(x)‘

n

n! n!
Hence, assertion (23) follows.

We will now provide (24). We start from (13)

_ z _ ze (e 7 —1
e (z4+1)z e T — ( ) .

e ?—1 e % —1 e % —1

—Xz

Turning to the power series, we have that

0 Zn+1 oo . n+1
;[Mnﬂ(x +1) = My (2)] o ;H) z"(n +1) CEh
So, assertion (24) holds. Proposition 2.1 is proved.
Taking z = 0 in (24) for n > 2, we get
M,(1) = M,. (25)
Proposition 2.2. Let n € N, then the polynomials A, (z) satisfy
’ n
o (_1>n n
Az 4+ 1)+ Ay(x) = " (27)

2n—1

PROOF. By differentiating (16), with respect to z, the power series’ uniqueness leads us to
(26).

We will show the assertion (27). Starting from (16) we have



_(zt+1)z zz
2

2e 2e” 2 oz
z + Z — 26 2,
e 2+1 e 2+1

Turning to the power series we have that

o Zn oo Z” (o] 1
;An(x +1) 5+ ZA,L(:L-)m =2)" (—5

n=0 n=0
from 28 we obtain (27). Proposition 2.2 is proved.

Let’s notice that, making z = 0 in (27), we obtain:

A1)+ A,(0) = 0,

’ n
Va(a) = =5 Vo (2),
-1 n—1
Vil +1) + V() = ”(2n_>2 !
PROOF. From (26), we have
/ n
Ayfa) = 2 Aua(2)

By using (21), we obtain

then

Whence it follows that

Vi) = -2 (24, (2)

B n—1 _ n(n—1)
= n [— 5 An_2($>:| =
_ _n(n—1)Via(z)
2 n—1
64
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(28)

(29)

(30)

(31)
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Then, the U-Genocchi polynomials satisfy (30).

We will now prove the assertion (31). Starting from (27) and using (21), we have that

Ap(r +1) + Ap(z) = on—1 z
Vv _1\n
L VanG ) Van@) _ (17,
n+1 n+1 2n—1

So, (31) follows. Thus, Theorem 2.1 is completely proved.

For z =0 in (31), we get

3. Fourier series of the periodic U-Bernoulli functions

+4

(32)

In this section, we give the Fourier series of a periodic function involving U—Bernoulli
polynomials and introduce the relationship of the U-Bernoulli numbers with the Riemann

zeta function. Furthermore, we give a bound for U-Bernoulli numbers.
Theorem 3.1. Letn € N,

folz) == My(x — |x]), (x€R).

Then, the Fourier series for f,(x) is

(_1)nn| ' e?wikw
(2mi)™ ko

folz) = My(z = 2]) =

where Z, denotes a sum over the integers not including 0.
PROOF. The function f, is a periodic function with a period T = 1.
fo(x+1) = Myp(z +1 = |z +1]) = My(z — |z]) = ful2).

So, fn(z) has a representation in Fourier series, which is given by (see [4]):

fule) = 3 Fulk)e .

keZ

Firstly, note that for every = € [0, 1),

folz) = My(x — |x|) = M,(z — 0) = M,,(x).
Now, let’s calculate the coefficients fn(k:) For k = 0, applying (23) we have

(33)

(34)
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—1
n+1

£(0) = /0 Fo(@)e 2y — LM (0) = My (1] =0, Yn> 1.

Now, for k > 0, n = 1, we obtain

fl(k) - /01 My (z — |z])e k2 dy = /01 <:c B %) o 2mike .

Integrating by parts, it follows

) 1 p—2mika\ 11 1 1 ‘
k)= |— — — —27rzkz'
Si(k) { (x 2> <2mkx>]0+2m’k‘/0 ‘

If w=2mikz, we see that

1 1
/ e~k — / [cos(2mkx) — isin(2wkx)|dx = 0.
0 0

This implies

(35)
Let’s see now the case £k > 0, n > 1.
fn(k?) = / Mn(l’ — L:L'J>6—27Tzk:cdx — / Mn<x)€—27mka;dx'
0 0

Integrating by parts, with u = M, (z) and dv = e~ ?"**dz and using (25) we get

; —1 1 ‘
Falk) = 5 M (1) = My (0)] = /0 M, ()e > kdn,

n ! omik
= — M, _ TR A,
ot ], Mo

Integrating by parts again, with u = M,,_;(x) and dv = e~ 2"*dz we can apply (25), to get

2 —n Mn1(2) _omip ol /1 o
- k — . Tikx o Mn, mikz g ’
In(k) 2mik { [ 2mik ¢ 2mik J, 2(w)e o

0

(=1)*n(n —1) ! —2mikw
— (2nik)? /0 M, _o(z)e dx.

o~
o~
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So, integrating by parts (n — 1) times we get

A

n —27rzkz
fn(k) 271_2]{:” 1/ M1 dl’

Now, it follow from (35) that
Julk) =

This finishes the proof of Theorem 3.1.

Theorem 3.2. For n > 1, the U-Bernoulli numbers satisfy the following relationship with
the Riemann zeta function:

_ 22 (om). (36)

PROOF. We employ the Theorem 3.1. By making = = 0 in (33), we have

(—1)"n! " £2mik(0)
n(0) =
Ja(0) (2mi)n kr
keZ
(—=1)"n! 1
= M,0)=M, = : —
(0) (2mi)m kn
keZ
Therefore,
2n)! «— 1
My, = (2 )2 Z Jen” (37)
keZ
Notice that, from (9)
~ 1 _ SN S S S
L (—2)2F T (=) T (D)2 ' (2)%

kEZ

keZ
Consequently, (37) becomes
_ (2n)! _2(2n)!
Mon = ey 2B = e (-1

So, (36) follows and Theorem 3.2 is proved.

———4 2
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Theorem 3.3. For all n > 1, the U-Bernoulli numbers M, satisfy the inequality,

(2n)! (2n)! 72
onm = Ml = Goms

PROOF. From (36), gives

2(2n)! 1
Moy, | = —.

Now, let’s consider the following chain of inequalities:

an Z kf2
1 1
< S 22
E>1 E>1
2(2n)! 1 2(2n)! 1
< _
= (271')2” k2n — (27-[-)2n Z k2’
E>1 E>1
hence 2(2m)! .
n)!
Mo, | < —.
| Man)| (2m)2n Z L2

Now, by Theorem 3.2 with n = 1, we have

Z% - 2<(2—7T1>)22M2 - 4—_7j (_%) - %’

k>1
therefore
2(2n)! Z I (2n)! =
(2m)2n £ k2 ~(2m) 3
So that,
(2n)! 72
M. n < 5 2 1
[Mon| < (2m)2" 3 "
On the other hand, notice that
2(2n)! 1 - (2n)!
2n 2 — 2n’
(2m) = k (2m)
then
|
| Ma,| > (2n)! , k> 1.
(27T)2n

Therefore, we derive (39) from (41) and (42). Theorem 3.3 is proved.
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4. Fourier series of the periodic U-Euler functions

In this section, we give the Fourier series of a periodic function involving U—Euler poly-
nomials. Furthermore, we give a bound for U-Euler numbers.

Theorem 4.1. Letn € N,

gn(z) == Ap(x — |z]), (x € R). (43)

Then, the Fourier series for g,(x) is

() () (1) ] e

PROOF. In analogy to (33), we find that g, is also a periodic function with period 7" = 1,
hence, it admits a Fourier series expansion given by

gn(@) =Y gulk)e™™,

keZ

gn(:L‘) = Z [2

keZ L j

where

Now, let’s calculate the coefficients g, (k).

For k =0, n € N and using (26) and (29), we get

3a(0) = / A — [z])e 2"

2 (_2)2An+1

n+1[ ) n+1

this is true for all n > 1. For £ > 0 and n = 1, from (26) and (29), follows

' ; Y1 o« .
(k) = / Az — |z])e 2™ dy = / e
0 o \4 2

e 2mikzdy using (26) and (29) gives

)

Integrating by parts, with v =

|
ol
QL

4

Il

1 (1 =z Ot 1 ) 1
a1 (k = — - —2mikz _ _ —2mikx |~ d
gu(k) { orik (4 2)6 ]0 /0 ok 2 )
1 1z ] 1 1/1 ik
- -z ik . - Tk 1.
omik [(4 2)6 L omik2 J, v
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Therefore,

gulk) = _2k1m (_%) ‘ (45)

Let’s consider now, n > 1 and k£ > 0. We have in this case,

! 1
Gn(k) = / Az — |z))e ke dy = / Ay (z)e 2y,
0 0

integrating by parts, with u = A, (z), dv = e~?"*2dz, and using (26), (29) we get

1
() = —gacr (A0 = 4,0)] = G [ Ay,
So that,
1 n 1 ! ,
gn<k) = —27‘_11{: [_QA’R] — 527‘_@]{: A An—l(x)e_Qﬂ—’kadx,

Integrating by parts the last integral, with u = A,,_1(x), du = —@An_g(az) and using (26)
and (29) it follows that

~ o [_2"4”] n o1 1 —2kmiz] L (n _ 1) 1 /1 —2kmix
Gnk) = = T ek \amik e o gy | Ana(@)eT

24, 1\ 2nA,_; 1\? nin—1) [* ok
_ _: ez oy i
ki +( 2) (2mik)? +< 2) (2h7i)? /0 a(w)e T de

Integrating by parts the last integral, with u = A, _o(z), du = —%iAn,g(x)dx by (26),
(29) and using the notation

24, 1\ 204, |
=20 (LI) 2l b
© 2/{:7ri+( 2> @rik)z W oPtam

1\ n(n —1)24,_, N\’nn—1)—-(n-2) 1 1 ‘
© 9 . -5 An— —kazwd
* ( 2) (2kmi)? 2kmi + ( 2) 2kmi)? 5 Zk‘m'/o 3(x)e x

(
<o (o) M () Mt [ A

Integrating by parts the last integral (n — 1) times, we can say
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o) — #2 (_1>J' ( 24, 0t (_1>"1 n(n—1)(n—(n—1)) /01 Ay (2)e 27 g

=\ 2) (@kri)itt (n— ) 2 (2kmi)n1
- (_ly‘l 2An_j1(j — 1)! n! . (_1)” n!
2\ 72 (2kmiY (G —1)l(n—j+ 1) 2) Qkmi)w

Then,

(B ) () w

Therefore, from (7) and (46) follows (44). Theorem 4.1 is completely the proved.

Proposition 4.1. The U— Bernoulli numbers defined in (14) and the tangent function are
related by

= M2TL 2 n n n n
tan(—z) = » <2n—++2)!4 UL — gr ] (=)t g2t (47)

PROOF. By (14) and (2) with z = 2iz and z = 4ix and taking into account (15), we have
the following

o Mn
rtan(—x) = —ix+ ngzo F[T Ji"a"
— M,
m+( )[ ]zx+n§2 n![ li"x
= M2n 2
Sl 1)
n=1
Hence,
- MQTL n n n,.2n
xrtan(—x) = 321 (2n)!4 [1—4"(=1)"x"".

So (47) follows. Proposition 4.1 is demonstrated.

—— 4
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Proposition 4.2. The U-Euler numbers defined in (17) and the tangent function are related
by
42n+1(_1>n+1x2n+1
t Aoy, : 48
an( Z 2T o+ 1) (48)

PROOF. Using together (16) and (11) with z = 4iz and taking into account (18), it follows
that

OO 4ix)" OO 4Tgn e
fan(-a) = 1= 3 a5 o3, 2
n=0 ’ ’
[
4n+1 n+1 n+1 4n+l m n+1
= —;Anﬂw ZZAnH '

42n+1 2002041
= — Z Aoy
So,
A2l (] yntlg2ntl
(2n+1)!
Thus, by (49), the desire result follows. Thus, we complete the proof of the Proposition 4.2.

(49)

itan(—z) =1 Z Agnia

Proposition 4.3. Forn > 1, the numbers M,, and A,, are related by means of the following

formula
n22n71
My, = ———Ay, 1. 50
= gy e (50)
PROOF. We have from (47) and (48) that
Monsa gty — gritjoqpt = melponia(_qpnn
(2n +2) (2n+ 1)!

Ag 420+ (—1)741(20 4 2)1
[ — 4 (1) (20 + 1)
Agpy 14747 (20 + 1)!(2n + 2)

P — v 1] (20 + 1))
Aons14™(2n + 2)
[1—4n+]

Then,

4n(2n + 2)

Maii1y = m 2n+1-
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From the previous equality, it follows that

Ag(n,1)+14n71(2(n — 1) + 2)
[1 _ 4(n—1)+1]
Agp_14771(2n)
1 —4n
AQn,14”n n22"_1

— Agp_
21 —4n)  1—4n 7

M2n =

1-

Proposition 4.3 is demonstrated.

Proposition 4.4. For n > 1, the U-FEuler numbers defined in (17) are related to the Rie-
mann zeta function as follows:

471 (2m) 2 (~1)"

M) = Ay, 1
) = 5o i =4 e (51)
Furthermore,
(4" —1)(2n)! 2(4™ — 1)(2n)!7?
L <Ay, | < 2
n22n=1(27)2n = [Agna| < 3n(4m)2" (52)
PROOF. The representation (51) follows from (36) and (50)
2(2n)!1(—1)" nAy, 12271
SN f(op) = 2emte
omz o2 1—4n
So, we obtain
An— 4n—1 2 2n —1)"
((Zn): 2n—1 (7'(') (n)
2(2n — [ — 47]
From (50) it follows that
1—-4"
A2n—1 ( 22”1) 2n
This implies
(1 —4m) (4" —1)
A B (53)
Now, from (41) and (53) we have
2(4™ — 1)(2n)!x?
Ay 1] < 54
Aot < =g (54
73
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On the other hand, from (42) and (53), we get

L A1 (2n)
- p22n-1 (27T>2n'

| Az 1| (55)

Then, from (54) and (55), (52) follows. Proposition 4.4 is completely proved.

5. Fourier series of the periodic U-Genocchi functions

In this section, we give the Fourier series of a periodic function involving U-Genocchi
polynomials. Furthermore, we give a bound for U-Genocchi numbers.

Theorem 5.1. Letn > 1, x € R and let’s consider the function

ho(z) = Vo(z — [2]), (56)

where | x| is the integer part function. Then, the Fourier series for h,(x) is given by

o325 () ()t (5)

keZ j=1
(57)

PROOF. Analogously to (33), the function h,, is also a periodic function with period T' = 1,
hence, it admits a Fourier series expansion given by

hn(x) = Z Bn(m@%ikma

keZ

where

1
ho(k) = /0 b (z)e ™2™ d.

Using the relationship between U-Euler and U-Genocchi polynomials given by (21), we can
get a Fourier expansion for the U-Genocchi polynomial as follows: Firstly, let’s see that

() = Vale = [2]) = nAus(2 — |2]) = nga_s (@).

Hence, applying (21) to the Fourier series for g, (x) given by (44) yields (57). This completes
the proof.

On the other hand, the relationship between U-Euler and U-Genocchi numbers given by
(22) allows us to find directly, the relationship between the U-Genocchi numbers and the
Riemann zeta function. We can now state the following result.
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Proposition 5.1. For n > 1, numbers V,, are related to the Riemann zeta function as
follows

(amy = @)

~ n(2n— 1)1 —47] Van. (58)

Furthermore,

4(4" — 1)(2n)! 4(4" — 1)(2n)In?

220 (47r)2n <Vl < 3(4m)?n (59)
PROOF. From (21) and (51), (58) follows.
4nt(2m)* (-1)" _ARm)P (=D Vo,
) = S = T @ =4 20
%0t VA i i e LR

4n2n — 1)1 —4n] ™" n(2n — 1)![1 — 47]

Using (52), we get a bound for the U-Genocchi numbers as follows:

(4" —1)(2n)! 2(4m — 1)(2n)!72
i ame = el S T
(4" —1)@En)! | Vaa| _ 204" = D(2n)'n
n22n-1(2m)2r = | 2n 3n(4m)2
2(4™ —1)(2n)! 4(4™ — 1)(2n)!n?
22n2-1(2m)%" < Vel < 3(4m)?n
A(4m — 1)(2n)! A(4" — 1)(2n)!7?
22n(4m)2n = Vool < 3(4m)2n

Proposition 5.1 is completely proved.
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Abstract

In this work, we present a new family of parametric U—Charlier—Poisson—type polynomials, denoted
by GLQ +Jl (z;a, B, A). We establish several foundational properties of this family, including explicit
representations, an associated orthogonality structure, and a link with derivatives of harmonic
functions. Furthermore, we introduce Szész—type operators constructed from these polynomials
and investigate their approximation behavior by means of Korovkin’s theorem, thereby obtaining
convergence results for the proposed operators.

Keywords: Charlier polynomials, Korovkin theorem, Brenke type operators.
2010 MSC: 11B68, 11B83, 11B39, 05A19.

1. Introduction

Throughout this article, N will mean the set of natural numbers; Ny = N U {0},likewise R,
R*, and C will denote the set of real numbers, positive real numbers, and the set of complex
numbers. As usual, will denote by C[0,00) the set of all functions f continuous in the interval
[0,00). The notation UC|0, c0) will denote the space of functions uniformly continuous on [0, c0).
The space of all polynomials in one variable with real coefficients is denoted by P, and log(z)
denotes the principal value of the multi-valued logarithm function. In [5], a famous theorem about
linear operators is published, known as the Korovkin Theorem, which states that a sequence of
linear operators under certain conditions converges uniformly in each subset of the locally compact
domain. Korovkin Theorem, in its many applications, was also used to demonstrate the convergence
of Szész operators, which are defined by (see |9, p. 239, Eq. (2)]):

Sutri) = ey g (1), )

k=0

where f € C[0,00), n € N, and x > 0. The generalizations of Szasz operators by using polyno-
mials, especially defined via generating functions, have been frequently studied lately. These kinds

*Corresponding author.
Email addresses: alejandrourieles@mail.uniatlantico.edu.co (Alejandro Urieles), mortega22@cuc.edu.co
(Maria José Ortega), c.cesarano@uninettunouniversity.net (Cesarano Clemente)
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of generalizations provide a range of new sequences of operators to approximation theory highly
advantageous when interpolating positive continuous functions [9]. A known generalization of (1)
can be obtained using the Appell polynomials given by (cf. [12]):

Patin) = gy Somin (7). )

considering that pi(x) > 0, for z € [0,00) and g(1) # 0.

Some time later, Serhan Varma, et al., in ([12, p.122 Eq. (1.7)]), generalized (1) in the following
way: first, they use the Brenke-type polynomials, which are defined by the following generating
function:

Sk

C()E(2) = 3 pila) o 3)
k=0

where ¢ and £ are analytical functions. Second, they introduce the linear positive operators including
the Brenke-type, polynomials which are given by (see [12, p. 121, Eq. (1.12)]):

1 - k
)= g 0 () (@)

where x > 0 and n € N. It is observed that if £(2) = e* in (3), then the operators (4) concerning
(3) lead to (2) with respect to the Appell polynomials, and if {(z) = e® and ((z) = 1 in (4), we
have (1).

On the other hand, when using the Brenke-type polynomials given in (3), with £(z) = e* and
¢(t) = (1 — E) , we have the classic Charlier-Poisson polynomials, which are defined by (see [10,
a
p. 458, Eq. (1.2)]):

e® (1—z)u:k§;0k(a,u)'::, a # 0. (5)

Then, Serhan Varma, et al., introduce the positive linear operators involving Charlier-Poisson
u
polynomials (see [11, p. 119, Eq. (1.6)]) by replacing £(z) = e* and ((z) = (1 - E) in (4), as
a

follows:

1>(a1)nx i Ci(a, —(a — 1)nx)f <S> 7 (6)

. — o1 _ =
Ln(fvxaa) =e <1 a k!
k=0

where @ > 1 and = > 0. We see that if in (6) we take on both sides a — oo and x — = — %,
then we get the Szasz operators given in (1). The convergence and bounding properties of these
operators were also investigated [11]. Furthermore, in [1], a study of Charlier-Poisson polynomials

is presented, in particular, their explicit representation given by

Cp(z,a) = zn: (Z) (i) k) (—a)"*. (7)

k=0
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The Charlier-Poisson polynomials Cy,(x, «), © € Ny, and, a > 0, are orthogonal with respect to
the Poisson distribution with mean «, that is,

e—a xr

o= a™n!omn, m,n € Ny, (8)

Z Co(z, ) Cp(z, )
=0

where 9,,,, is the Kronecker delta.

Our contribution aims to introduce a new family of discrete polynomials, called new parametric
U-Charlier-Poisson type polynomials, and we investigate some of their properties. Thus, the opera-
tors obtained from Brenke-type polynomials are applied to the said polynomials. The outline of this
work is as follows: In Section 2, we study some basic results of operators obtained from Brenke-type
polynomials applied to Charlier-Poisson polynomials and other results necessary for developing this
work. In Section 3, we introduce the new parametric U-Charlier-Poisson type polynomials and
explore some of their properties. In Section 4, we investigate the orthogonality relation. Finally,
in Section 5, we apply the Szasz-type operators (4), obtained from Brenke-type polynomials to the
new family of polynomials to study the convergence and bounding properties.

2. Background and previous results

Let f be some function of a real variable . The backward and forward difference operators A
and V respectively, are defined as (see |6, p. 19-20]):

Vi(x):= f(z) = f(z = 1), (9)

Af(x) = flz +1) = f(2). (10)
Given two real sequences {ax} and {by}, if b_; = 0, then (see [6, p. 20])

Z(Aak)bk = — Z akak. (11)

k=0 k=0

Furthermore, for fi(x) and fa(z) with real values, the following property is satisfied
(cf. [3]):
V(fi(@)fa(@)) = fr(@)V f2(2) + folz = DV fi (). (12)

The falling factorial  of order n is (see [4])
() i =x(x—1)---(x —n+1), with (z)p =1, (13)
and the rising factorial = of order n is (see [4])

(@) =z(x+1)---(x+n—-1), (x):=1. (14)

The rising factorial and the falling factorial fulfill the following relationship (see [3]):

x!
@ = Gom (16)
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where I'(x) is the Gamma function.

On the other hand, the digamma function ¢ (z) is defined as the logarithmic derivative of the
gamma function I'(z) (see [7])

v(x) = L 10gr(e) = D) (17)

The generalized harmonic numbers function is given by (see |7])
n—1 1
H" = —, n,m¢eN. 18
P =X g (18)

If m=11in (18), then

n—1

1

HO@) =Y ——. (19)
k=0

If x =0 in (18), we have
n
1
H,'(0) = Hy' = Z Tm’ (20)
k=1
where H"* denotes the so-called n-th harmonic numbers of order m.

Notice that from (15) and (17) follows

d I'n+z) (d d
%(aﬁ)n = 11(:[3)(C’hcln(F(n—i—a:)—dﬂgln(F(nU))
= T+ n g ) — (e
= TW) ((n+2) —¥(x)) . (21)
By (15), (19), and (21), we obtain
(@)n = H%CZE(:C)” (22)

The Stirling numbers of the first kind, s(n, k), appear as the coefficients in the following gener-
ating function (see [8]):
n

o ) & z
(log(1 +2))" = Zs(n, k)—. (23)

k! n!
n==k

In addition, they also satisfy

(x),, = s(n, k)z®. (24)

(1+2)" = i(i) = i (@), % - i (Zn:s(n, k)ij) k. (25)
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Now, (cf. [1, p. 170 Eq. (1.1)]) it is possible to represent the Charlier-Poisson polynomials given
in (5) as follows:

e (14 w)” =Y Culw,a)—, (26)
n=0 :

with o # 0. Note that by taking a = a, w = —E, x = u in (26) we have (5).
a

It is worth noting that the classical orthogonal polynomials possess a weight function that
conforms to the Pearson equation of the form

Vio(z)w(x)] = 7(x)w(z), (27)

whit o a polynomial of degree < 2 and 7 a polynomial of degree < 1. We note that in (27) the
backward difference operator V, given in (9), is used for orthogonal polynomials on the lattice and
it is replaced by differentiation in the case of orthogonal polynomials on an interval of the real line.
The Pearson equation is an important part of the theory of classical orthogonal polynomials because
it lets us find many useful properties of these polynomials.

Let f € UC[0,00), If 6 > 0, the modulus of continuity of the function f, denoted by w(f;d) is
defined by (cf. [11])

W(f56) = swp |f(@)— f(y)l, where |z —y| <. (28)
x,y€(0,00)
Additionally, it is well known that,
[z —yl
7@~ F) < w(r,0) (2 1) (29)
Also, we have if f is uniformly continuous, then
[f(z) = F(y)| < w(f,0). (30)

The following Proposition summarizes some properties of the operators defined in (6).

Proposition 2.1. Forn € N, let L, (f;z,a) the positive linear operators involving Charlier-Poisson
polynomials in the variable x > 0. Then, the following statements hold.

1. [11, Lemma 1] The operators defined in (6) satisfy the following identities:
(i) Ln(1;2,a) = 1. .
(ii) Ly(s;z,a) =+ —.

n
1 2
(iii) Ly (s 2,a) = 22 + % (3 + a—l) + o

2. [11, Theorem 1] Let E be the set given by
S:={f:[0,00) > R:|f(x)] < Me®, AcR and M € RT}.

If f € Cl0,00)N S, then
Timn Lo (fi,0) = f(z). (31)

That is, the operators defined in (6) converge uniformly on every compact subset of [0, 00).

—— 4 @
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3. [11, Theorem 2] Let f € UC[0,00) N S. Then the operators L, given in (6) satisfy

an<f;x,a>—f<x>r§{1+\/x (1+ai1)+fl}w(f;jﬁ), (32)

with w given by (28).

3. New parametric U-Charlier-Poisson type polynomials and some of their
properties

In this section, we shall introduce a new class of discrete polynomials, which we denote by

GE +J1 (z;a, B, A) and will we call new parametric U-Charlier-Poisson type polynomials. Further-
more, we obtain some of their properties.

Definition 3.1. For a fized J € N, B, A € R and o # 0, the new family of parametric U-Charlier-

Poisson type polynomials GEJFJ] (z;a, B, A) in the variable x € Ny are defined by the means of the
power series expansion at 0 of the following generating function:

2+J
u(w;z0,6,\) = | e Hzm_z (h+ar ZG b N 0
2+J
From (33) and taking 4;(\, @) = A\(—a)™7 H , the first parametric U-Charlier-Poisson type
polynomials are obtained, which are:
G([)2+J]($ a,B,)) = B+A;(\a),
G[12+J] (x50,8,\) = —af+A;j\ o) +z(B+A4;(\ ),
GEF N a0, 8,0) = a28— 20z +z(z — 1)(B+ A;(\, q)),
G2 N z0,8,0) = —aBB8+a?fz — 208z(z — 1)+ z(z — 1)(z — 2)(—af + B + A;(\, a)).

Note that if 5 =1 and A =0, z = w in (33), we have the classic Charlier-Poisson polynomials

G£12+J}(

given in (26). Therefore, the generating function of x;a, B, A) in (33) includes, as its special

cases, the generating function of the Charlier-Poisson polynomials, i.e., Cp(z, ) = Gg+ﬂ (r;0,1,0).

Substituting x = 0 in (33), we have

24J

2m —
w0z B3 = | e+ A-a)™ ] o7

ZG[W (0,0, B, ) : (34)

where GE +J]( a,fB,\) = 2+J]( , B, A) denotes the parametric U-Charlier-Poisson type numbers.
In view of (34), we can compute a few values of the numbers GE +J](oz, B, A) as follows:
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G, B,0) = B+ A;(\, @),
G a, B, ) = —Ba,
G2, B,\) = a28,

One can use A;(\, @) in the following manner:

2+J
Aj(\ )
Whereby some U7[12+J}(a) are

2+J2m_1
_ H .

2+J

Ul (a

U1[2+J]

Proposition 3.1. Let 5 € R — {0}, J € N fized, and {G2+J( , B, )}kfo

Charlier-Poisson type sequence of numbers defined as in (34).

Fulfilled:

G2, B, \)
with — GE™Na, B, )

PROOF. By using (34) follows

i G Na, B
+ Z G[2+J

N GE2+J

With what we have,

G[2+J (@, B, \) i[

n=1

From (3

n n,B—G,[12+J( . B, )}

G2 (a, B, \) = —Bad,
G2 (a, B,)) = Bat,
GE (o, 8,0) = —pas.

o0 )\n
=Y U )5 (35)
n.
n=0
24-J
217 2m —1
UQ[ " ]( - 2 H _ 27
2+J

2m—1

be a parametric U-

Then, the following relationship is

= (=1)"Ba", (36)
= B+ A\ a). (37)

A)% = AN +8Y (-
n=0

ol 52(_
n=0

+ Aj()\, a).

n

+ (B + A5\ @) (38)

8) follows (36) and (37). Proposition 3.1 is proved.

With its proof, the following proposition provides a concise formula for the parametric U-

Charlier-Poisson type polynomials Gg 1 (x50, B, A).
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oo

Proposition 3.2. Given a fired J € N, let {G,[12+J} (x;a,ﬁ,)\)} . be a parametric U-Charlier-
n=

Poisson type sequence of polynomials, defined as in (33). Then, the following explicit representation

hold:

2+J

G2z, B, \) = BCn(z, @) + N—a) ™ [H ;: — ;] (@) (39)

m=2

where (x),, is the falling factorial defined in (13).

n’

PrOOF. Using the generating function of the parametric U-Charlier-Poisson type polynomials given
n (33), we have

00 2+J
> G N = [ﬁew+ - f[ sy
2+J om _ 1| & /x
= ﬁZC (x, ) —l—)\( a)” JLIL_IQQm_an:O(n)z"
on » 2+J 00 on
= ﬁ;Cn(z,a)n!+)\(—a) [m 5 ]Z} -
= iﬁC(za + A(— fozm_l n]j;
n=0

Considering the above expression, we thus have (39). Proposition 3.2 is demonstrated.

Proposition 3.3. For a fired J € N, let {G?—J} (:B;a,ﬂ,)\)}zoo be a parametric U-Charlier-
Poisson type sequence of polynomials defined by (33). If p — 0,_ and X\ — 1, then the following
identity holds:

n 00 24J

<k>G[2+J}(x a,0,1)C_i(—a, —1) = Zn' H 2m_; (40)

n=0 m=2

k=0

PROOF. Let us write (33) as

(B2 (14 2)7 + A;(\ @) (1 +2)7] (1 +2) 7 = (i Gl b, A)jﬁ) (14 2)7

n=0
= (ZG[H‘] (z; B,y )\ (ZC

From the above expression and (35), we have

n

B+ e* A;(\ q) ZZ() G (s B, 00 \) G (—, —0) .

n.
n=0 k=0
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N ﬁ—i_ian <ZU[2+J] ) i Y < > 2+J](IE By, \)Cp_(—z —a)i.
n=0 '

Then, taking 8 — 0, and A — 1, follows

oo 2+J n
!

o (STl 53] 5 - X3 (1) Vo ncuaco-a,

n=0 k=0

from which (40) follows. Proposition 3.3 is demonstrated.

Proposition 3.4. For a fized J € N, 8 € R — {0}, let {G[2+J](az;a,ﬁ,>\)}:io be a parametric

U -Charlier-Poisson type sequence of polynomials defined by (33). Then, we “have the following
relationship:

Ai(N a)Cp(z, —ar) + kzzoﬁs(n, k)ak = ; <7> Glpﬂ} (2300, B, N7t (41)
where s(n, k) is defined by (24).

PROOF. From (33), implies that

1

e*C&Z

B+2) =

E GLQ"'J](Q:;a,B, )\)—Z' — Aj(>\, a)(l+2)*
n!
n=0

= <ZG[2+J (x50, B, \) > (Za > —Aj()\,a)ZOCn(x,—a)j;.

Now, using (25) follows:

Bi@n}”k ) - (’Z)G?*”(:c;a,ﬂ,x) A a) ZO
k=0

n=0 (=0

OO n a Zn
= (Z 2+J](m; a, B, \)a" "t — A\, )Cy (x, —a)) o
which yields (41). Our Proposmon 3.4 is proven.
Proposition 3.5. For a fivzed J € N, § € R — {0} the following relations hold for the parametric
U -Charlier-Poisson type polynomials defined by (33):

a n
no-Git i @ia, 8.0 = Y (-DF (=BG (a8 0), (@B =0), (42)
k=1

7G£?i1‘]}(x’a7/87 )‘) - N(‘T’ Z;O[) %GE—FJ](xa avﬁvA) + GE+J](£L';O[,B, )‘) - AJ()"O‘)«E)TL = 07 (43)
where o € R—{0}, z € C— {0, -1}, n € N with

1
(14 2)log(1+2)]’

N(r:zia) = - { (44)

and A;(X\, a) given in (35).
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PROOF. To prove (42), we note that by differentiating (33) with respect to x, we can write

Z(r;ang—i_J](w?a?ﬁy)\)j: == (Z(_ Zn> (ZG[2+J Z; CY,B, ) >
n=0 ) n=1 n!

n—1

00 n—l > Z z
@Zai(;fﬂ‘”( z:a, B, )( 5 — (Z(_1)n (n—1)! n) (Z(;2+J] ; O"B’)‘)(n—l)'

)

n=1 n=1
= 0 " S n 2"
@ >on G wa a0 = XS0 - 0! ) - 6 (w0

o nagG[%J (@0, 8,0) = Y (=1 (k ~ 1)!(Z>( — )G (w50, B,0).
k=1

Of the above expression and applying (16) follows (42).

Now to prove (43), we derive (33) with respect to z as follows:

0 (w2 pedll "
£U(.’I,',Z,Oé,,8, ZG"H'l x; 05767)‘)Ea
and
0 x T —az . _ —az T
%U(l’,;&@,ﬁ,)\) - (1+Z) [(1+Z) (Be +AJ(>\7a))] OZBC (1—|—Z) :

Likewise, if we derive (33) with respect to =, we have the following:

9 o _ G2+ 2"
%U(Z’,Z7C¥,ﬂ,)\) - Za .Z' a7ﬁ7)‘)av

D u(izio,80) = (14 2)log(14+2)(Be " + A;(00))

By using (45), (46), (47), and (48), we obtain

10 1 x 0
aau(az,z,a,ﬁ,)\) - [(1+z)log(1 +Z)] %U(%Z,O@Ba)\)
s 50,8, - (1+ 2 A4 a) =0

zn

24+7] 7_3 S 9 gl L
< — ZGTL+1 €3 aﬁv ) a;[ﬂ%—zlogl%—z] G 1'04,5, )n|

zZ" T\ .,
+ ZGL?+J}($;O‘7B’)\)H *Aj()\,oz)z (n>z =0

n=0 n=0

n

2+J] N l x 9 (2+] (. z

TL

—i—ZGg*ﬂ(a:;a,B, Z—' ZA (A, a)( —'—
n=0

Of the previous equation taking N(z; z; o) as in (44), (43) follows. Proposition 3.5 is proved.
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Proposition 3.6. For a fited J € N, p € R — {0}, let GLHJ} (x;a, B, \) be the parametric U-
Charlier-Poisson type polynomials. Then the following statement holds:

24-J n

d H,(x 2m—1 )

@), = ﬂ( ) I iy + It 05,0 (19)
m= 2 k=0

using (z)n given by (14), and Hp(z) = h268 (x) given in (19).

ProoOF. Taking z — —z, and z — —=z in (33), we have

[e.9] n

B(l—z)" = e Z(—l)”GEJ“]](—w; a, 3, )\)% —Aje (1 —-2)""
n=0 :

S n 00 n
- Z | Z nG[2+J —ha 6, )\)ﬁ o Aj()‘? Oé) Z(_l)ncn(_x7 Od)ﬁ
n=0 ) n=0 ’

2" > 2N

— ZZ ( > n kG[Q—i-J]( 01,6, )\)g —Aj()\’a) Z(_l)ncn(—l',a)ﬁ.

n=0 k=0 ’ n=0 ’

Then, for |z| < 1, using the Binomial Theorem, we have

(1—1z)w - ZB [Z( >(—1)"ak05+;f](—w;a,6,>\)—Aj(/\,a)(—l)”cn(_x,a)] %
k=0

@y = ZB [Z( )(—1)"akGEj,;]](—x;a,B,)\)—Aj()\,a)(—l)”Cn(—x,a)]'Z!
k=0

(@) = Y ()" G (—ar0,8.0) — BT AH(-1)"Cu(—, ).

k=0

This way, using (22) follows (49). This completes the demonstration of Proposition 3.6.

4. Orthogonality relationship of the polynomials GE"'J] (x50, B, A)

The main aim of this section is to obtain the relation of orthogonality satisfied by the polynomials
Gg +J] (z;a, B, A), and apply it to study a relationship between these polynomials and the operator
V given in (9).

For a fixed J € N, we define the parametric U-Charlier-Poisson discrete weight function w® as

7&061

w(x; B, \) = | (B, X, ) +iO(B,\, )| 2, (50)

where o € R, a < 0; 8, A € R — {0}, on the lattice N; z,w € C; z = a1 + ias, w = ¢; + ico in the
circle C(0, |n|) and || = min{|z|, |w|}. While .Z (8, A, ) and ©(3, A, o) are given by

M(B N o) = BB+ Aj(N a)(ezcos(caar) + €1 cos(azar)))

+[Aj(\, )] e1eg cos(alag + ¢2)), (51)
OB, N\, a) = LA\ a)(ezsin(cacr) + €1 sin(aza)))
+[A;(\, ) eregsin(alag + c2), (52)
87
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where A;(), a) given in (35), 1 = e™®, and g3 = e,

With the weight w®(x; 5, \) given in (50), we can introduce on P the inner product as follows:

(D)o = Y Fl@)g(2)w (25 5, N), (53)
=0

where f,g € P. Which has positive weights for every a < 0

The Pearson equation concerning (27) for weight (50) is now of the form

a—XT

veS(aia ) = (457 ) @i (54)

Theorem 4.1. Fora fited J €N, ifa €R, a <0, 8, A € R—{0}, and m,n € Ny. Then, the para-
metric U-Charlier-Poisson type polynomials for the weight (50) satisfy the following orthogonality

relation:
2] 2471, e o’ o 2 _T'(n+1)a"
;)Gm (w50, B, )G (230, 8,0) ——— 198, A, )| Q0B ) Sumn- (55)

Whit Q(8, A, a) = A (8, X, ) +1O(5, A, ).

PROOF. One can see that from (33) follows:

Lo a8 = B i(-@?fj) 3 (Z)w Ay (Z)z"

This implies that

Lo(;z,0,8,0) = Y DE (@5, 8,0)2", (56)
n=0
where "
n n— X X n
D (wia ) = 3 6( ) (-0 0,00 (57)
k=0
Similarly, we obtain
Lo(w;w,a,8,0) = Y Dt (z;a, 8, \w", (58)
n=0
88
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with
(M m—k () (),
P i, s ) = 328 ) T s a0 (59)
On the other hand, we have
LG(.Z‘;Z,Oé,,B,)\)LG(CL‘;’U},O&,B,)\) = [/Be_aZ+Aj()‘7a)] [/Be_aw+Aj()‘7a)] (1 +Z)$(1+w)x

= O+ A, a)e) (B + Aj (A @)e™)(1 + 2 (14 w),

and so, we have that

2 oFLa(x; N Lg(z; A
Z a*La(#; 2,0, B, k;)l clziw, o B, A) = (5 + Aj(/\, a)eaz)(,@ + Aj()\, a)eo‘w)efazefawea(lJrz)(ler)
k=0 ’

= (B+A4;(N\a)e*)(B+ Aj(\ a)e*)ee™™™.

So,

" Lo La(a: e ol A ) (B+A ) 3

Z a(x;z,a, B, \) G(x,w,a,ﬁ,)\)T = (B+A;(\, a)e®)(B+A(\ a)e )Za o (60)
k=0 n=0

By using (56) and (58) on the left side of (60), we found

- . o gk & .
ZLG(x;Zﬂﬁ’)\)LG(m;w’a’B’)\)T = > X ZDgﬂ](ﬂU;a,ﬁ,)\)z"ZDL%H](:C;a,ﬂ,)\)w”
k=0 ! R 2
—ak
> Y DR B DR e 5,0 e 61

m,n=0 k=0

By combining Equation (60) with Equation (61), we have that.

e —a k
S (B + e20)(8 + e~ Z ZDW (w10, B, DI @ 0, B, \) 2w

n=0 m,n=0 k=0

Which results in

. gt [anwwma)e“)(ﬂ+Aﬂ‘“’ O‘)eaw)] =
ZD k; O‘aﬁa ) (k; Oé,ﬁ, )T'a: "
— O, ifm 75 n.

& > DRk, 8, ) DET (ks o, B, 0)

e b [a”(ﬁ +Aj(A a)e®) (B + Aj(A a)e™)
k=0

]{," :| 6m,n-

n!



§ § A Research Announcement on New Parametric U-Charlier-Poisson Polynomials and Their Szdsz-Type Operators

And so we can see that

7aak

ZGW z, 0, B, G (2,0, 8,0) o = (B4 A @) (B + A (N a)e™)omn. (62)
k=0 )

Now, from Equation (62), we consider the following product:

B+ A;(N a)e®)(B+ Aj(\ a)e™) = B2+ BeaAj(N, )’ + BerAj(\, a)e'2®
+ [Aj(\, ))? eegeia2eiea, (63)

Finally, we take into consideration the following: we develop the calculations in (63) and substitute
Equations (51) and (52) into the result, then organizing (62) with these calculations we get (55),
which completes the proof of Theorem 4.1.

Again employing (63) with certain conditions provides

Corollary 4.1. For a fized J € N, if a €R, a <0, 8, A € R — {0}, and m,n € Ny. Assume that
21 = a1 + tag, z2 = 1 + icy, with a;,c; — 0 and ag — ¢; = (¢ in the circle C(0,|n|). Then, the
parametric U-Charlier-Poisson type polynomials satisfy the following orthogonality relation

e*a I'(n+1)a™

ZG2+J] X Oé,,B, ) [2+J (xvaaﬁv)‘) |Ql(67)\ Oé)|_2 m m,n:

=0

Whit Q1(8,\, ) = A1 (B, A, ) +i091(8, A\, ). Also A1 (B, A, ) and ©1(f5, A, ) are given by

(B, N ) = B (5 +2A4;(\, o) cos(Car) + [A; (A, a)]2cos(2a§)> , (64)
01(8, M\, ) = 2B8A;(\ a)sin(Ca) + [A;(\, )]’ sin(2¢a). (65)

Using the orthogonality property of the polynomials Gg +Jl (z,a, B, A), the summation by parts
given in (11), and the Pearson equation given in (54), we can see the following structure relation:

Proposition 4.1. The parametric U-Charlier-Poisson type polynomials given in (33), satisfy

AGH (@0, B,A) = a8y G2 (@50, 8, ), (66)

where a; are the Fourier coefficients.

—1n

PROOF. Writing the polynomials AGLLHJ (x;a, B,A) = [2+J] (x4 La,8,\) — GEJFJ] (z;a, B, A) in
terms of {G£L2+J] (z,a, B, )\)}nzo, we have
G x4+ 150, 8, ) — G2 (25, B, ) nila knGil 2+J] (x; 00, B, M), (67)
k=0
where
(AGE w5 5.0, G w0 8,0)

ag,, = @ k=0,1,...,n— 1
(G (@, 8,0, G (w5, 8,0 )

UJO‘
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This way, applying (11) and (12) follows

o

(GELGE) g, = Y (AGENLia, 8, NGE Ly, 8,0)) w (L, B, )

we

-3 G L Y (w2 B NGE (L 5.
L=0

= =Y G L, B0 w0 (L, B NVEE T (Lsa, 8,0) + GEF(L - 10,8, ) Ve (D)
L=0

= 3 GE(Lia, 8, MW (L, B NVGEH (L0, 8, 0)

L=0

N GEHNL - 10, 8,)GETNL — 150, 8, ) VW (L; B, ).
L_

Now, due to orthogonality of G[2+J (L —1;0,8,X), since VG¢ has degree k — 1, we have the first sum is
zero. For the second sum, substituting (54) yields

—L
(G627 ag, = =30 GEILia ANGE T - 10,8 (1,5
L=0
1 o]
= _E ZGLLQ—FJ](L;Oé,ﬁ,/\)GerJ](L_ 1;aaﬁa)‘)wa(Laﬁa/\)' (68)
L=0

This sum is zero for k +1 < n, so only a%_,, can be non-zero. Therefore, from (68) follows (66).

Proposition 4.1 is proved.

N

5. Szasz-type operators including the parametric U-Charlier-Poisson type polynomials

In this section, we present a linear positive Szasz-type operator given by (4) involving the
U-Charlier-Poisson type polynomials. With the help of the Korovkin Theorem, we study the con-
vergence and some properties.

We define the Szész-type operators, including the generating function of the parametric U-

1
Charlier-Poisson type polynomials given in (33), with o = a, 2 = ——, and © = —(a — 1)nzx as
a
follows:
_ 1\ @ Dne 2 G - )nz,a, 3, k
I(p) = et ey (1-1) S S i(5). o)

k=0

where f € C[0,00), n € N, fe # A;()\,a), and z > 0.

Lemma 5.1. Forn € N and x > 0, the operators J,, defined by (69), satisfy the following identities:
1. Ju(1,z) =1,

2. Ju(s,z) =x+ pe

n(Be+ Aj(\ )’

— 4 2
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1 20e
2he L1 T R(Be s A% a))
(Be+ A;(\a)) " n

8. Ju(s®,x) =2+

n(a—1)+ -
with Be # A; (X, a).

PrOOF. Using the generating function of the parametric U-Charlier-Poisson type polynomials,
given by (33), we can see that

00 2+J, . —(a—1)nz
y G e Unnafd) <1 - i) (Be + A3\, a)) (70)
k=0 '
00 2+J], —(a—1)nz
s oM et B () et na(e 0] ()
k=0 '
> kQGEJFJ}(—(a — nz,a,B,\) 1\ ~(a=bnz
kzzo k! = U a>
X [n2x2(ﬁe + A\ ) + n?z(Be + Aj(\, @)@ + 2] (72)
where
1
d—
20e 1
ma= D+ et 4ve)) T n

Then, multiplying in each of the equations (70)-(72) by the right multiplicative inverses and using
the Definition of the operators (69) the assertions of the lemma are obtained.

Theorem 5.2. Let S := {f :[0,00) = R : |f(z)| < MeA*}, where A € R. If f € C[0,00)N S, then
li_)m In(f,x) = f. (73)
That is, the operators defined in (69) converge uniformly on every compact subset of [0,00).

PRrROOF. By using the Lemma 5.1, we have

lim J,(s'z,a) =2°, i=0,1,2.
n—oo

In this way, using Korovkin’s Theorem [2], convergence is guaranteed in each compact subset of
[0,00) .

The next result gives the rate of convergence of the sequence J, to f by means of the modulus
of continuity.

Theorem 5.3. Let f € UC[0,00) N S. Then the operators J,, satisfy the inequality that follows:

(h) = @) < {1+ VEa@Bn b (£ 2. (74)
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with

To(x; B, A) =

T n?(Be + H)? — 2Be 28e
e

n a—l)(ﬁe+H)2+35€+H] +n2(ﬁe+H)]’ 7l

24-J

~1
2m —1
where H = (ﬁe+)\(—a)_‘]H om 2) .
m=2

PRrROOF. By using (28), (30), the Definition of the new operators given in (69), and identity 1 of
the Lemma 5.1, we can write

(a—1)nz ©© G[2+J] (a—1 A
T (f,2) = f(2)] = ‘H <1_i> 3 S (=(a _ )nz, a, B, )f(:z) 1 f@)
k=0 '
Thereupon
1\ (@ Dne 20 G2 g a, B, A k
ulf2) ~ F@)] = ‘H(l—a) > B (4 (1) —f(@)‘
1 (@~ bne & GEJFJ](—(a—l)nx,a,B,)\) k
T g o = TN
This way of (29) follows:
1) (e~ bz 2 G[2+J}(—(a—l)n$,a,ﬁ,)\) 11k
f) - 1@ < {H(l—a> > (5]% -4 +1) w(f,cn}
1 1 (e bz 2 G£2+J}(—(a—1)n$,a,ﬁ,)\) k
< {1+5H (1—@) 2 i ’n—m w(f,0)(75)

On the other hand, it holds by Cauchy-Schwarz inequality for series, and Lemma 5.1 the following:

i G (—(a = 1)na,a, 8, )
k!

——z
n

0o G[2+J](_(a_1)n$,a7ﬁv)‘) k A\
N

—(a—1)nz 1/2 / G[2+J] a—1 A\ o\ 1/2
o (o) )R ()

k=0

is fulfilled
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—(a—1)nz (a—1)nz oo [2+J] 2\ 1/2
_ 1 1 G (=(a—Dnz,a,B,\) [k
1 k s Wy My

k=0
—(a—1)nz (a—1)nz oo [2+J] 2 1/2
_ 1 1 G (=(a—Dnx,a,B6,)) [k kx
_ 1 - = k s Yy My A, Shad 2
= H (1 a) [H (1 a) kZ:O u S -2 ta

1 —(a—1)nz 1/2
= H! <1 - a) [Jn(s?,2) — 22, (s,2) + 22T, (Lz)] '~

So, of (75) and the above expression, we get

f) = 1) < {14 ST N o (7).

By choosing ¢ := d,, = , we arrive at the desired result. Theorem 5.3 is proved.

1
NLD
Lemma 5.4. For x € [0,00), the sequence of operators J, given in (69), satisfy the following
property

1 B 20e n 20e
2pe 1 n(Be+ Aj(\ ) n?(fe+ Aj(\ @)’
ma= Dt ey Ana) ’ ’

Jo((s — )% 2) =2

with fe # A;(\, a).

PRrROOF. By taking advantage of the linearity property of J,, operators, we have
Jo((s — )% 2) = Ju(s2, x) — 22, (s, 2) — 22T, (1, 2).

Next, we apply Lemma 5.1, we obtain the desired outcome.

Theorem 5.5. Let f € C[0,00) NS and x € [0,00). The operators J, satisfy the inequality that

follows:
[In(fy ) = f(@)] < 2w(f; v/Tn), (76)
where
= 1266 ]»nWGfiiAa» +7ﬁ@efﬁ}Aa»'
ma= Dt et A,ina)) | n j’ a
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PROOF. By the identity 1 of the Lemma 5.1, and using the modulus of continuity property, it is fulfilled

(a—1)nz oo 2+J], a— Dne.a
() — f@)| < H<1_(11> Zak (=( kll) 10, 3, A) ‘f@)_f(x)
k=0 ’
(a—1)nz o [24J]
k=0 ’

On the other hand, by the Lemma 5.4, and the Cauchy-Schwarz inequality, it holds

i G%-‘:—J](—(a — l)nx7a,ﬂ, )\) \/(I{)_1 (1 B i) (a—1)nz y

k!
{i Gt (—(a— Dnr,a, 5,3

n

IN

o

k=0

k!
k=0

1 —~Ya-1)nz
< H (1 - ) {m}2.
a
1 1/2
This way, |Jn(f,z) — f(z)| < {1 + (5ﬁ} . Thus, by taking § = /7, we have the desired result.
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Abstract

The aim of this work is to introduce a new family of generalized discrete U-Bernoulli-
Korobov—type polynomials. We provide several explicit representations of this class, to-
gether with connections to other well-known families of special polynomials. In addition,
we establish properties involving the forward and backward difference operators A and V.
Finally, we examine the orthogonality structure satisfied by these polynomials and derive
the corresponding three-term recurrence relation.

Keywords: Orthogonal polynomials, recurrence relations
2010 MSC: 11B68, 11B83, 11B39, 05A19.

1. Introduction

The study of generating functions and their various extensions leads to polynomials and
numbers known for their exceptional and valuable properties, which have applications in some
branches of mathematics, probability, engineering, and other scientific disciplines. Many
mathematical physics issues can be solved analytically thanks to the recent developments
in generating functions theory [12; 13; 207 |. We can find certain results related to the
generating functions for the Bernoulli polynomials and degenerate Bernoulli polynomials.
Also, in the literature, we find various kinds of versions of the Euler, Genocchi, and Dahee
degenerate polynomials, see for example [2; 3; 8; 10; 11; 17-19]. On the other hand, in recent
years the investigations of discrete orthogonal polynomials have gained high attention for
their applications on functional equations and differential and their use to establish various
analytic number theory properties (cf. [4-6; 9]).

*Corresponding author.
Email addresses: alejandrourieles@mail.uniatlantico.edu.co (Alejandro Urieles),
mortega22@cuc.edu.co (Maria José Ortega), c.cesarano@uninettunouniversity.net (Cesarano
Clemente)
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The motivation of this work is to introduce a new family of generalized discrete U—
Bernoulli-Korobov-kind polynomials equipped with a parameter that outlines the advan-
tages of techniques associated with the generating functions we have in mind to give some
representative properties, and we show that these polynomials are orthogonal to N with
respect to the inner product that will be studied. Here C, R and N will be denoted the sets
of the numbers complex, real, positive integers, and Ny = N U {0}. P is the space of all
polynomials in one variable with real coefficients, and log(z) denotes the principal value of
the multi-valued logarithm function.

The outline of this paper is as follows: In Section 2, we provide well-known basic formulas
and definitions that we shall need to use for the rest of the work. In Section 3, a new class of
discrete polynomials is introduced using their generating function. We derive certain proper-
ties and explicit formulas for these polynomials. Also, we study relations with the Korobov
polynomials, the Stirling numbers of the first kind, and the Dahee and Cauchy numbers.
Moreover, in section 4, we establish that these new polynomials satisfy an orthogonality
relationship. Finally, we study that they satisfy to three-term recurrence relation.

2. Background and preliminary results

The classical Bernoulli polynomials B, (x), are defined by employing the following gen-
erating function (see [16; 17]):

(giJ€”=§¥M@§7ﬂd<%) )

For z = 0, we find from (1) the classical Bernoulli numbers B, given by B,:= B, (0) = BY,
(TL € No)

The Bernoulli polynomials of the second kind b,,(x), are defined as below (see [3, p. 167,

Eq(1.2))):

’ S+ 27 = 3 bala) (4] < D) (2)

log(1+ 2 n!

For x = 0 in (2), b,:="b,(0), (n € Ny) is called Bernoulli numbers of the second kind. (cf.
[8; 9]). The Bernoulli polynomials of the second kind are called also, Korobov polynomials
of the first kind.

The Daehee polynomials D, (z) are defined by employing the generating function (see

[7; 8; 10]):
S (1 = 3 DS (2l < 1) )

— ol '

z

If =0, in (3) D,:= D,(0) denotes the so called Daehee numbers.

— 4 3



§ § A Research Announcement on Generalized Discrete U-Bernoulli-Korobov Polynomials

The falling factorial = of order n; (z), is (see [10]):
(@), =a(e—1)- - @—n+1), n>1 g =1, @)

The Cauchy numbers of the first kind C,,, are given by (see [8]):

=S¢ 2— (|2 < 1). (5)

1og 1+z —

The Stirling numbers of the first kind s(n, k), appear as the coefficients in the following
generating function (see [17]):

(lz] <1). (k € No). (6)

These numbers can also be given as (see [10; 17]).

n

(x), = Z s(n, k)z". (7)
k=0
Of the classical exponential function, is received
o0 (_a)m+1 m—+1

e_az—lzz c

= (m+1) (®)

Let f be some function of real variable z, the backward and forward difference operators A

and V respectively are defined as (see [14]):

V() = f(z) = flz = 1), (9)

Af(z) = flz+1) = f(=). (10)
Further, for any real number a we have

Auf(z) = f(x+a) = f(x). (11)

If a =11n (11), we obtain (10).

It is also satisfied (see [14]).
Vi) = Af(x)— AVf(2) (12
V(f(z)g(x) = f(@)Vy(z)+g(e -1V f(x). (13)

For two arbitrary sequences {cx}x>0 and {di}r>0, if d_3 = 0 then applying summation by
parts there holds (see [14]):

Z ACk dk = ZCkak (14)
k=0 k=0

— 4 3
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3. New Family of generalized discrete U —Bernoulli—Korobov—kind polynomials

In this section, a new class of discrete polynomials is introduced which we denote by
P(z;a) and will we call generalized discrete U—Bernoulli—Korobov—kind polynomials,
and study certain properties and explicit formulas that satisfy these new polynomials.

Definition 3.1. The new family of generalized discrete U— Bernoulli—Korobov—kind poly-
nomials 2, (x; ) of degree n in the variable x and parameter o« € R—{0} are defined through
the generating function

n

L(z, 2 a) = (L) (1427 = fj Pulw0) (|z| < 2-”) | (15)

e —1 s |l

By using (15) we can compute the first generalized discrete U—Bernoulli—Korobov—kind
polynomials &, (z; «), as follows:

Po(r;a) = —é,

Prwo)= -2~ 2,

Po(z; ) :—%2—1- (1;a>x—%,

Ps(z;0) = (%) z® + 3(22; a)x2 + Ba—a”—4) _2(;2 — 4)x,

st (D) () (o) (),
Po(r;0) = (—?1) 2 (202—0[5a) Ay <45a — é(()f — 5a2> B (10&2 — gia—{— 100) 2

+

ot +200% + 90 — 144
xZ.
6«

For x = 0, in (15) corresponds to the generating function of the generalized U —Bernoulli—
Korobov—kind numbers, &, (a) = &, := Z(0; «) given by

z > zZ" 2T
pra i Z‘@n(a)ﬁv (!Z\ < m) : (16)
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Proposition 3.1. Leta € R—{0}, and {2, (a)}n>0 be a sequence of generalized U— Bernoulli—
Korobov—kind numbers. Then, the following relationship is fulfilled.

n (—04)’““ n\ P () 1, sin=0,
k=0 (k+1) (k) n B 0, sin#0.
PROOF. By using (16) we have
e = YAy H<D
ez — 1 — n! ||
s = @ -DY @n(a)i—T (17)
n=0

From (8) in (17) it follows that

In (18), we obtain

1 = f: ~ ot (Z) @n_k(a)g. (19)

Comparing the coefficients in (19) completes the proof.

Proposition 3.2. Let a € R—{0}, and { Z,(z;a)}n>0 be a sequence of generalized discrete
U— Bernoulli— Korobov—kind polynomials. Then, the following relations hold:

Zu0) = 3ok () 2ast), (20)
Prtia) = i) = S (") s Pt o)

— k+

Il
= O

—_

with (x), giwen in (4).

PROOF. From (15) and (16), we can write

g - (£705) £

LSS ()@ o
100



Alejandro Urieles, Maria José Ortega, Cesarano Clemente 4 4

As a result of (22), we obtain (20).

The assertion (21) follows by utilizing (15), (16), and the Cauchy product rule, which
finally yields

e8] o n—1 n
2
§ . _ § § ! —
— [4@71(1’7 Oé) ﬁn<a)] — ( — (k + 1) ( )nk @n 1— k’( )) n' Y (23)
by comparing coefficients in (23), we obtain (21).

Proposition 3.3. The following summation formulae for the generalized discrete U— Bernoulli—
Korobov—kind polynomials &, (x; ) and P, (y; B) with o, f € R—{0} and n € N hold true:

Pl +yi0) = Zj (7) @+ e Zucsa) 24

Zn;) (Z) (z+y;0) Pni(B) = kzn:o <Z> Pr—i(;0) Pi(y; B), (25)
2 <Z> Pl +y;0) Pnp(a) = kzn::o (Z) Pni(w;0) Py(y; @), (26)
Po(v;0) = kznjo (Z) Pl ) F + :;‘i n (x), (” . 1) a" k=1 (27)

PROOF. The representation (24), follows from (4) and (15). On the other hand, because of
(15) for a, 3, and z,y € Z*, we have

(e_a%l) (142)° = iﬁn(x;a)% (28)

N

i B) S (29)

(65%1) (1+2)¢ = f:

Multiplying member by member to (28) and (29), we deduce

n

i ”0 (Z) Pn-k(B)Pr(x +y; ) ZZ ( ) (25 0) Py (y ﬁ)%. (30)

n=0 k= n=0 k=0

Therefore, of (30) we derive (25). Similarly, we can obtain (26).
To prove of (27), multiplying (15) by e** leads to

(E)E0) - Sreon (£57) Emeon)

n
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Hence,
= a" Tk oplrtt & 2" == Zi(r;a) o™ opln
2 ) (n— k) nl =D Puwma)r =3 DI
n=0 k=0 n=0 n=0 k=0
(31)
From (4) and (31), we derive
oo n—1 o o0 n n o
ZZ ( ) k_lnm = ZO [@n(x;a) — (k> Pr(x; a)a”_k] ok (32)
n=0 k=0 n—= k=0

whence the formula (27) follows of (32).
Theorem 3.1. Foreveryn € N and o € R—{0}, the generalized discrete U— Bernoulli— Korobov—kind

polynomials satisfy.

(0= 1)Ps(ai0) = nz Ppa(@~ 1:0)
S5 () (M) v e @ @)

7=0 1=0 J

PROOF. By differentiating both sides of (15) with respect to z, we get

(142)*  zz(z+1)"" aze®(142)" 1
(efaz _ 1) + e—az _ + (efozz _ 1)2 - nz% ‘@TLCL‘
So,
Z Lz a)nm — Z P, Z nx P, 1 ) ;
n=0 n=0 =0
= 2 = z = 2"
n=0 n=0 n=0
therefore
oo . . ' Zn oo n n . Zn o0 ' Zn
Z;][nﬂn(x, a) — Pn(x;0)—nePp_1(z — 1, a)]a =a Z_% 2\ (—a) @n_l(a)a Z_;) P (x5 Q)H

_ai (Jnoj :( >< j) a)l@wl(a)@j(m;a)> %7:

As a result of the above expression (33), follows.
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Theorem 3.2. The following relations hold for the generalized discrete U— Bernoulli— Korobov—kind
polynomials defined in (15).

ag» (zi0) _ Z (”_ 1) kk—+'1 ioi(zia),  (n€N), (34)
(0= ) Pu(1:0) 32, 2) o Pus(2:0) ~ m(3:0) - Pua(ri0) =0, (35)

where a € R—{0}, z € C—{0, -1} and n € N, with

—Qz

x ae
(1+2)log(1+2)’ and §(z; @) = (e=ez — 1) log(1+ 2)°

7(1'7 Z) =

PROOF. By differentiating (15) with respect to =, we have

0P, (x: ) 2 - 2"
I (Z%(x?@m)(

Oo:n,l n=0k n—1 k! n
_ ;H%L k(@ a)( 1)( k )(k+1)(n—1>

Therefore,

= 0P, (z;a) 2" = c(n—1\ nk! 2"
2o = 220y, G 1) k@)

n=0 ’ n=1 k=0

As a result of these computations, we obtain (34).

To prove (35), we differentiate (15) concerning z as follows:

0
asza ZQZ T; Q) n—l) (36)

and

eitez) = i+ [0 i)+ [ [ =s ) o

Furthermore, differentiating (15) concerning x, we have

o — 0 2"

%L(.T,Z,Oé) = nz:oax@n(x,a)n'y (38)

K _ z (14 2)%log(1l + 2)

8xL(ac, Z; ) (o7 — 1) (39)
103
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Combining (37) with (38) and (39), we can be written

0
%L(w, z;a) —

T ae ¥ ] 0

+
[(1 +2)log(l1+2) (e7** —1)log(1l+ 2)
Thus, from (40) we have

2T zae” Y%

[(1 )log(1+2) (e —1)log(1+2)

z—L(z,z;0) —

0z

Hence, from (38) and (41), and after simplifying, we can get

> 2" z
nzogn(xaa)nn!_nzoyn(maa) P

o

T ae Y* 0 nz"
nz:% [(1+z)log(1+z) e — ) log(1+ )] op Z-1@a)— - =0,

and consequently

P—1(z; )

NPz 0) — Po(w;0) — [ nw } ?

(14 2)log(1+2)] oz

noae % 0
- [( — 1)log(1 +z>] oz

x;a) = 0. (42)

T ae ¥

In (42) doing y(z, 2) = (14 )log(1+2)’ Yz ) = (e=2% —1)(log(1 + 2))

follows (35).

Theorem 3.2 is proved.

Theorem 3.3. Given a € R—{0}, and let {2, (z;a)}n>0 be a sequence of generalized dis-
crete U— Bernoulli— Korobov—kind polynomials. Then, the following assertions hold:

e’ k with s(n wen in .
P, (w:0) (j) Pri(a)s(j k), with s(n, k) given in (6) (43)

kO]O

n q n—q

P, (w;0) = > V() (")t 2t@st b,

q=0 (=0 j=0 0

k=
where b, and D,, are given in (2) and (3), respectively.

P, () = Z (5) () p@ s, (15)

where b, () is defined in (2).
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l

where C,, is defined in 5)

n

S ()0 Yo s o

k=0

Il
=)

PROOF. The statement ( 3) follows from (6) and (15).
By using (2), (3), (6), and (15), we observe that

iﬂ F(ia); = f %@%) Cae)

: - iﬁ(@g) (ig’fuoguk!wk)
(Z ) (Seenn) (2 .) (5’; by
RO VEEE i)

from which (44) follow. Taking (2), (3) into account, and, by (15) we can find (45).

To prove (46), we use (5) as well as (6), and (15). Thus, we deduce

5o ( )(M ) () (&)

[e.9] n

Z 3 i ( ) < ) <n ; q) CiDi-js(q, k)c@n—z—q(a)xki—j,

n=0 [=0 j=0 ¢=0 k=0

—~ :lN

from which assertion (46) follows. This completes the proof.

Theorem 3.4. Let a € R—{0} and {Z,(x;a)}n>0 be a sequence of generalized discrete
U— Bernoulli— Korobov—kind polynomials. Then, the following relations hold:

AePu(wia) = Y <Z) (@), Pp_n(1:0) — Po(w0), (47)

AP, (r;a) = nPy_1(z; ), (48)
VZ,(r;a) = nP,_1(x—1;a), (49)
AZ,(r;0) + nAP,_1(z;0) = nPh_1(z+ 1;a). (50)
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PROOF. We see that from (11) and (15) it follows

S AP@ma) = I (42 (42— (1 42)
_ (Z P a)z—f) (Z (z)) -3 Puma). (5D

_ :OO (kio <Z) (@), Pri(m;0) — P (3 a)) Z—T

from which, (47) follows. For the case a = 1, we obtain (48).

To prove (49), we see that of (9) and (15), we get

2z 22 . 1
ZV@ xa—':<m)(l+z) <]_+Z>’

and consequently

o0 Zn
;V@n(l‘;&)a = nZ:O Pn(r—1; ) o

> V4
=3 Fpale - Lia)n 2,
n=1

from which, (49) follows.

Taking (15) into account, as well as using the operator A, we get the following expression

o n+1
(1+2) ZABZ T Q) :Z@nazjtlazn!
thus, we have
Z[A;@n(:p; a) +nAZ, 1(r;a) —nP,_1(x+ 1; a)]z_' =0,
n!
n=1

and, as a consequence, (50) follows. Hence, Theorem 3.4 is proved.
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On the other hand, by using (49) and (50), we can see that the polynomials &, (z; «)
satisfy (12) in such a way that

VP, (r;a) = AP, (x;a) — AVZ, (z; a). (52)

Proposition 3.4. Let a € R—{0}, n€R and {2, (z;a)}n>0 be a sequence of generalized
discrete—kind polynomials. Then, the following relations hold:

APy (z;a) + nPp_i(x; ) — 2AV Py (250) = 2nPp—1(x;0) + n(n — 1) Pp_o(x; ), (53)
AP (z;0) — AV (2;0) =nPp_i(z;a) —n(n — 1) Pp_a(x — 1; ). (54)
PROOF. By using (15) and applying the operator A it follows

n

< e+l _ 2\ CNE
<e_a—_1) Q42" (1+2) =(1+2+2 )Zoe%(:v,a)g
Y [ Pulx + La) — Pu(w;0)] i 2;%@71—1(1’; )+ 2”(” — DPua(zi0)
o0 1

2"t
n=0 TL'

ZA,@ T; Q) z—' 2nP_1(z;a) +n(n — 1) P, _o(x; )
n=1 n=1
7 L) 2
—-n nfl(x + ,Oé)] H?
whence
nZ,1(r+1a) =2nP_1(z;a) + n(n — 1) P, o(x; ) — AP, (x; ). (55)

Now, taking (50), (55) into account, and by (52), we get
202, (z;0) + nAP,_1(z;a) = 2n P4 (x; ) + n(n — 1) P_a(z; @),
thus
2AZ,(z;a) —2AV P, (5 0) + nAP, 1 (x;0) = 2n P (x50) + n(n — 1) Pp_o(; @),
and, as a consequence, we obtain (53).

To prove (54), we use (15) and the operator V, then

o0

(1+2) ZQZ (1+2) Z‘@”
n=0
2nP,_1(r — L&) = nPp_1(z;a) + n(n — 1)9,1_2( —1;a) =VZ,(z;a),
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this implies,
2nP, 1(x —1;a) =nP, 1 (r;a) —n(n—1)P,_o(x — 1;a) + VP, (z; ). (56)
From (49), (56) and by using (50), we have
VZ,(x;a) +nn—1)P,_o(x — 1;a) —nP,_1(z;a) =0,

from which, (54) follows. This completes the proof.

4. Orthogonality of the generalized discrete U —Bernoulli—Korobov—kind poly-
nomials

Let w® be the discrete weights function

(—a)%e(1 — e*)?

o , x €N, (57)

w*(z; ) =

with a < 0, z, v € C and A\; € Re(z), o1 € Re(v), B = A\ = 071.
With this weight, we can consider on PP, the inner product (f, g)_a

(f) Do = Y _ fl@)g(a)w®(z; B), (58)

which has positive weights for every a < 0.

The weight function w®(z; B) satisfies the Pearson—type difference equation

Vw(z; f) = w(z; ) — w(z — 1; 5)

- <1 - <—xa>) <€a(_a>x§ : ew)
- () e (59)

Theorem 4.1. Ifa R, witha < 0 andm, n €N. Then, the generalized discrete U— Bernoulli
— Korobov—Fkind polynomials satisfy the following orthogonality relation:

> Po(w;0) Po(;0) (23 8) = (=) 0> T(n)6nn, (60)
=0
. . . 2m
with w®(x; B) given in (57) and |z|, |v| < Tal
o
108
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PROOF. Using (16), the Cauchy product property and taking into account the binomial
theorem, we can see that

L(z. 2 0) ZZ() (61)

Hence,

L(z,z;a) = Z L,(z;a)2", (62)

we note that

Lu(z;0) = no ("”) %_—lﬁ' (63)

Likewise, of (15) we see that

L(z,v;a) = Z L (x;0) 0™, (65)

hence

k=0 k=0
Now, for any k it follows from (61) and (65) that
(—a)*L{k, 2 )Lk via) = | — 225 a4+ 20+ o) (67)
Y ) Y Y (1 _ eaz)(l _ ea,u> Y
hence
i (—a)*L(k, z; o) L(k,v; ) ZpedFtav i a(l + 2) 1 + )"
k! T (1 —e27)(1 — eow)
k=0 —0
B ve @ .
(1= e2®)(1 — ex)

I
NE

[(171—66;()_(? {L e;)} Z:,)n (68)

n=0
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On the other hand, because of (62) and (65) we also have

o0

> "”Lkza (k,v; a) ozkoo >
kz_o )L Z k!) ZLn(k;& z”ZZOLm
= > Lulk )(kl)zv. (69)

m ,n=0 k=0

So, from (68) and (69) follows

3> 3 tutoitathio) S e = 3 [EA S [ )

n!
m,n=0 k=0

Comparing the coefficients of 2" v™ in (70), we conclude

(—a)"tne™ [ 1 } .
00 i ' o | Sim=n
S Lun(k @) L(k: ) ( ko'z) _ n! (1 —e22)(1 — e) (1)
h=0 0, si m # n.
If we now consider that t; = e**, t5 = e® and z = A\{ + i)y, v = 01 + i0y then,
tl — 6az — €a>\1€ia>\2 and tg — eav — eaa1€iaag,
A\ . 2T
SO ’t1| = e |t2‘ = %91 with |>\1|, |>\2|, |O'1|, |O'2| < m
Thus,
(1—e) (1 —e™) = (1= [t]e’™2)(1 = [ta]e’ ), (72)

If now we establish Ay, 05 — 0 and § = A\; = 01, then we can be written (72) as

(1—e)(1—e™) = (1—e*)2
Therefore in (71), we find

Z P15 ) @n(x, a)wo‘(x;ﬁ) _n (—a)™~

=0

Omn, where 6,,, is the Kronecker delta.

And, as a consequence (60) follows. Theorem 4.1 is proved.

Due to Theorem 4.1, we obtain a three-term recurrence relation that the sequence
{2, (x; a) }n>o satisfies.
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Theorem 4.2. Let {Z,(z; )}, be the sequence generalized discrete U— Bernoulli— Korobov
—kind polynomials which are orthogonal on N for the inner product (58). Then, they satisfy
the following three-term recurrence relation:

$f@n,1(x; Oé) = Vnyn(lUQ) + gnf@nflcv; Oé) + )\nf@n72<x; Oé), n > 27 (73)
with
_na
fYn_ 2 I
a2n+1
= |(stn— 1,0 —2) —s(n,n — 1)) - 22T 7

and s(n, k) given in (6).

PROOF. To prove (73), we first expand the polynomial %2, (x; «), which is of degree n in
terms of {2, (z; a)}n>0:

2 P (1) = Z a(k,n—1)

‘@n<x? O{), 75
om0 gr(a) (73)
with a < 0 is a fixed parameter, n € Nand x € Ny. From the orthogonality of {Z,(z; &)} >0,
we obtain
alk,n—1) (22, 1(v;a), Pr(r;Q)) 0
gi(@) (Pr(z; @), Pp(;0)) Yo
_ (Pr1(v;0), 2 P(T; Q) o

<<@k<l’, Oé), <@k(x7 a))wo‘

As P (x; @) is a polynomial of degree k + 1, by orthogonality a(k,n—1) =0 for k <n—2
and therefore (75) can be written in the form

a(n,n —1) aln—1,n—-1)

Py 1(r;0) = (@) Pp(x;a) + PR Pp-1(z; @) -
a(n—?,n—l)y (5 )
Gn—2() e

On the other hand, taking (6), (20) into account, and (76), we can obtain:
Po(r;0) = Po(a)z”™ + (@o(a)s(n,n — 1)+ 2 («a) (n'r_z 1)) "

+ (%(a)sm, n—2)+ 2 () (n " 1)s(n,n —2) + Py(a) (n " 2)) 22
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Pi(z:0) = Pi() (n " 1) 2"+ <%(a)s(n —1Ln-2) (n ’ 1)

moreover

also, we can write ©22, _o(x; @) in terms of {2, (z; @) },>0, we have

n—1

o) = a(k,n — 2) o
T 2y T
_a(n—1,n-2) o a(n —2,n —2) o
I O R R
a(n —3,n —2) o
gn—?,(a) @n—S( ) )

Now, from (79) and (82) we deduce:
an—1,n-2) (n—l)
gn—l(a) n .

n—1

So,

Py _o(x;a) = <
From (76) and (84) it is seen that
an—2,n—-1) (Zpa(z;a), 2P, 2(z;Q)) a

) P_1(1;0) + P(2).

n

In—2(a) In—2(a)
_ (2= Dgasa)
n9n72<a) .

(80)

(81)

(82)

(83)

(84)

(85)
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Also, using (76), (77) on (78), we obtain
aln,n—1)  P(«) ( n )
= . 86
gn(@) Po(a) \n—1 (86)
Substitution of (85) and (86) into (76) gives

o) = gzl(a) n o a(n—l,n—Q) T o
T Pn(r; ) = Z(a) <n—1> Falwi o) + gn—1(a) Fralie) (87)
(0= Dginrle) gy
n gn—2(c) R

Comparing the coefficients of the highest terms on the left-hand and right-hand sides of (87),
we have

a(n—l,n—Q)_Sn_ n— 9 — s(mm — _a(2n+1)
S = (sln - L= 2) = s = 1)) - S (38)
Because of Theorem 4.1, it follows
a(n—2,n-1) (—a)(n— 12T(n—1)
gn—Q(a> N n(n — 3)2 F(n — 2) (89)
and from (86)
a(n,n —1) _na %0

Theorem 4.2 is proved.

By using the orthogonality of the polynomials &7, (x; «), we give the following relation.

Proposition 4.1. The generalized discrete U— Bernoulli— Korobov—kind polynomials, which
are orthogonal with respect to the inner product (58), fulfill the relation

AZ(z;a) = I, P (75 00), (91)
where Jit, are the Fourier coefficients.

PROOF. If we write the polynomial AL, (z; «) in terms of {2, (z; @) }n>0, we have

n—1
Pz + L) — Py(x;a) = JinPr(; 1),
k=0
besides, for 0 < k<n-—1
Ja _ <A’@n7'@k>wa
o <’@k7 gzk>w0‘ .
113
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Hence, by (4) and (13), we have

(P, P1) o S = (AP0, P) e

g=0
= —Z,@n(g;a (9: 8) Pk(g; @)
g=0
:_Zgzng, 9 BV Pi(gi ) = Y Pulg; ) Pilg — 1; )V (g; B),
g=0

from which, by orthogonality, the first sum is zero since V& is degree k < n + 1. For the
second sum let us consider (59)

[ee]

(P P T = = S Pul0: ) Pilg — L)+ 9)u(935),
=0

if we use orthogonality again, only J ; , can be non zero, and as a consequence (91), follows.
Proposition 4.1 is proved.
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