PROF. DR. ROMAN DMY TRYSHYN

CURRENT TRENDS IN ANALYSIS
~ APPROXIMATION THEORY
AND THEIR APPLICATIONS

AN}

,,,,,




CURRENT TRENDS IN
ANALYSIS, APPROXIMATION
THEORY AND
THEIR APPLICATIONS

PROF. DR.
ROMAN DMYTRYSHYN

£ 2 SELCUK
"— f !»%‘ UNIVERSITY
A PRESS

2>




CURRENT TRENDS IN ANALYSIS, APPROXIMATION THEORY AND THEIR APPLICATIONS

Editor: Prof. Dr. Roman DMYTRYSHYN
ORCID: 0000-0003-2845-0137

Cover Design&Layout: Tugce DELEN
Selcuk University Press: June, 2026
ISBN: 978-975-448-267-6

DOI: https://doi.org/10.59726/SUPress/978975448267 6

Keywords: 1. Approximation Theory, 2. Mathematical Analysis, 3. Metric Groups, 4. Interpolating Splines,
5. Analytic Functions.

Cite This: DMYTRYSHYN, R., (2026), Current Trends in Analysis, Approximation Theory and Their Applications,
Selcuk University Press.

Selcuk University Press in under the body of Scientific Publications Coordinatorship.
Publisher: Selcuk University Press

Publisher Certification Number: 43463

Scientific Publications Coordinator: Prof. Dr. Tuncer ACAR

Addres: Selcuk Universitesi Yayinlan, Alaeddin Keykubat Yerleskesi, Akademi mah. Yeni istanbul Cad. No:369
Posta Kodu: 42130, Selcuklu-Konya/TUrkiye

Web: yayinevi.selcuk.edu.ir

E-posta: yayinevi@selcuk.edu.ir

Phone: 0 (332) 241 00 41

®@@ This work is licensed under the Creative Commons Attribution-NonCommercial 4.0 International (CC BY-NC 4.0).
@ To view a copy of this license, visit https://creativecommons.org/licenses/by-nc/4.0/
BY NC ND

OPENa AccCess This license allows for copying any part of the work for personal use, not commercial use, providing author attribution is
clearly stated.



CONTENTS

Introduction 5

1 Vladyslav Babenko, Yuliya Babenko, Oleh Kovalenko, Nataliia Parfinovych, Interpo-

lating splines in metric groups and some of their applications 7
1.1 Introduction. Interpolating splines in Hilbert and Banach spaces . . . . . . ... .. 7
1.2 Existence and uniqueness of interpolating splines in metric groups. Generalization

of the Holmes Theorem . . . . . . . .. ... ... ... ... ... . ......... 10
1.3 Constrained interpolating splines in metric groups. Generalization of the Utreras

Theorem . . . . . . . . L 13
1.4  Optimal recovery problems and interpolating splines in metric groups . . . . . . . . 14
1.5 Examples . . . . . .. 17
References . . . . . . . . . . 23

2 Andriy Bandura, Tetyana Salo, Oleh Skaskiv, Slice holomorphic functions in the

polydics: directionally bounded index 24
2.1 Holomorphy in a fixed direction: motivation, definition and denotations . . . . . . 24
2.2 SufficientSets . . . ... .. 27
2.3 Local behavior of directional derivative . . . . . ... ... ... ... ... ... . 32
2.4 L-index in direction in a domain compactly embedded in the polydisc . . . . . . .. 39
2.5 Estimate of maximum modulus by minimum modulus . . . . .. ... ... ... .. 40
2.6  Estimate of directional logarithmic derivative. . . . . . . ... ... ... ... ... 47
2.7 Analog of Hayman’s Theorem . . . . .. ... ... ... ... ............ 52
2.8 Functions having bounded value L-distribution in direction . . ... ... ... .. 55
2.9 Existence theorem for functions of bounded L-index in direction. . . . . . . .. .. 58
2.10 Product of functions of bounded L-index in direction . . . . ... .. ... ... .. 60
2.11 Sum of functions of bounded L-index in direction . . . . ... ... ... ... ... 62
2.12 Boundedness of L-index in direction of analytic solutions of some linear partial
differential equations . . . . . .. ... L L 67
References . . . . . . . . . . e 74

3 Oleh Skaskiv, Andriy Bandura, Tetyana Salo, Andriy Kuryliak, Wiman-Valiron type

results for an analytic functions in a bounded multiple circular domain 77
3.1 Introduction . . . . ... . ... 77
3.2  Wiman-type theorems for analytic functions in the unit disc and in the strip: review
ofresults . . . . . . 78
3.3 Multidimensional notations and motivation. . . . . . ... ... ... ... ... 81
3.4 Asymptotic relations in polylinear domains. . . . . . ... ... .. 0oL 83
3.5 Asymptotic relation for higher-order directional derivative . . . . . . . ... .. .. 88
3.6 Corollaries: analytic functions in the bounded domains. . . . . . ... ... ... .. 91
References . . . . . . . . . 94

4 Iryna Chernega, Andriy Zagorodnyuk, Symmetric analytic functions on Banach

spaces and their applications 97
4.1 The convolution operation on the spectra of algebras of symmetric analytic functions 98
4.1.1  The symmetric convolution . . . . ... ... ... ... ... ... ..., 98
4.1.2 A weak polynomial topology on My,(¢,) . . . ... ... ... .. 102

4.1.3  Representations of the convolution semigroup (Mps(¢1),*) . . . . . . ... 104



4.2 A multiplicative convolution on the spectra of algebras of symmetric analytic functions 110

4.2.1 The multiplicative convolution . . . .. ... ... ... ... ... ..... 110
422 Thecaseof {1 . . . . . . 115
4.3 Description of the spectrum of Hps(€1) . . . . o . o oo 118
4.4 Applications of symmetric polynomials in statistical quantum physics . . . . . . . . 127
4.4.1 Partition functions . . . . ... ... L L L L Lo 129

4.4.2  Supersymmetric polynomials and partition functions for mixed systems of
bosons and fermions . . . . .. ... Lo 130
References . . . . . . . . . 133

5 Roman Dmytryshyn, Representations of Appell hypergeometric functions by branched

continued fractions 136
5.1 Branched continued fractions: definition and their properties . . . . . . .. ... .. 138
5.2 Extending analytic functions through branched continued fractions . . . . . . . .. 144
5.3 Branched continued fraction expansions of the Appell hypergeometric functions . . 145
5.4 Approximations of some special functions by branched continued fractions. . . . . 162
References . . . . . . . . . 171

6 Volodymyr Hladun, Stability to perturbations of continued fractions with

applications 175
6.1 Stability to perturbations of continued fractions with complex partial denominators
and partial numerators equaltoone . . . . . ... ... .. Lo L. 176
6.2  Stability to perturbations of continued fraction with complex partial numerators and
partial denominators equaltoone . . . . . ... ... 193
References . . . . . . . . . 203

7 Victoria Kravtsiv, Taras Vasylyshyn, Andriy Zagorodnyuk, Various generalisations

of symmetric functions on Banach spaces 205
7.1 Algebraic basis of algebra of block-symmetric polynomials on £,(C™). . . . . .. .. 207
7.2 Analogues of the Newton formulas for the block-symmetric polynomials on ¢,(C*) 224
7.3 Analogues of Waring-Girard formulas for the block-symmetric polynomials . . . . 229
References . . . . . . . . 233

8 Anatolii Romanyuk, Kateryna Pozharska, Sergii Yanchenko, Characteristics of linear
and nonlinear approximation of classes of periodic functions of many variables in

Lebesgue subspaces 236
8.1 Definition of function classesand spaces By1 . . . . .. ... ... ... ... ... 238
8.2 Approximations by step hyperbolic Fourier sums and best approximations . . . . . 243
8.3 Best orthogonal trigonometric approximations . . . . . .. ... ... ... ... .. 255
8.4 Best M-term trigonometric approximations . . . .. ... ... ... 263
References . . . . . . . . . L 272

9 Andrii Shydlich, Approximation of the generalized Wiener classes of functions of

several variables in different metrics 277
9.1 Definition of functional spaces and classes . . . ... ... ... ... ... ..... 277
9.2 Approximative characteristics . . . . . . ... ... 279
9.3 Approximative characteristics of the classes ]-";’ in the spaces SP . . . . . ... ... 281

9.3.1  Exact values of best approximations and basis widths . . . . . . . ... ... 281

9.3.2  Exact values of best n-term approximation . . . . . ... ... ... ... .. 283



10

9.3.3  Order estimates of bestr-term approximations and basis widths of the classes

Fy.inthespacesSP . . .. ... 286
9.4 Approximation characteristics of the classes f;/jT inthespaces L, . ......... 291
9.5 Proofoftheorems . . ... ... ... ... 295
References . . . . . . . . 319

Sergii Yanchenko, Approximation characteristics of Nikol’skii-Besov classes of
non-periodic functions of one and many variables 322
10.1 Definition of Nikol’skii-Besov classes of functions with dominant mixed smoothness 323
10.2 Approximation by entire functions with the supports of their Fourier transforms in

the step hyperboliccross . . . . . . .. ... .. 327
10.3  Approximation of functions from S} , B (R?) by entire functions of a special form . 339
References . . . . . . . . . .. .. 354

R OSUINIC e 356






CURRENT TRENDS IN ANALYSIS, APPROXIMATION THEORY AND THEIR APPLICATIONS

Introduction

The book brings together a collection of contemporary results in analysis, ap-
proximation theory, and their applications. It extensively discusses known and cur-
rent results, as well as problematic questions and open problems. The book com-
prises ten chapters, representing five directions of mathematical analysis, unified
by the theory of functions.

Splines and their generalizations play an important role in many questions of
approximation theory and its applications. The goal of Chapter 1 is to generalize
known in the literature theorems about existence and uniqueness of interpolating
splines in Hilbert and Banach spaces to the case of metric groups. This allows,
in particular, to include into consideration interpolating splines in linear metric
spaces, ['-spaces and other situations. We also adduce some applications of the
obtained results, mainly focusing on applications to problems of optimal recovery.

The second and the third chapters is representation of recent results of the
Lviv school of complex analysis. The notion of directionally bounded L-index for
various classes of analytic functions is very important to study local and asymptotic
properties of analytic solutions of ordinary and partial differential equations, and
their systems. Use arbitrary positive continuous function L in the notion allows to
consider analytic functions with bounded multiplicities of zero points. The authors
selected such subclass of the functions as slice holomorphic functions in the unit
polydisc. They are functions, which are analytic on the intersection of unit polydisc
with every slice of the form z°+tb, where t € C is the complex parameter, b € C" is
a fixed direction, 2 is any point from the polydisc. Other resuts in the third chapter
concern asymtotic relations of Wiman-Valiron’s theory for analytic functions in
domains admitting geometric exhaustion directional strips.

The third direction (Chapters 4 and 7) is devoted to symmetric analytic func-
tions on infinite-dimensional Banach spaces. Algebras of symmetric polynomials
and analytic functions on Banach spaces play an important role in nonlinear func-
tional analysis and applications. In Chapter 4, the authors considered the problem
of the description of the spectra of algebras of bounded type symmetric analytic
functions on ¢,. This problem is completely solved for the case p = 1 using a rep-
resentation of the spectrum by analytic functions of exponential type. Chapter 7 is
devoted to block-symmetric polynomials on Cartesian products of Banach spaces
and gathers results concerning algebraic bases in algebras of such polynomials.

The fourth direction is devoted to continued fractions and branched continued
fractions, some of the most intriguing approximation tools of mathematical anal-
ysis. Chapter 5 discusses the representation of Appel’s hypergeometric functions
by branched continued fractions. Here, the main problems are the construction of




CURRENT TRENDS IN ANALYSIS, APPROXIMATION THEORY AND THEIR APPLICATIONS

expansions of ratios of Appel’s hypergeometric functions into branched continued
fractions, the establishment of their domains of convergence, which are also do-
mains of analytic continuation of these functions, and the approximation of some
special functions by branched continued fractions. Chapter 6 is devoted to contin-
ued fractions. The stability to perturbations of specific classes of continued fractions
with complex elements (formulas for relative errors, sufficient conditions for sta-
bility to perturbations, and sets of stability to perturbations) and their application
to the approximation of special functions, including Bessel functions and ratios of
Horn’s confluent hypergeometric functions, are considered.

In Chapters 8-10, approximation errors for linear and nonlinear methods on
important functional classes in various metrics are considered using approximation
aggregates constructed on different systems, in particular, on trigonometric and
on a system defined by integer functions of exponential type. Namely, the chap-
ters cover best approximations, approximations by step hyperbolic Fourier sums,
best orthogonal and best m-term trigonometric approximations, greedy approxi-
mations, widths and some their analogs from the point of view of finding exact
order values.

In the eighth chapter, the results are presented on the investigation of the
Sobolev and Nikol’skii-Besov classes of periodic functions with dominating mixed
smoothness. The approximation error of respective characteristics is estimated in
the important Lebesgue subspaces. Special attention is paid to some features com-
pared to the approximation in classical Lebesgue spaces.

The ninth section is devoted to the approximation of Wiener-type functional
classes with generalized weights given by certain positive functions. Here, the de-
pendence is discussed of the respective approximation errors on the asymptotic
behavior of such weight functions. The errors are obtained in Wiener-Stepanets
spaces and Lebesgue spaces.

The tenth chapter is devoted to the approximation properties of the Nikol’skii—
Besov classes of non-periodic functions with dominating mixed smoothness and the
error is estimated in the norm of the Lebesgue space.

Finally, we are grateful to Tuncer Acar for inviting us to contribute to the book
Current Trends in Analysis, Approximation Theory, and Their Applications and to
the staff of the Selcuk University Press for their for their professional support during
the preparation of this book.

Vladyslav BABENKO, Yuliya BABENKO, Andriy BANDURA, Iryna CHERNEGA,
Roman DMYTRYSHYN, Volodymyr HLADUN, Oleh KOVALENKO,

Victoria KRAVTSIV, Andriy KURYLIAK, Nataliia PARFINOVYCH,

Kateryna POZHARSKA, Anatolii ROMANYUK, Tetyana SALO, Andrii SHYDLICH,
Oleh SKASKIV, Taras VASYLYSHYN, Sergii YANCHENKO, Andrii ZAGORODNYUK
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Vladyslav BABENKO, Yuliya BABENKO, Oleh KOVALENKO,
and Nataliia PARFINOVYCH

1 Interpolating splines in metric groups
and some of their applications

1.1 Introduction. Interpolating splines in Hilbert and Banach spaces

Let (X, px) be a metric space, and simultaneously X be a commutative group with
an operation + and a neutral element 6 x. We assume that the group operation and
the metric in X agree in the following sense:

Vm,y,ueX,pX(x+u,y+U)ZpX(:E,y). (11)

Under these conditions the set X will be called a metric group. In order to somewhat
shorten notations, for x € X we sometimes write ||z||x instead of px(x,f0x). In
view of (1.1), one has ||z — y||x = px(x,y); these notations agree with the relation
between the norm and the corresponding metric in a normed space.

Let Y be some group (the group operation will also be denoted by +, every-
where below we assume that all considered groups are commutative) and 7: X — Y
be some homomorphism such that its kernel N(T') := {z € X: Ta = 6Oy} is
closed. Such a homomorphism will be called an information homomorphism. 1If
there is a Hausdorff topology in Y such that the mapping 7' is continuous, then the
set N'(T') is automatically closed.

Splines and their generalizations, in particular splines in Hilbert (see [2, 13])
and Banach (see [15]) spaces play an important role in many questions of appro-
ximation theory and its applications. We refer the reader to works [7, 8, 18] and
references therein for further information and results that involve such splines and
their further generalizations.

Generalizing the definition of interpolating splines in Hilbert spaces, we con-

Vladyslav BABENKO @, Oles Honchar Dnipro National University, 72 Nauky avenue, 49045, Dnipro, Ukraine, e-mail:
babenko.vladislav@gmail.com
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sider the following diagram

X T,y
|
W

where X and W are metric groups, Y isa group, R: X — Wand7: X — Y are
homomorphisms.
For a given x € X consider the following extremal problem

|Rs||w — inf over s € X such that T's = T'x. (1.2)

Definition 1.1. If there exists an element s, = s(x; R,T) € X that delivers the
infimum in (1.2), then it will be called a T-interpolating R-spline for x.

For Hilbert spaces W, X, Y extremal problem (1.2) has been studied by Atteia
[2], Golomb [13] and Laurent [18]. If X, Y are Hilbert or Banach spaces, then by
L(X, W) we, as usually, denote the space of all linear bounded operators A: X — W.

Theorem 1.1 (Atteia [2]). Assume that W, X, Y are Hilbert spaces, operators R &€
L(X,W)andT € L(X,Y) are surjections such that

N(R) + N(T) is closed in X, (1.3)
N(R)NN(T) = {6x}. (1.4)
Then for each x € X there exists a unique T'-interpolating R-spline.

The following generalization of the preceding theorem by Utreras [22] allows
to consider constrained interpolation problems.
Consider the following diagram

CcXx L.y
Rl (1.5)
%4

where X, Y, W are Hilbert spaces, R and 7" are linear continuous operators and C'
is a closed convex set. For an element z € X such that

T Tz)NC #0 (1.6)
we consider the following extremal problem

| Rs||w — inf over s € C such that T's = T'z. (1.7)
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Definition 1.2. If there exists an element s, = s(x;C, R, T) € C that delivers the
infimum in (1.7), then it will be called a C-constrained T-interpolating R-spline for
x.

Theorem 1.2 (Utreras [22]). Assume that W, XY are Hilbert spaces, operators R €
LX,W)andT € L(X,Y) are surjections, C C X is a closed convex subset. If
condition (1.4) holds and forz € X

N(R) + (N(T)N (C —x)) is closed in X, (1.8)
then there exists a unique C'-constrained T'-interpolating R-spline for x.

Let (X, px) be a metric space and F' C X be a closed set. We need the follow-
ing well-known definitions.

Definition 1.3. The quantity
E(z; F; X) := inf px(z,u) = inf ||z — ul|x
uck uck

is called the best approximation of an element x € X by the set I in the space X .
Definition 1.4. The set

Prx ={u € F: px(z,u) = E(z; F; X)}

is called the metric projection of the element x into the set F'. If for each x € X the set
Prz is a singleton (and in this case we write Ppx = y instead of Prxz = {y}), then
the set F' is said to be a Chebyshev set in X.

Chebyshev sets, as well as metric projections play an important role in appro-
ximation theory. Many examples of Chebyshev sets can be found e.g., in [9,21]. A
discussion of metric projections can be found in [21].

Observe that one does not expect to find an element of the best approximation
in a set F', if F'is not closed. The following statement (see e.g., [15, Theorem 1.2])
explains the relation between condition (1.3) in Theorem 1.1 or condition (1.8) in
Theorem 1.2 and the requirement for some set to be Chebyshev (see e.g., (1.10) in
Theorem 1.4): if W, XY are Banach spaces, R € L(X,W)and T € L(X,Y) are
such that the range R (R) of the operator R is closed, then the set R(N(T)) is closed
if and only if the set N (R) + N (T) is closed. Since (see e.g., [12, Corollary 2.51]),
a closed subspace of a strictly convex reflexive Banach space is a Chebyshev set, in
a Hilbert space condition (1.3) implies that the set R(N (7)) is Chebyshev and we
arrive at condition (1.10) in Theorem 1.4.

Holmes [15, Theorem 1.3] proved the following generalization of the theorems
on existence and uniqueness of the splines to the case of Banach spaces. We for-
mulate the theorem using similar to the above notations.
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Theorem 1.3 (Holmes [15]). Assume that W, X,Y are Banach spaces, and R &
LIX, W), T € L(X,Y). There is a unique T-interpolating R-spline for x € X if
and only if (1.4) is true and the following condition hold:

Prov(ry (Rz) is a singleton.

The goal of this article is to generalize known in the literature theorems about
existence and uniqueness of interpolating splines in Hilbert [2] and Banach [15]
spaces to the case of metric groups. This allows, in particular, to include into con-
sideration interpolating splines in linear metric spaces (see e.g., [20]), F-spaces (see
e.g., [11, Chapter I.1] or [24, Chapter 1.9]) and other situations. We also adduce
some applications of the obtained results, mainly focusing on applications to prob-
lems of optimal recovery.

The chapter is organized as follows. In Section 1.2 we give sufficient conditions
that guarantee existence and uniqueness of T-interpolating R-splines in the case
when X and W are metric groups, and Y is a group; this result generalizes the
Holmes theorem. In Section 1.3 we give a generalization of the Utreras theorem. In
Section 1.4 we show some applications of T-interpolating R-splines to the problems
of optimal recovery. Finally, in Section 1.5 we adduce some illustrative examples.

1.2 Existence and uniqueness of interpolating splines in metric groups.
Generalization of the Holmes Theorem

Remind that a theorem about existence and uniqueness of a 7T-interpolating
R-spline in normed spaces was proved by Holmes [15]. Our goal is to generalize it
to the case of metric groups.

Before formulating the theorem, we note that for homomorphisms R: X —
WandT: X — Y between groups X, Y, W and each x € X one has

{ue X: Tu=Tx} =T (Tz) =z +N(T), (1.9)

and

R(T™YTz)) = Rz + RN(T)).

Thus, taking into account that the set R(N (7)) is Oy -symmetric, we can reformu-
late the definition of a T-interpolating R-spline as follows.

Definition 1.5. For a given © € X an element s, € X is called a T-interpolating
R-spline, if

|Rss|lw = E(0x, R(T™'(T)), W) = E(Rz, RIN(T)),W).

10
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Theorem 1.4. Let W be a metric group and X, Y be groups. Assumethat R: X — W
andT: X — Y are homomorphisms such that condition (1.4) holds and

R(N(T)) is a Chebyshev set in W. (1.10)

Then for each x € X there exists a unique T'-interpolating R-spline s, = s(x;R,T) € X.
Moreover, the restriction R|yry: N(T') — R(N(T')) has an inverse

-1

(Rlvr) — « RN(T)) = N(T)

and the spline s,, can be represented as
-1

se =a = (Rlvir)  Provery Re.

Remark 1.1. Under the conditions of Theorem 1.4 set
-1
S(R,T)={sy:x € X} = {sz =z — (Rlnwr)  ProviryRz: o € X} :

The mapping
Tlsrry: S(R,T) — R(T)

is a bijection and hence has an inverse
(Tlsn.r))
For each x € X theT'-interpolating R-spline s, can be represented as
-1
Sy — (T‘S(R,T)) (TCC)

Proof. First of all we show that condition (1.4) implies that the restriction

Rlnry: N(T) — R(N(T))

-1

. R(T) — S(R,T).

has an inverse

(Rlvy) ™" RIN(T)) — N(T).
From the definition it follows that R| N(T) 18 @ surjection, so it is enough to show that
R|pr(r) is an injection. Let z, y € N'(T') be such that Rz = Ry. Thenz—y € N(R).
Moreover, 2,y € N(T) implies that z — y € N (T). Thus

r —y e N(R)NN(T),

which together with condition (1.4) implies z = y.

Since R(N(T')) is a Chebyshev set, for the element Rz there exists a unique
element of the best approximation Pp(x(7))(R2z). Consider an element s, defined
by the formula

1
se =2 — (Rlnm)  (Provr)(Rz)).

11
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From the definition it follows that
Rs, = Rx — PR(N(T))(RZL“). (1.11)

Hence, the condition from Definition 1.5 holds for the element s,. Thus, s, is the
T'-interpolating R-spline for x.

Next we show that a T-interpolating R-spline for = is unique. Let s’ € X be
such that T's’ = Tz = T's,, and

1R lw = [ Rsallw- (1.12)
The first condition implies that s — s, € N (T) i.e., s’ = s, + w with some
w e N(T). (1.13)

Hence Rs' = Rs, + Rw, and Rw € R(N(T)). Taking into account (1.11), we
obtain
Rs' = Rx — (PR(N(T))(Rx) - Rw)

If Rw # Oy, then condition (1.10) implies
|1Rs lw > E(Rx, RN(T)), W) = || Rselw,

which contradicts to (1.12). Thus, Rw = Oy ie., w € N(R). Together with (1.13)
and condition (1.4) this implies w = @y, and hence s’ = s, + w = s,. This finishes
the proof of uniqueness of a T-interpolating [2-spline for . []

From formula (1.11) we obtain the following statement.

Corollary 1.1. Under the assumptions of Theorem 1.4, for arbitrary x € X
[Rsallx < [|Rllx.

Consider an important partial case of Theorem 1.4. Let W = X and R = Ik,
where Ixy: X — X is the identity mapping. Instead of S(Ix,T") we write S(7'),
so that S(T') = {s, = v — Py(r)r: v € H}. The elements of the set S(T) will be
called T-interpolating splines.

Corollary 1.2. Let X be a metric group, Y be a group andT': X — Y be a homo-
morphism. If condition (1.10) holds (with R being the identity operator), then for each
x € X there exists a unique spline s, € S(T') such thatT's, = Tx.

Moreover, the restriction T'|gry: S(T') — R(T') is a bijection, and for arbitrary
x € X the T'-interpolating spline s, can be represented as

s0 = (Tlser) (Ta).

12
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1.3 Constrained interpolating splines in metric groups. Generalization of
the Utreras Theorem

Consider diagram (1.5), but now we assume that W is a metric group, X,Y
are groups, : X — Wand T: X — Y are homomorphisms, and C' C X. The
following theorem is a generalization of the Utreras theorem.

Theorem 1.5. Assume that W is a metric group and X, Y are groups, C' C X, con-
dition (1.4) holds, and for a given x € X such that condition (1.6) is true,

R((C —2) NN(T)) is a Chebyshev set in W. (1.14)
Then there exists a unique C'-constrained T-interpolating R-spline s, = s(x; C, R, T).
Proof. Taking into account equality (1.9), we obtain that
T Tx)NC =z+ (C—2)NN(T).

Since R is a homomorphism, condition (1.14) implies that R(T1(Tz) N C) is a
Chebyshev set. Extremal problem (1.7) can be rewritten as a problem to find

inf |Rx||w = inf w|lw,
xeT-1Tz)NC weR(T-1(Tz)NC)

hence there exists an element s, € T~ }(T'z) N C such that

Rs, = Prer—(ra)nc)(0w)

is the unique solution to this problem.
Next we prove that condition (1.4) actually implies that the element s, is unique
ie., if
Rs = Rs,, scT (Tx)NnC,
then s = s,. Indeed, first of all, since T's = T's, = T'x, we obtain that s—s, e N'(T).
On the other hand, s — s, € N(R), which together with (1.4) implies s = s5,. [

Remark 1.2. We note that requirement (1.14) is actually overly restrictive. It suffices
to assume only that the set R(x + (C' — x) NN (T)) contains a unique element of the
best approximation for Oy .

Remark 1.3. If C = X, then Theorem 1.5 implies the statement on existence and
uniqueness from Theorem 1.4. Moreover, an analogous to Remark 1.1 representation of
the spline s, in terms of the element T’z holds.

13



CURRENT TRENDS IN ANALYSIS, APPROXIMATION THEORY AND THEIR APPLICATIONS

1.4 Optimal recovery problems and interpolating splines in metric groups

Let a metric space V' and sets X and Y be given. For a mapping A: X — V
and an information mapping 7': X — Y, arbitrary mapping ®: Y — V is called a
method of recovery of the mapping A based on the information provided by 7. If
M C X is given, then the quantity

E(A,MT;®;V) = sup [[A(z) — ©(Tz)|lv
xeEM

is called the error of the method ® on the class ). This is illustrated by the following
diagram.

MCX LY
Al /
v
Definition 1.6. The problem of optimal recovery of a mapping A on the class 9 based

on the information about x € 9N that is given with the help of an operator T, consists
of computing the value

E(AMT,V) = i%fS(A, m; T, o, V),

and finding a mapping (called an optimal method of recovery) ® that delivers the
infimum on the right hand side of this equality, if such an operator exists.

In the case, when V = X and A = Ix (the identity operator), we obtain
the problem of optimal recovery of elements of the set 91. In this case we write
EOM;T; X) instead of E(Ix, M; T; V).

The set 9 is very often chosen as follows. Assume that an operator R: X — W/
and a set 91 C IV is given. Then set

Mm=R1MN). (1.15)

Below we assume that X, V, W are metric groups, and Y is a group. Let also
the information operator 7': X — Y and the operator 2: X — W be homomor-
phisms, a centrally symmetric set 91 C W be given, and the set ) is defined by
formula (1.15). Under the assumptions of Theorem 1.4, for every y € R(T) we set

D(y) = A((T)srr) 'y), (1.16)

so that ®(Tx) = As,.

We describe an approach to the solution of an optimal recovery problem; al-
though, this kind of results is well known in the literature in various contexts, we
give the proofs for completeness. We start with a theorem that gives an estimate
from below for the quantity £(A,91;T; V') and is well-known in many situations,
cf. e.g., [19, Theorem 1].

14
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Theorem 1.6. If the mappings A and R are odd and for arbitrary v € V one has
v+ vy = 2||v]v, (1.17)
then for arbitrary method of recovery ® one has

E(AM D, T;V)> sup | Azv,
xeMNN(T)

and therefore

EAMT;V)> sup |Azly. (1.18)
zeMNN(T)

Proof. Since A is odd, for an arbitrary element v € V/, using (1.1) and (1.17) we
obtain

max{py (Ar,0), py(A(~2),0)} > 3 (pv(Ar, v) + pv (- Az, v))

1 1
> gpov(Az, —Az) = Spyv(Az + Az, Oy) = pv(Az, Oy).

Moreover, since 1 is centrally symmetric and R is odd, x € M <= (—z) € M.
Thus we obtain for an arbitrary method of recovery ®

E(AMT; @;V) = sup | Az — &(Tz)[ly = sup |[Az — @(by)[lv =
)

zeM x€MNN (T
= sup  max{|[Az — ®(Oy)l|v, [|[A(—=z) — (Oy)|v} = sup |Az]v.
z€MNN(T) x€MNN(T)
The theorem is proved. []

A rather general result for an estimate from above is contained in the follow-
ing theorem. We formulate it in a form convenient to illustrate the application of
abstract splines to the problems of optimal recovery.

Theorem 1.7. Let a mapping A: X — V be such that for arbitrary x,y € X one
has

[Az — Aylly < [[A(z —y)llv. (1.19)
Assume that one of the following properties hold:
1. There exists o € M NN (T) such that

sup ||[Az — As,||lv = ||Azo — Asy,||v; (1.20)
M

2. M = R~ (M), with N C W that satisfies condition
weN = PR(N(T))w e . (1.21)

15
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Then
E(AMT;V) <supl||Ax — As,|ly < sup || Az|y.
zeM zeMNN(T)
Proof. We start with the proof of the theorem in the case when condition (1.20)
holds. Since s,, = 0Ox,

sup [Az — Asq|lv < [[Azo — Asgyllv < [[A(20 = s2)lv =
HAS

= [[Azolly < sup |[Az]ly
T€MNN(T)
as required.
Next assume that condition (1.21) holds. Using assumption (1.19), and the fact
that for all w € W, T((R| 1)) Prv(ryw) = Oy, we have

E(AMT;V) <sup ||Az — &(Tx)||y = sup ||[Ax — As, ||y <

zeM xeM
< sup |A(z = s2)[lv = sup | A ((Rlw) ™ Provry Re) lv =
zeM zeM
= sup [|A ((Rln) ' Prveryw) [lv < sup || Azl
weN zeMNN(T)

Let F' be a subset of a metric space (V, py ). Recall that the quantity

r(F) = inf sup py (v, f)
veV ferp

is called the Chebyshev radius of the set F', and the set
o(F):={veV: iugpv(v,f) =r(F)}
€

is called the Chebyshev center of the set F' (the set ¢(F') might be empty). It is well
known (see e.g., [19, Theorem 4]) that under mild conditions

E(AMT;V) = sup r(AT (y))),
yeT (M)

and if each set A(T!(y)) has a Chebyshev center, y € T'(9), then any method

y— ®(y) € c(y)

is optimal (such methods are often called central methods of recovery). In this con-
text, quantity on the right-hand side of estimate (1.18) is nothing else but the Cheby-
shev radius of the set A(T!(fy)). Condition (1.20) is intimately related to the re-
quirement

i r(A(T(y))) = r(A(T ' (0y))).

16
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Finally, condition (1.21) guarantees that for all z € I
z— s, =2 — (T|srm)” (Tz) € MAN(T),

which in turn under mild conditions implies that method (1.16) is an optimal one,
cf. [19, Theorem 3].

If X and Y are Hilbert spaces, 7" € £(X,Y) is a surjection and 91 is the unit
ball in X, then (see [19, Theorem 5]) one can explicitly specify a central method of
recovery:

D(y) = AT*(TT") 'y,y € T(M),
where 7™ is the adjoint to 1" operator. It looks like abstract splines allow to build
optimal method of recovery in some situations when the set 91 is given by (1.15).

Applications of abstract splines to problems of optimal recovery are also con-

tained in [4, 6].

1.5 Examples

1. If W = Ls[a,b| is the space of square integrable on |[a, b] functions with
the usual norm, X is the space L3[a,b] of continuously differentiable functions
x: |a,b] — R such that 2’ is absolutely continuous and Rz := 2" € W, Y = R",
n>2a<t;<...<t,<band T(z) = (z(t1),...,z(t,)), then according to
the result by Holladay [14, Theorem 1], the abstract spline s, from Corollary 1.1 is
actually the natural (i.e., s//(t1) = s”(t,) = 0) cubic spline that interpolates x at the
points t1, ..., ty.

Here N (R) is the space of linear on [a, b] functions, and NV (T') is the space
of functions that vanish at points ¢4, ..., ¢,. Thus condition (1.4) holds. Moreover,
the set R(N(T)) is a (closed) subspace of a strictly convex reflexive Banach space
Ls[a, b], hence is a Chebyshev set, see e.g., [12, Corollary 2.51]. Thus condition (1.10)
also holds.

A generalization of Holladay’s result to the case of the class Lj|a,b], n > 2
was obtained in [10], and corresponding results in the periodic case are contained
in [1,23].

2. Let H be a separable Hilbert space with an orthonormal basis {e;}?2,, Y =
R", R: H — H be the identity map, and the information homomorphism be

Tr = ((x,e1),...,(z,e,)).
Then N(T)={x € H:x Ley,...,e,},

Py ryr = Z (z,er)er and s, = v — Pynyx = Z(:L’, ek )e-
k=n+1 k=1
17
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Observe that for arbitrary x € H, || Py(r)z|| < [|z||, and hence if 91 is the unit ball
{r € H: ||z|| < 1}, then condition (1.21) holds. A related example is contained
in [19, Example 1.1].

3. Let W = L,[0,1],1 < p < 00, be the space of integrable in a power p func-
tions with the usual norm, Y = R"”, n € N. Define an information homomorphism
by the formula

Tz = ((Tz)1,(Tx)s, ..., (Tx),) =

1/n 2/n 1
= n/ x(u)du, n/ x(u)du, ..., n/ x(u)du | .
0 1/n (n—1)/n

The kernel of this homomorphism is the space

k/n

N(T) =<z € L0, 1]: / r(u)du=0,k=1, ...,np.
(k—=1)/n

It is again a closed subspace of a strictly convex reflexive Banach space L,[0, 1],

hence is a Chebyshev set. For each = € L,[0, 1] define a function s,.: [0,1] — R by

the formula

&/m k—1 k
s.(t) = n/ z(u)du, if t€ ( ,—) , k=1,...n. (1.22)
(

k=1)/n n n

Then y := = — s, € N(T) and for arbitrary ¢ € NV (T), one has

/0 (1) - Ja(t) — y(t) " sgn ((t) — y(t))dt =
- k/n

= > |(Tz)i[""'sgn (Tx)k/ o(t)dt = 0.
k=1 (k—1)/n

Thus by the criterion of the element of the best approximation in L,[0, 1] (see
e.g., [17, Theorem 1.4.5]) Py (ryx = y. Hence, the function s, defined by (1.22)
is the T-interpolating spline.

Observe that in the case p = 2 for the space (x4 denotes the characteristic
function of a set A)

F = span {X[O,l/n]a X[1/n,2/n]s - - - aX[(n—l)/n,l]}

again using the criterion of the element of the best approximation in L5[0, 1], one
has

E(z; F; Ly[0,1]) = inf |z —ull .00 = |7 = szl z00,1) = | Panery | 20,11

18
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Thus, for p = 2 one has

HPN(T)'Q:HLQ[OJ] S HxHLQ[O,l]?

and hence condition (1.21) holds, if 91 is the unit ball in L»[0, 1].
On the other hand, suppose that 1 < p < 2,and for 0 < ¢ < n~! consider the

function
“Urteo
x(t) — 8 Y I: 78]7
0, t e (g 1].
Obviously, ||x[/z 0,1 = 1, and (below 1/p +1/p’ = 1)
e — e’ t€(0,¢),
Pyyz = —ne'/?, te(e,nt),
0, t>nt
Moreover,

/ p /
HPN(TWHZ[O 1= (5_1/p - ngl/p> eHnt—e)nPe!? = (1—ne)P+(1—ne)(ne )P
For the function
f&) =1 -+ 1 -ty
it is easy to see that f(0) = 1 and

. / .
tl—lglof () = Foo,

thus for small enough € > 0 one has || Py 7)2||1,0,1) > 1. This means that (1.21)
does not hold for the unit ball M in L,[0, 1], p € (1, 2).

In order to finish discussion of this example, consider the following application
of the defined splines to the problem of optimal recovery, when the estimate from
above can be obtained with the help of Theorem 1.7, although condition (1.21) does
not hold (while condition (1.20) does hold).

Let w: [0,00) — R be a modulus of continuity (i.e., a continuous non-decrea-
sing semi-additive function that vanishes at 0) and denote by H“[0, 1] the class of
continuous functions x: [0, 1] — R such that

Vs, t € [0,1], |x(s) — x(t)] < w(|s —t]).

Note that H*[0, 1] C L,[0, 1] forall1 < p < co. Moreover, the T-interpolating
spline s, defined in (1.22) also belongs to L,[0, 1] forall 1 < p < oc.
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Using a known result on sharp estimates for the deviation between a function
r € H¥[0,1] and the piecewise-constant function that interpolates the average
values of x (see e.g., [17, Theorem 7.3.2]), we obtain that for a concave modulus of
continuity w and all p € [1, 3]

E(H”[0,1),T,L,[0,1]) < sup |z — s
x€H«[0,1]

L,0,1] = HfEn,wHL,,[o,l};

where the function z,,,, belongs to H“[0, 1] N N (T') and is defined as follows:

1 1 1
—w|—=2t], 0<t<—,
2 n 2n
Tnw(t) = 4] | 1 1
“wla—-2), —<t< =,
2 n 2n n
and
Tnw(t) = (—1)Fz t—E
n,w - n,w n
for " _—
- <t< +, k=0,1,...,n—1
n n

This implies the estimate

8(HW[O7 1]7 T? Lp[ov 1]) < Ssup HxHLP[O,l] = Hxn,wHLp[OJ]a
x€H[0,1]NN(T)

On the other hand, the estimate

E(H?[0,1], T, Ly[0,1]) = sup |zl po0 = |20
x€H“|[0,1]nN(T)

|Lp[0,1] )

follows from Theorem 1.6.

In the case p = ¢ it is easy to obtain (see e.g., [16, p.158]) that for an arbitrary
modulus of continuity w

1/n
sup o= sl = [ wlu)de = [Tl o,
x€H«“[0,1] 0

where the function 7, ,, belongs to H*[0, 1]NN(T') and is defined by the following

formula:
2k L/n
min _ w (‘t - — ) — n/ w(u)du
0
Hence, we obtain

onely [T
E(HW[O’ 1]7 T, LOO[Ov 1]) < Sup HIHLOO[OJ} = HEH,WHLOO[UJ]'
x€H[0,1]NN(T)

Tnw(t) = , tel0,1].

20
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As above, the estimate

E(H?[0,1],T, Lo[0,1]) = sup  |lzllz 00 = [Tnwllzopo
z€ H#[0,1]nN(T)

from below follows from Theorem 1.6.

4. Let €2 be a metric compact with a metric po and B(f2) be the space of
bounded functions z: {2 — R with the norm

|z|| By = sup |z(t)].
teQ)

Assume also that points ¢4, ..., ¢, € {2 be given. Let

Q= {tEQ: min{pg(t,tj)}ng(t,ti)}, i=1,...,n,

7=1n
and

k—1
G =0, U=\ i=2..n
=1

As the set W we consider the subspace of B({2) consisting of the functions x € B({2)
such that x(t;) =0 forallk =1,...,n.

A linear bounded operator R: X — W is defined by the formula
(Rx)(t) = x(t) —x(ty), if t€Q k=1,...,n.
Letalso Y = R"and 7": X — Y be defined by the formula
Tx = (z(t1)....,z(t,)).

It is clear that N'(T) = W and R(N(T)) = W.

Obviously, the set R(N(T)) = W is a Chebyshev set in W and for arbitrary
recX
PR(N(T))(RCC) = Rx.

Thus, for the spline s, we obtain Rs, = 0, that is s, is a piecewise-constant function
S(t) =a(ty)ift € U, k=1,...,n.
Solution of some optimal recovery problems for integral operators on the class

H*“(T') was obtained in [5]; this result was generalized in [3] to the case of functions
that take values in semi-linear metric spaces.
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5. Let Z be the group of integer numbers with the usual operation + and the
metric p(v,w) = |v — w|. Assume that n € N, n > 1, and denote by Z,, the group
of residues modulo n. Let W = X = Z, Y = 7Z,, R be the identity map, and
T:Z — 7, be the remainder of w divided by n. It is easy to see that N'(T) = nZ;
nZ is a Chebyshev set in Z if and only if n is odd. In the case of an odd n it is also
easy to get an explicit formula for the projection operator, namely

w— Tw, Tw < 3,
Pnzw:
w—Tw+n, Tw> g,

and

Tw, Tw <
sww—PnZw{ v v

IS I3

Tw—mn, Tw >

i.e., s is the residue in the least absolute residue system
n—1 n—1
5 g :

X = {x: Z—7: Y |a(k)| <oo}

keZ

6. Let

with a metric

plx,y) = le(k) —y(k)],

keZ
Y = nZ, with some natural n. Define T": X — Y,

(Tz)(nk) =z(nk), keZ.

Obviously,
N(T)={x e X: z(nk)=0V k € Z}.

The set N'(T) is Chebyshev in X, for all z € X

0 if kenZ
P k‘ — ) Y
( N(T)x)( ) {a:(nk), if k¢ nZ,

and the T-interpolating spline s, is defined by

z(k), if ke nZ,

(%XM{O it k¢ nZ
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Andriy BANDURA, Tetyana SALO, and Oleh SKASKIV

2 Slice holomorphic functions in the polydics:
directionally bounded index

2.1 Holomorphy in a fixed direction: motivation, definition and denota-
tions

In recent years, analytic functions of several variables with bounded index
have been intensively investigated. The main objects of investigations are such
function classes: entire functions of several variables [12,19,37], functions analytic
in a polydisc [4,13], in a ball [1,16] or in the Cartesian product of the complex plane
and the unit disc [15], slice entire functions [9, 10] and slice analytic functions in
the unit ball [7,30].

For entire functions, analytic functions in a unit ball or in a unit polydisc there
were proposed two approaches to introduce a concept of index boundedness in a
multidimensional complex space. They generate two function classes: functions of
bounded L-index in joint variables and functions of bounded L-index in a direc-
tion, where L and L are some positive continuous functions. They are defined in
some multidimensional complex domains and satisfy certain growth conditions at
the boundary of these domains. The first approach requires joint holomorphy for
multivariate functions of complex variables. But the second approach needs only
holomorphy in one fixed direction and joint continuity in all variables. To present
more details, we will introduce some notations and definitions from [2].

Let 0 = (0,...,0), Ry = (0,+00), R = [0,400), b = (b1,...,b,) € C"\
{0} be a given direction, D" = {z € C" : || < 1}, D = {z € C : |2| < 1},
L : D" — R, be a continuous function such that for all z € D"

b1 _
L(z) > Blr%agl 1——|zj|’ B = const > 1. (2.1)

Remark 2.1. Notice that if € [0, 3], z € D" and |t| < 75 then z +tb € D".
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For a given z € D" we denote S, = {t € C: z+tb € D"}. The slice functions
on S, for fixed 2° € D" we will denote as ¢.0(t) = F'(2°+tb)and Lo (t) = L(2°+tb)
fort € S,.

Definition 2.1 ( [2]). An analytic function I : D" — C is called a function of
bounded L-index in the directionb € C" \ {0}, if there exists my € Z. such that for
everym € Z., and for all z € D" one has

m k
FE] o)

— — 2.2
mlL™(z) ~ o<k<mo K!LF(2)’ 22)

where 0 F(2) = F(2), 0y F(2) = 21 Py, hF(2) = 0u (85 F(2)) k> 2.
P

The least such integer number my, obeying (2.2), is called the L-index in the
direction b € C" \ {0} of the function F' and is denoted by Ny(F, L). If such my
does not exist, then we put N, (F, L) = oo, and the function F is said to be of
unbounded L-index in the direction b € C" \ {0} in this case. Let [ : D — R,
be a continuous function such that I(z) > %M Forn =1,b =1, L(2) = I(2)
(z € D) inequality (2.2) defines an analytic function in the unit disc of bounded
l-index with the [-index N (F,l) = N;(F,!). The definition was firstly introduced
for entire functions by B. Lepson [22] (see also [23]). Let Ny,(F, L, 2°) stands for
the L-index in the direction b € C" \ {0} of the function F' at the point 2°, i.e., it
is the least integer my, for which inequality (2.2) is satisfied at this point z = 2°.
By analogy, the notation N(f,1,2°) is defined if n = 1, i.e., in the case of analytic
functions in the unit disc ((2.2) is true for F'= f, L =1, b = 1).

Methods of investigation of properties of functions with bounded L-index in a
direction often use the restriction of the function to the slices {z° +tb: t € C}. For
fixed b € C" \ {0} and 2° € C", using considerations from the one-dimensional
case, mathematicians obtain the estimates which are uniform in 2° € C". This is a
short description of main idea. In view of this, Prof S. Yu. Favorov (2015) posed the

following problem in a conversation with Prof. O. B. Skaskiv.

Problem 2.1 ( [36]). Let b € C" \ {0} be a given direction, L : C" — R, be a
continuous function. Is it possible to replace the condition “F' is holomorphic in C"” by
the condition “F' is holomorphic on all slices 2" +tb ” and to deduce all known properties
of analytic functions of bounded L-index in direction for this function class?

There was presented a negative answer to Favorov’s question [36]. This relax-
ation of restrictions by the function ' does not allow the proving of some theorems.
Here by D we denote a closure of domain D. There was proved the following propo-
sition.
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Proposition 2.1 ( [36], Theorem 5). For every direction b € C" \ {0} there exists a
function F'(z) and a bounded domain D C C" with following properties:

1. F is holomorphic function of bounded index on every slice {2° +tb : t € C} for
each fixed 2 € C";

2. F'is not analytic function in C";

3. F does not satisfy (2.2) in D, i.e., for any p € 7, there exists m € Z, and
2z, €D
m k
|05 F'(2p)] > max{'abF(Zp)‘ 0<k Sp}-
m! k!

Let D be abounded domain in C". If inequality (2.2) holds for all z € D instead
C", then F is called function of bounded L-index in the direction b € C" \ {0}

in the domain D. The least such integer my is called the L-index in the direction
b € C"\ {0} in the domain D and is denoted by Ny,(F, L, D) = my.

Proposition 2.2 ( [36], Theorem 2). Let D be a bounded domain inD", b € D™\ {0}
be arbitrary direction. If L: D" — R is continuous function and F'(z) is an analytic
function such that (V2° € D): F(z +tb) £ 0, then Ny(F, L, D) < oo.

Hence, if we replace holomorphy in C" by holomorphy on the slices C" N
{2V +1b : t € C}, then conclusion of Proposition 2.2 is not valid. Thus, Proposition
2.1 shows impossibility to replace joint holomorphy by slice holomorphy without
additional hypothesis. The proof of Proposition 2.2 uses continuity in joint variables
(see [36], Equation (6)). In view of this, there was constructed theory of slice entire
functions [10, 11] and slice holomorphic functions in the unit ball [7,30]. Since the
unit polydisc is not biholomorphic equivalent to unit ball, it leads to the following
question

Problem 2.2. What are additional conditions providing validity of Proposition 2.2 for
slice holomorphic functions in the unit polydisc?

Please note that the positivity and continuity of the function L are weak re-
strictions to deduce constructive results. Thus, we assume additional restrictions
by the function L from [2, 6].

Let us denote

L(z + t;b) Ui
Ap(7) = sup sup {—: 11 —to] < — .
() veDn by tpe8, | L(2 + tab) | | min{L(z + t1b), L(z + t2b)}

By Qn(ID"), as in [3], we denote a class of positive continuous functions L :
D" — R, satisfying (2.1) and the condition

Vn € [0; 5] : Ap(n) < +oc.
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For a positive continuous function [(t), t € D, and 1 € [0; ] we define A\(n) =
Ab(n) in the cases, when b = 1, n = 1, L = [. Asin [25], let Q(D) = Q1(D)
be a class of positive continuous functions [(t), ¢ € D, obeying the condition 0 <
A(n) < +oo for all n > 0. Besides, we denote by (a,c) = > a;¢;, where a, ¢ € D".

j=1

Let Hy, (D") be a class of functions which are holomorphic on every slices {2°+
tb:t € S0} for each 20 € D" and let Hy,(ID") be a class of functions from Hy,(ID")
which are joint continuous. The notation 0y F'(z) stands for the derivative of the
function g.(t) at the point 0, i.e., foreveryp € N 0y F(z) = ggp)(O), where ¢, (1) =
F(z + tb) is analytic function of complex variable ¢ € C for given z € D". In
this research, we will often call this derivative as directional derivative because if
F is analytic function in D" then the derivatives of the function g, (¢) matches with
directional derivatives of the function F.

Please note that if F' € Hy,(D") then for every p € N OhF' € Hyp,(D"). It can
be proved by using of Cauchy’s formula.

Together the hypothesis on joint continuity and the hypothesis on holomorphy
in one direction do not imply holomorphy in whole n-dimensional complex unit
polydisc. We give some examples to demonstrate it. Forn = 2let f : D — C
be an analytic function, g : D — C be a continuous function. Then f(z1)g(22),
f(z1) £ g(z2) are functions which are holomorphic in the direction (1,0) and are
joint continuous in D?. Moreover, the function f(z1 - g(22)) has the same properties
if |g(2)| = 1. If, in addition, we have performed an affine transformation

21 = bQZi + blzé,
29 = bQZi — blzé

then the new functions are also holomorphic in the direction (b, by) and are joint
continuous in D?, where |b1b;| = 1/2. This conditions concerns the jacobian of the
transofrmation and provides that unit polydisc will be mapped on a unit polydisc.

A function F' € Hp,(D") is said to be of bounded L-index in the direction b €
C" \ {0}, if there exists my € Z. such that for all m € Z, and each z € D"
inequality (2.2) is true. All notations, introduced above for analytic functions of
bounded L-index in direction, keep for functions from ﬁb(]D)”).

2.2 Sufficient Sets

Now we prove several assertions that establish a connection between functions
of bounded L-index in direction and functions of bounded [/-index of one variable.
The similar results for analytic functions in the unit ball were obtained in [8], for
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slice holomorphic functions in C" [10], for entire multivariate functions [38]. The
next proofs use ideas from the mentioned papers.

Proposition 2.3. If a function F € 7—N[b(D”) has bounded L-index in the direction
b € C"\ {0} then for every z € D" the analytic function g.(t) is of bounded [ .-index
and N(g.,1,) < Np(F, L).

Proof. Let z € D", g(t) = g.(t), l(t) = [.(t). Asforallp € N
gP)(t) = OV F(z + tb), (2.3)

then by the definition of boundedness of L-index in the direction b € C" \ {0} for
allt € S, and p € Z, we obtain
9" @] _ 1P )] { |ORF'(=° + tb)|
plir(t)  plLp(20+tb) — K\LF(20 + tb)

:ogngb(F,L)} —

_ g (@)
_ max{ W 0SS N L)}.
Hence, we obtain that ¢(¢) is of bounded l-index and N(g,1) < N (F, L). Proposi-
tion 2.3 is proved. []

Equality (2.3) implies that the proposition holds.

Proposition 2.4. If a function F' € Hy,(D") has bounded L-index in the direction
b e C"\ {0} then

Ny(F,L) = max{N(g.,l.) : z € D"}.

Theorem 2.1. A function F' € ﬁb(]D)”) has bounded L-index in the direction b &
C" \ {0} if and only if there exists a number M > 0 such that for all z € D" the
function g.(t) is of bounded l,-index with N(g.,l.) < M < +o00, as a function of
variable t € C. Thus, Np(F, L) = max{N(g,,l.) : z € D"}.

Proof. The necessity follows from Proposition 2.3.

Sufficiency. Since N(g.,l.) < M, there exists max{N(g.,l.) : z € D"}. We
denote Ny,(F, L) = max{N(g.,l,) : z € D"} < 400. Suppose that Ny,(F, L) is not
the L-index in the direction b € C" \ {0} of the function F'(z). It means that there
exists n* > Ny (F, L) and z* € D" such that

|0p F(2)] OnF(2")]
—_— —— <k < ) .
T R W 0< k< Nu(F, L) (2.4)

Since for g,(t) = F(z + tb) we have ggp)(t) = OV F(z + tb), inequality (2.4) can
be rewritten as <

(n*) (k)
(0| > max { 9 O . < Np(F, L)} , but it is impossible

n*11m(0) klE, (0)
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(it contradicts that all /.-indices N(g.,,!.) are not greater than Ny, (F, L)). Thus,

Ny (F, L) is the L-index in the direction b € C"\ {0} of the function F'(z). Theorem
2.1is proved. O

However, maximum can be calculated on a set A with a property | .o 4{z" +
tb : t € S,0} = D". Thus, the following assertion is valid.

Lemma 2.1. If a function F' € ﬁb(]D)") has bounded L-index in the direction b, then
max{N(g.o,10) : 2 € D", Z?o = 0}, if jo is such that b;, # 0,

Ny(F,L) = n n
b(F, L) max{N(g.o,l0) : 20 € D", 30 20 =0}, if 327 b; #0.
j=1
Proof We prove that for every z € D" there exist 2 € C" and t € S,o with
z = 2" 4+ tb and z = 0. Putt = z;,/bj,, 2] = z; —tb;, j € {1,2,...,n}. Clearly,
z;, = 0 for this ch01ce
However, the point 2° may not be contained in D". But there exists ¢t € C that

0° j:

2+tb € D" Let 2’ ¢ D" and |z| = R; < 1. Therefore, = \z—zﬁb—i—tb| =
[z (t=52)b < |2|+ |t — 32| [b| < Ri+|t—32 j°|<ﬂ-
big bjo o bl

In the second part we prove that for every z € D" there exist 2" € C" and

2. _
t € S.o such that z = 2V —I—tbandZ] 12:] = (. Putt = Tibjandz = z; — tbj,

1 < j < n. Thus, the following equality is valid Y7, 2} = Y7 (2 — tb;) =
D e % — Dy bit = 0.

Lemma 2.1 is proved. []

Note that for a given z € D" we can pick uniquely z° € C" and t € S,o such
that 37, 2} = 0 and 2 = 20 + tb.

Remark 2.2. If for some z° € C" one has {2 +tb : t € C} (D" = () then we put
N(gzo, lzo) = 0.

Theorem 2.2. Let Ay C C" be such that|J,.4 {z +tb:t € S.} = D". A function
F € Hy(D") is of bounded L-index in the directionb € C"\ {0} if and only if there
exists M > 0 such that for all 2° € Aq the function g.0(t) is of bounded I.0-index
with N(g,0,l,0) < M < 400, as a function of variablet € S,o and Nyp(F,L) =
max{N (g.0,10) : 2° € Ap}.

Proof. By Theorem 2.1 the analytic function F/'is of bounded L-index in the direction
b € C"\ {0} if and only if there exists number M > 0 such that for every 2° € D"
the function g.0(t) is of bounded [,o-index N (g.0,l,0) < M < +o0, as a function

of variable t € S.o. But in view of property of the set A, for every 2" + tb there
exist 2! € Ay and t € D such that 2° + tb = 2° + tb. In other words, for all
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p € Zy (g.,(t))P = (g5, (t))P). But t depends on t. Thus, the condition that g.o(t)
is of bounded [.0-index for all 2 € D" is equivalent to the condition g (t) is of
bounded /50-index for all 2V € A,. ]

Remark 2.3. An intersection H N D} of an arbitrary hyperplane H = {z € C" :
(z,¢) = 1} and the set D} = {z + 1zézc’>c>b: z € D"}, where (b,c) # 0, satisfies
conditions of Theorem 2.2.

We prove that for every w € D" there exist = € H [ |Df and ¢t € C such that
w = z + tb.

—1
Choosing z = w + 1zéf‘é’>c>b e HNDE, t = %, we obtain
1 —(w,c) (w,c) — 1
TR TR T g

Theorem 2.3 requires replacement of the space ﬁb(]D)”) by the space Hp(D").
In other words, we use joint continuity in its proof.

Theorem 2.3. Let A = D", i.e,, A be an everywhere dense set in D" and let a function
F € Hy(D™). The function F is of bounded L-index in the direction b € C" \ {0} if
and only if there exists M > 0 such that for all 2° € A a function g.o(t) is of bounded
Lo-index N(g.o0,1,0) < M < +00 and Ny (F, L) = max{N(g.0,1.0) : 2! € A}.

Proof. The necessity follows from Theorem 2.1.

Sufficiency. Since A = D", then for every 2° € D" there exists a sequence 2",
that 2™ — 2% as m — +oc and 2™ € A for all m € N. However, F'(z + tb) is of
bounded [,-index for all z € A as a function of variable ¢. That is why in view the
definition of bounded [,-index there exists M > Othatforallz € A,t € C,p € Z.

6] 9P 0]
zi!lp(t) S max{ i!l’;(t) 0<E< M.

Substituting instead of z a sequence 2™ € A, 2™ — 20 we obtain that for
every m € N

|0V F (2™ + tb)] - O F (2™ 4 tb)|
m
p!LP(z(m) 4+ tb) — KLk (2(m) + tb)

:OSkSM}.

Since F is joint continuous, we can write 9} F'(z) = f—;i f‘ Her %dt. Hence,
F and Oy F are continuous in D" for all p € N and L is a positive continuous
function. Thus, in the obtained expression the limiting transition is possible as
m — +oo (2™ — 20). Evaluating the limit as m — 400 we obtain that for all

LeD',teC,mecZ,

|OLF (20 + tb)| a |OFF(2° + tb)|
X
plLP (20 +tb) — K!L*(20 + tb)

:OSkSM}.
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This inequality implies that F'(z + tb) is of bounded L(z + tb)-index as a
function of variable ¢ for every given z € D". Applying Theorem 2.1 we obtain the
desired conclusion. Theorem 2.3 is proved. [

Remark 2.3 and Theorem 2.3 yield the following corollary.

Corollary 2.1. Let Ay be such that its closure is Ag = {z € C" : (z,¢) = 1} (DY,

where (c,b) # 0, D} = {z 4 Z>C>b z € D"}. A function F € Hy(D") is of
bounded L-index in the dzrectlon b € C"\ {0} if and only if there exists num-
ber M > 0 such that for all 2° € Ay the function g.o(t) is of bounded [.0-index
with N(g.0,1,0) < M < 400, as a function of variablet € S,o. And Ny(F,L) =

maX{N(gZo, lzo) Ve A()}

Proof. In view of Remark 2.3 in Theorem 2.2 we can take By = {z € C" : (z,¢) =
1n{z+= Z>C>b z € D"}, where (¢, b) # 0. Let Ay be a dense set in By, Ay = By.
Repeating con51derat10ns of Theorem 2.3, we obtain the desired conclusion.

Indeed, the necessity follows from Theorem 2.3 (in this theorem same condition
is satisfied for all z° € C", and we need this condition for all 2° € Ay).

To prove the sufficiency, we use the density of the set Aj. Obviously, for every
2 € By there exists a sequence 2™ — 2% and 2(™ € Aj. But g.(t) is of bounded
[,-index for all 2 € Aj. Taking the conditions of Corollary 2.1 into account, for

some M > 0 and forall z € Ay, t € C, p € Z, the following inequality holds

(») (k)
2 (t) lg=" ()] .
g,lp() <max{i,lk() .O<k<M}.

Substituting an arbitrary sequence 2™ € A, 2™ — 20 instead of z € A°, we

h |g“”<>|< |g“§2n><>|,0<k<M hat i
avew_max W ~ ~ 7J[EltlS

0L F (2™ +1b) |OEF (2™ +1b)
max

Lr(zm +tb)  ~ogeM KILF(20m)+ib)

However, F'is an analytic function in D", L is a positive continuous. So we calculate
a limit as m — +o00 (2™ — 2). For all 2 € By, t € S,0, m € Z, we have
|00 F (2" + tb)] |OEF (20 +tb))|

< :
Lr(24+tb) — 0ShEN K\LF(20 + tb)

Therefore, F'(2° + tb) is of bounded L(z° + tb)-index as a function of ¢ at each
2" € D". By Theorem 2.3 and Remark 2.3 F is of bounded L-index in the direction
b. []

Proposition 2.5. Let (r,) be a positive sequence such that r, — 1 asp — o0,

D,={2€C": |z| =r,}, A, be adense set in D, (i.e. A, = D,)and A = |J A,.

p=1
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A function F' € Hy,(ID") is of bounded L-index in the directionb € C" \ {0} if and
only if there exists number M > 0 such that for all 2 € A the function g.o(t) is of
bounded [0-index N(g.0,l,0) < M < 400, as a function of variablet € S,o. And
Np(F,L) = max{N(g.o,1.0) : 2 € A}.

Proof. Theorem 2.1 implies the necessity of this theorem.

Sufficiency. It is easy to prove {z +tb : t € S,, z € A} = D". Further,
we repeat arguments with the proof of sufficiency in Theorem 2.3 and obtain the
desired conclusion. ]

2.3 Local behavior of directional derivative

The following proposition is important in theory of functions of bounded in-
dex. It initializes series of propositions which are necessary to prove logarithmic
criterion of index boundedness. It was first obtained by G. H. Fricke [42] for en-
tire functions of bounded index. Later the proposition was generalized for entire
functions of bounded /-index [31], analytic functions of bounded /-index [39], entire
functions of bounded L-index in direction [28], functions analytic in a polydisc [13]
or in a ball [16] with bounded L-index in joint variables, for slice holomorphic func-
tions in C" [10].

Theorem 2.4. Letb € C"\ {0}, L € Qp(D"). A function F € Hy,(D") is of bounded
L-index in the direction b € C" \ {0} if and only if for each n € (0; 5] there exist
nyg = no(n) € Zy and P, = Pi(n) > 1 such that for every z € D" there exists
ko = k()(Z) € Z+, 0 < ky < ny, and

max{‘@ﬁoF(z v tb)) ] < L} <P ‘8§°F(z)‘ . (2.5)

L(z)
Proof. Our proofis based on the proof of appropriate theorem for analytic functions
in the unit polydisc having bounded L-index in direction [1] and for slice holomor-
phic functions in C" [10].
Necessity. Let Np(F'; L)=N < 400, and [a], a € R, stands for the integer part
of the number a in this proof. We denote

q(n) = [2n(N + 1)(Ap(n))*M ] + 1.
For z € D"and p € {0,1,...,q(n)} we put

|OFF (2 + tb)|

Dt <
k!Lk(z—i-tb) ‘ ‘_

b —_
Rp(z,1m) = max{

08 F (= + tb)|
K\LE(z)

ﬁg(z,n):max{ dE < Pl ,ngSN}.
q\n
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However,

q(n]))Z(Z) < L?Z),then Ab (%) < Ap(n).Itis clear that Rg(z,n),

EE(Z, n) are well-defined. Moreover,

R}?(zk,n) =
. |OEF(z+tb)| [ L(z) .
_max{ ) (L(Z%b) :0<k<N, |t|§% <
|OF F(2+tb)| k

gmax{tmw()\b(qlgn )) <75tz 0Sk<Np < (2.6)

gmax{%(xb( DE: ] < s, O<k<N}

< (An(n))" max {% <2 0< k< N}

= R5(z, ) (Mb(n )) :
. |OF F(2+tb)| ( L(z+tb)
—max{ FILF(-+1b) ( I(2) ) <im0 < k<N <
Ok F (=+1b)|

o B0 (1) Wgimohen)s

gmax{@b(n))k% t < s, O<k<N}
< () max { EEER 1] < o 0 < k< N} =

b)
b)
b)
L)
= Rp(2,1) (M (n))N

Letk; € Z,0 < k; < N,andt; € S, |t§| < be such that

Py

q(n)L(z)’
ky z

0, F (% + tpb)|

RP(z,n) = =
P kI LR (z)

(2.8)

However, for every given z € D" the function ¢.(t) = F(z + tb) and its
derivatives are analytic as functions of variable ¢. Then by the maximum modulus
principle, equality (2.8) holds for ¢; such that |¢;| = ( - We set tZ =B 1t2 Then

~ _(p—1)n

=ty &
~ 21 ‘tz‘ . n
GG = = e (2.10)

It follows from (2.9) and the definition of E‘;_l (z,m) that

k? ~
0y F' (2 + t2b)

Rb 1(2 77) kz
kZIL'(2)
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Therefore,

Oy F(2+t:b)|— 017 F(++13b)

0< Rp(2,n) — Rp_1(2,m) <

_ 1 (la
kLM () JO ds

. k2\LF5 (2) (2.11)
O F (= + (I + s(t2 — t;))b)( ds.

For every analytic complex-valued function of real variable ¢(s), s € R, the
inequality ds\go( )| < ‘%gp(s)‘ holds, where ¢(s) # 0. Applying this inequality to
(2.11) and using the mean value theorem we obtain

RP(z,t9,m) — B2\ (2,1, n) <
tz z
< k|Z'L—’f/ ‘ak 3 (z+ (t +s(t] —tz))b)‘ds:

2 — £
kz
kIR

‘ak SR @+ - B)b)| =

k:+1

= L(2)(k: + 1)|t7 — |‘ b’ F(Z-l-(%—l—s*(t;—%))b”

(kz + 1)ILF+(2) ’
where s* € [0, 1]. The point tz + s*(t; — tz) belongs to the set

. pn n
{t cC: i< nt < L<z>}'

Using the definition of boundedness of L-index in direction, the definition of
q(n), inequalities (2.6) and (2.10), for k> < N we have
kil g

= 0y F (2 + (t; +5°(t; = ,))b)|
(kg DILS T (2 + (82 + s*(t; — t2))b)

p
2+ (C+s*(t5—1) b\ 7T -

L(z)
N+1 N OFF (2 + (5 4 s*(t: — £2))b)|
< nm(/\b(n)) max{ e (% Py %))b) 0<Ek< N} <
< n%@b(n))m@(z, m <

(N + 1D An(m)* M~ .
S BV T DOw)N 1 e < gy (=)

It follows that Eg(z, n) < QRJE’_l(z, n). Using inequalities (2.6) and (2.7), we
obtain for R)(z,7)

RP(z,m) < 2(xu() VR (2,1) < 2(0w(0)*V RE_ (2, n).
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Hence,

|85 F (2+tb)|
k!LF(z+tb)

<20w( ))QNR'“’

Ht] < ) :Rz’w)(z,n) <

(zm) <(2 (/\b(n))m)QR'qE’(n)_z(Zﬂ?)S (2.12)
(26 (n)* M) RE (2,1) =

)4 (”)max{f!ﬁ((z))' 0<Ek< N}

max

= (2(Ab( )

Letk. €Z,0<k.<N,andt, € C, |t.| = Z(z be such that

§ Ng

k. k
|%F@»ﬂmQaF@\

k) LF=(2) oo KILF(2)

and
|0 F (2 + £.b)| = max{|0f*F(z + tb)| : [t| < n/L(2)}.

Inequality (2.12) implies

k. g k.

kLk:(z +t,b) — kz!Lkz(z+tb) T L(2)
|0f F(z + tb)|
< = ——,0< k<N
—max{ WL+ tb) L( yY
05 F(2)]

S (2()\b(n))2N)q(77)kZ'L—kz(Z)
Hence,

max {|0f F (= + 1b)| : [t <n/L(2) } <

k. > g
< (2wl ékizgzb) 2l <

F(
< (20w ()™M ()M F(2)] <
< (20w (1)) b ()N [0 F(2)).
Thus, we obtain (2.5) with ng = Ny (F, L) and

Py(n) = (2(w(m)*) " (Ap ()" > 1.

Sufficiency. Suppose that for each n € (0; 5] there exist ng = ng(n) € Z,
and P, = Pi(n) > 1 such that for every z € D" there exists kg = ko(z) € Z,
0 < ky < ny, for which inequality (2.5) holds. We choose > 1 and j, € N such

0y
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that P, < 7. For given z € D", kg = ko(z) and j > jy by Cauchy’s formula for
F(z + tb) as a function of one variable ¢

. ko
kot L O F(z +tb)
abo jF(z) = 2_7m/ s dt.
|t|=n/L(z)

Therefore, in view of (2.5) we have

L (z
max{m{jOF(z +tb)| 1 |t] = %Z)} <p n(f )|(91’§°F(z)\,

o5 E()| _ ()
J! o
Hence, for all j > jy, z € D"

O EE| k! PUGYFE] 0 PR RG]
(k’o —|—j)!LkO+J(Z) o (] + ]{30)' n’ k’o!LkO(Z) o ]{ZQ!LkO(Z) o ko!LkO(Z)

Since ky < ng, the numbers ng = ny(n) and jo = jo(n) are independent of z
and ?, this inequality means that a function /" has bounded L-index in the direction
b € C"\ {0} and Ny(F, L) < ng + jo. The proof of Theorem 2.4 is complete. [

Theorem 2.4 implies the next proposition that describes the boundedness of
L-index in direction for an equivalent function to L.

Theorem 2.5. Let L. € Q,(D"), % < 01 < 0y < 400, 01L(2) < L*(2) < 0:L(2).

A function F € Hy,(D") is of bounded L*-index in the directionb € C" \ {0} if and
only if F' is of bounded L-index in the directionb € C" \ {0}.

Proof. Obviously, if L € Qp(D") and 6, L(z) < L*(z) < 02L(2), then L* € Qn,(D")
with §* € [015;0,5] and 8* > 1 instead § > 1. Let N,(F, L*) < +00. Therefore,
by Theorem 2.4 for each n*, 0 < n* < (365, there exist ny(n*) € Z, and P;(n*) > 1
such that for every z € D", ¢y € S, and some ky, 0 < ky < ng, inequality (2.5) is
valid with L* and n* instead of L and 7. Taking n* = 61 we obtain

P F(2)] > max { |80 F(= + th)| : |t] < n/L*(2)} >
> max {|3{§0F(z +b)|: |t < n/L(z)} .

Therefore, by Theorem 2.4 the function F'(2) is of bounded L-index in the direction
b € C"\ {0}. The converse assertion is obtained by replacing L on L*. O

Theorem 2.6. Let L € Qp(ID"), m € C\ {0}. A function F € Hy,(D") is of bounded
L-index in the direction b € C" if and only if F(z) is of bounded L-index in the

direction mb.
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Proof. Let a function F € Hp,(D") be of bounded L-index in the direction b €
C" \ {0}. By Theorem 2.4 (Vn > 0) (Ing(n) € Zy) (IP(n) > 1) (Vz € D)
(Fko = ko(2) € Z4, 0 < ky < ng), and the following inequality is valid

max {|a,’;0F(z b)) : [t < n/L(z)} < POFF(2)]. (2.13)

Since % = (m)kg%, inequality (2.13) is equivalent to the inequality

max { m| [0 F(= + tb)]| - |t] < n/L(2)} < Pilm|™|0f F(2)

as well as to the inequality
t
max{‘@fbe(z + Emb)’ |t/m| < 77/(|m|L(z))} < Py|o% F(z2)].
Denoting t* = %, n* = %, we obtain

max {\ajjng(z +tmb)|: [t*] < ' /L(z)} < PafF(2)).

By Theorem 2.4 the function F'(z) is of bounded L-index in the direction b € C" \
{0}. The converse assertion can be proved similarly. []

Please note that Proposition 2.5 can be slightly refined. The following propo-
sition is easy deduced from (2.2).

Proposition 2.6. Let L1(z), L(z) be positive continuous functions, F € Hp,(D")
be a function of bounded L,-index in the direction b, for all z € D" the inequality
Li(z) < Lo(2) holds. Then Ny,(Lo, F') < Ny(Lq, F).

Using Fricke’s idea [40], we deduce a modification of Theorem 2.4. Our proof
is similar to proofin [58].

Theorem 2.7. Let L € Qu(D"), F € Hy(D"). If there existn) € (0, 8], ng = ng(n) €
Z and P, = Pi(n) > 1 such that for any z € D" there exists ky = ko(z) € Z,
0 < ko <nyg, and

(|0 F (= + b)) - ] < /L(=)} < PIOLF(:)],
then the function I’ has bounded L-index in the directionb € C" \ {0}.

Proof. Besides the mentioned paper of Fricke [40], our proof is similar to proofs
in [58] (analytic functions in the unit ball of bounded L-index in direction), [31]
(entire functions of bounded [-index) and [10] (slice holomorphic functions in C").
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Assume that there exist n € (0, 8], ng = no(n) € Z, and P, = P;(n) > 1 such
that for any z € D" there exists kg = ko(2) € Z., 0 < kg < ng, and

max{|0F (2 + tb)| : |¢| < %} < POl F(2)). (2.14)
2
If n € (1, 3], then we choose jy € N such that P; < 7/0. And for € (0;1] we

choose jy € N such that (]:ioflg(f)!Pl < 1. The j, is well-defined because

Jo!ko! ko! .
— P = — : , P, — 0, jo— oo.
Go+ ko) " Go+DGo+2) . (o+ko) '
Applying integral Cauchy’s formula to the function ¢,(t) = F(z + tb) as
analytic function of one complex variable ¢ for j > j; we obtain that for every

z € D" there exists ky = ko(z), 0 < ko < nyg, and

. | ko

o i+l

t=z%
Taking into account (2.14), we deduce
ko+j :
o) _ 1(2)
g T

L'(z)

nJ

max{\@lﬁOF(qutb)\: ] = 7 }§P1

MR(2)].

(2.15)
In view of choice j, with n € (1, 5], for all 7 > j, one has

Oy FE) gkl P |OF(2)] il P _ 105 F ()]
(ko —i—j)'LkO—H(Z) o (] + ko)' 77j kQ!LkO(Z + tob) o ko!LkO(Z’) o k)o!LkO(Z).

Since kg < nyg, the numbers ny = ng(n) and jo = jo(n) do not depend of z,
and z € D" is arbitrary, the last inequality is equivalent to the assertion that F' has
boudned L-index in the direction b € C" \ {0} and Ny(F, L) < ng + Jo.

If n € (0,1), then from (2.15) it follows that for all j > j,

O ()]
(ko + j)!1LMo+i(2)
or in view of choice jg

Oy F ) v | E(2)]
(ko +g)! Lroti(z) = kol  Lho(z)

iko!PL 10 F(2)] _ |0 F(2)
(7 + ko) piko! LFo(2) = niko!LFo(2)

<

Thus, the function F is of bounded L-index in the direction b, where L(z) =
#. Then by Lemma 2.5 the function F' has bounded L-index in the direction
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b e C"\ {0},if ns > 1. When ) < %, we choose arbitrary v > niﬂ By Lemma 2.5
the function F' is of bounded L;-index in the direction b € C" \ {0}, where
Li(z) = nyL(z). Then be Lemma 2.6 the function F' has bounded L;-index in
the direction vb. Since 8,]§bF = Y*OFF and L}(2) = 7*L*(2), in inequality (2.2)
with the definition of L-index boundedness in direction the corresponding multi-

plier v is reduced. Hence, the function F' is of bounded L-index in the direction
b € C"\ {0}. Theorem is proved. O

2.4 L-index in direction in a domain compactly embedded in the polydisc

Let D be an arbitrary bounded domain in D" such that dist(D,B") > 0. If
inequality (2.2) holds for all z € D instead D", then the function F' € ﬁb(]]))”) is
called a function of bounded L-index in the direction b € C" \ {0} in the domain
D. The least such integer my is called the L-index in the direction b € C" \ {0}
in domain D and is denoted by Ny,(F, L, D) = my. The notation D stands for a
closure of the domain D.

Theorem 2.8. Let D be a bounded domain in D" such that d = dist(D,B") =
inf.ep(l —|z]) > 0,8 > 1,b € C"\ {0} be a given direction. If L: D" — R, is
continuous function such that L(z) > mb' , and afunction F € Hy(D") be such that
(V2" € D): F(2+tb) £ 0, then Nb(F L,D) <

Proof. This proof is similar to proof in [57] for analytic functions in the unit ball.
For every fixed 2° € D we expand the analytic function F/(z +tb) in a power
series by powers of ¢ in the disc {¢t € C : |t] < ﬁ}

X am 0
F(2"+1tb) =) abf;—('z)tm. (2.16)
m=0 )

The quantity [ )] ( s the modulus of a coeflicient of the power series (2.16) at the

pointt € C such that t] = ) Since F(2) is analytic function, for every zy € D

\(%”F(Z )|

L (20) —0 (m— ),

i.e., there exists my = m(z", b) such that inequality (2.2) holds at the point z = 2°
forallm e Z,.

We prove that sup{my: 2’ € D} < +00. On the contrary, we assume that the
set of all values my is unbounded in 2, i.e., sup{my: N e E} — +00. Hence, for
every m € Z. there exists 2 €D and p,, > m

o5 F (=) Bk F ()]
ol Do (200~ M gk ey O SR E Ty (2.17)
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Since {2(™} C D, there exists subsequence 2™ — 2’ € G as m — +o0. By
Cauchy’s integral formula

HF(z) 1 / Fz+1th) |
|t|=r

p! T om tr+l

for any p € N, z € D. Rewrite (2.17) as following

o5 F (=)

1 |F(2(™) + tb)| 1
< dt| < — max{|F(z)|:z€ D,}, (2.18
me(Z(m)) 4|T/L(Z(m)) |t‘pm+1 | | = rPm {‘ ( )‘ } ( )

where D, = J...p{z € C": |z — 2*| < ggr)} We can choose r € (1, 3), because
g0 (t) = F(2'™ + tb) is an analytic function in S .. Evaluating the limit for
every directional derivative of fixed order in (2.18) as m — oo we obtain

O RFE) o 1 ,
Thus, all derivatives in the direction b € C" \ {0} of the function F' at the point 2’
equals 0 and F'(Z') = 0. In view of (2.16) F(z' 4+ tb) = 0. It is a contradiction.

[]

2.5 Estimate of maximum modulus by minimum modulus

Using Theorem 2.4, we will prove the next criterion of L-index boundedness
in direction. Similar results was firstly deduced by G. H. Fricke [40] for analytic
functions of bounded index. Further it was generalized for various classes of holo-
morphic functions [16, 25,31].

Theorem 2.9. Let L € QP A function F € Hy,(D") has bounded L-index in the
direction b € C" \ {0} if and only if for any r1,5 € (0; 8] (r1 < r3), there exists
Py = Pi(ry,r9) > 1 such that for every 2 € D"

LZZO)} < Pymax {|F(z"+1b)| : \t\:LgO)}. (2.19)
Proof. Our proof is based on the proof of appropriate theorem for analytic functions
of bounded L-index in direction [28,32].

Necessity. Let N,(F, L) < 4o00. On the contrary, suppose that there exist
number 1 and 9, 0 < r; < r9 < f, such that for each P, > 1 there exists
z* = 2*(P,) € D" satisfying inequality

max {|F (2" + tb)] : |t|=

L(z*)

V> Pomax {|F(2* +tb)| : [t]=——-1.

max {|F(* + b)) : |f] = L(=")
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By Theorem 2.4 there exist ny = ng(re) € Z, and By

that for all z* € D" and some ky = ko(t*

inequality holds

max { ‘8,];017(2* + tb)’ |t = TQ/L(Z*)} < Ryl F(")|.

One should observe that for ky = 0 the proof of necessity is obvious, because (2.20)
impli )} < Ry|F(2)| < Pymax {|F(z*+1b)] :

Mo 'rl
) (P() + ) + 1.
o — T

implies max {|F(z*+tb)| : [t| = ro/L(z*

[t]=71/L(z")}.

Suppose that ky > 0 and

710! (

()

T

Z*) € Z+,O S ]{30

We choose ty € C such that |ty| = r1/L(z*) and

|F(z" + tob)| = max {|F'(z* + tb)|

and ty; € C, |to;| = ro/L(z*), be such that

<

Py(ry) > 1 such
ng, the following

(2.20)

(2.21)

e =1 /L(z7)} >0,

B F (2" + to;b)| = max{[8) F (=" +tb)| : [t|=r2/L(2")},

j € Z,. In the case |F(z* + tob)| = 0 by uniqueness theorem for all t € C one
has F'(z* 4+ tb) = 0. But it contradicts inequality (2.5). By Cauchy’s inequality we

deduce

J *
\%F@n<<
T

& F(2* + to;b) — & F(2")

L(Z*) J

1

) [F(2* + tob)|,j € Z,

toj
:/ a{,“F(z*+tb)dt|g
0

< ‘%HF(Z* + tO(j+1)b)‘ ik

(2.22)

(2.23)

L(z*)
From inequalities (2.22) and (2.23) it follows that
: L(* o o
0 Pt 2 2 (Pt b)l -0 ()} 2
L t* I (2
> L‘WF —|—tojb)’ #\F(z +tob)|,
T9 (7“1)9

j € Z.. Hence, for ky > 1 we obtain

[0 F (2" + tog,b)| =

L

(2%)

T2
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(ko— 1)1 LFo (%) LFo(2%)

ra(ra)i ()

_( 0! + L +...+M) L' (2")|F (2" +tob)| =

(ro)fo  (ra)fo=try ro(ry)fot

_ I P+ tab)] = ()
(e (£ (& F1ob)] (F(z*+tob) -2 (7) ) (2:24)

j=0 !

|F(2* +tob)|>...> |F (2" +toob) -

From (2.5) one has |F'(z* + tyb)|/|F(z* + tob)| > P.. Besides, the following in-
equality is true

kO_]- ] k’o no
3ot (9) < ! ((7“2/7“1) 1) < ngl—1 <Q> |
. r1 rofr1 — 1 ro —T1 \T1

Applying (2.21), we get

ko1 n n
’F z —|—t00b 7“2 TL()'?“l 79 0 T9 0
a2op 2y () P
|F(z*+tob)| Z:: ro — 11 \ 71 1o 1 0+

In view of (2.20) and (2.22), from (2.24) it follows that

‘8kOF(Z*+t b)’ S Lko(z*> Pl 1 Q no 1 kox
b Oho (1rg)ko Yy o L(z*)
P (1) (gt () ") BREE )

]C()! T2 To—T1 \I" ’fLo!P()

no
Hence, P, < nyg! (:—2) <P . ) , and it contradicts (2.21).
1 r2—"

Sufficiency. Choose any 71 € (0,1) and 75 € (1,]. For given z° € D" we
develop the function F'(z° + tb) in power series by powers ¢

m 0
F(2" 4 tb) Zb O™ by, )abF—(Z)

m!
in the disc {¢ : |t| < 8/L(z")}. For r > 0 we define
My(r, 2°, F) =max{|F(z° + tb)| : |t| = r},
i (r, 2°, F) =max{|b, (") | : m > 0},
(1, 2, F) = max{|by, (2)) |1 : b (20)|r™ = pp(r, 2°, F)}.

1
By Cauchy’s inequality uy(r, 2°, F) < My, (r, 2°, F). But for r = ——— one has

L(2Y)
Mrlrz FSZ r{’lg,ubrz FZT _%z)
m=0 m=0
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and, applying monotonicity of v,(r, 2", F') in r, we get

t, 20 F)

ror
Ingiy (ror, 2%, F) —Inpu(r, ZO,F):/ bl , dt > vy (r, 2, F) Inrs.

Hence, it follows that
1
vp(r, 2, F) < 1—(1nub(r2r, 2 F) = Inpp(r, 2%, F)) <
nry

1
< e {ln My(rar 2%, F) = In((1 =) My (i1 2", F))} =
n7ro

In(1 — 1
_In{d—m)
Inry Inry

{In My (ror, 2°, F) — In My (ri7, 2°, F)} (2.25)

Let N (F, L,2°) be the L-index in direction of the function F at the point
20, ie, Np(F, L, 2") is the least number my, for which inequality (2.2) holds at the
point z = 2°. Obviously that Ny (F, L, 2%) < w(1/L(2Y), 2 F) = w(r, 2° F).

But inequality (2.19) can be rewritten in the following form M, (ﬁ, 2 F ) <

Pi(r1,7m2) My (Lr—l, 20 F) . Thus, from (2.25) one has N, (F, L, 2°) < _InQ=ry)

(ZO) 1117“2
1 P 5 . 1 1— 1 P ,
=Lt 1111(2 %2} for every 20 € D", thatis Ny(F, L) < — nﬁmg’l) + = 1111(::; ") Theorem 2.9
is proved. [

In view of proof of sufficiency in Theorem 2.9 the following lemma is valid.

Lemma 2.2. Let L € Q}, F € ﬁb(ID)"). If there exist numbers vy and 5, 0 < r; <
1 < ry < 3, and Py > 1 such that for every 2 € D" inequality (2.19) holds then the
function F' is of bounded L-index in the directionb € C" \ {0}.

We can relax sufficient conditions of Lemma 2.2, replacing the condition 0 <
r1<1l<rya<pBbyld<r <ry<§B.

Proposition 2.7. Let L € Qu,(D"), F € Hy,(D"). If there exist 1, and 5, 0 < 1y <
ry < 3, and Py > 1 such that for all 2° € D" inequality (2.19) holds, then the function
has F' bounded L-index in the direction b.

Proof. Our proof uses the idea of A.D. Kuzyk and M. M. Sheremeta [21].
Inequality (2.19) for 0 < r; < r9 < +o00 implies

27“2 T1—|—7”2} <

7“1—|—7“22L(ZO) T
2r1 r1+ 1o

7“1—|—’I°2 2L(Zo)}

max{|F(zO +tb)| : |t| =

< leax{|F(zo+tb)\ |t =
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Defining L*(z) = 222 we obtain

r1+7r2”’
max{|F(zO b)) ] = — 2" } <
(T’l + T’Q)L*(ZO) o
27“1
< Pymax{ |F(z° 4+ tb)| : |t| = :
< Pranac { [P0+ tb)] st = ot
where 0 < 2“ <1< TQET < +o00. This means that F' has bounded L*-index in
the dlrectlon b "And by Proposition 2.5 the function F' has bounded L-index in the
direction b. ]

The following theorem gives estimate of maximum modulus by minimum mod-
ulus. It was firstly obtained by G. H. Fricke [40] for analytic functions of bounded
index.

Theorem 2.10. Let L € Q}. If the function ' € Hy,(D") is of bounded L-index in the
directionb € C"\ {0} then for each R > O there exist P,(R) > 1 andn(R) € (0, R)
such that for every 2° € D" and somer = r(2°) € [n(R), R] the inequality holds

max{|F(z"+tb)| : [t|=r/L(z")} < Pomin{|F (" +tb)| : |[t|=r/L(z")}. (2.26)

Proof. Our proof is based on the proof of appropriate theorem for analytic functions
of bounded L-index in direction [28].
Let Np(F,L) = N < +oc and R > 0. Put

R _leN

Ro=1lry— — R —
0= ST YRy YT N Y

r; = éRj(] = 1,2,...,N).

Let 2Y € D" and Ny = Ny,(2%, L F) be the L-index in the direction b € C" \ {0}
of the function F' at the pomt 2%, ie., Nyp(2% L, F) is the least number my, for
which inequality (2.2) holds for z = 2". The maximum in the right-hand side (2.2)
is attained at mg. But 0 < Ny < N. For given 2" € D" the function F'(2° + tb) can
be developed in power series by powers ¢

o B
Put a,,(2°) = ‘Z’;;(éw — BTZZ(( ))‘ For every m € Z, the inequlity ay,(2°) >
am(2%) = Roa,,(z°) is true. Then there exists the least number ny € {0,1,..., Ny}

such that for all m € Zy a,,(2°) > a,,(2%) R, —n,- Thus, a,,(2°) > an,(2°) Ry, —n,
and a;(2°) < an,(2°) Ry, for j < ng, because if a;,(2°) > an,(2°) Ry, ;, for some
Jo < mg then a;,(2") > an(2°)Ry,—j, for all m € Z,, but it contradicts the choice
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of ng. From inequalities a](zo) < an,(2°)Ry,—; (7 < mno) and a,,(2°) < an,(2°)

(m > ng) fort € S,o and |t| = )TNO n, We deduce
|F(2° +tb)| =
= by (2" + Y b (20" = (b ([ = Y b (2")][1]™ =
m=£ng m#ng
:CLHO(ZO)TT]]\/%—W,O o Z am<20)r}7\7107n0 :ano(zo)r?\/%—no - Z a](zo)rgvo—no_
m7#0 j<ng
_ 0y,m s 0\ R no ONpy i
Z am(z )TNO—no—aNo(Z ) No—no" Ny—ny Z aNo(Z ) No—3""Ny—nq
m>ng Jj<ng
= > an, ()R e = any (2°) RvongTh oy — 1000, (2°) Ry g1~
m>ng
no+1 1 no N

0 _ 0 ng
_aNO(Z )TN()—TL()]_ —r _aNO(Z ) (RNO_nOTNO—TL() 4NRNO nOTNo—’I’IO

No—ng

T'No—n
no 0 0
TN noq _ ) > aNo( )(RNO no NO no 4RN0 no NO no

TN()—TLO
1 - 1 0 o
—ZRNO*”OTNO | = §aNO(z >RN0*norNo—n0' (2.27)
Besides, for t € C we have
o0
[F(2" + tb)] < Z B ()™ = am (), <
m=0
—+00 0 0
an,(2”) an,(2") 8 0
< 0 mo = 0 < = . 2.28
- aNO(Z ) Z 7n]\/vo—no 1 _ TNO g - 1 _ 1/8 7CLN0( ) ( )

m=0
From (2.27) and (2.28) it follows
8

max {|F (2" + tb)| : [t| = rny—n,/L(z")} < 7aNO(zO) <
16 1 —ng No—ng
§7RNO nOTNO nomm{\F(z +tb)| : |t| = L(zo)} <
16 1 .
< — T R — " min {|F (2" +tb)] : [t| = rng—no/L(2")}
e, (2.26) holds with Py(R) = — n(R) L ond
ie., (2. olds wi = : =ry = and 1 = TN, _p,-
’ TRyrY N7 BRy N
Theorem 2.10 is proved. [

Below we will prove the sufficint conditions which are symmetric to necessary
conditions from Theorem 2.10
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Theorem 2.11. Letb € C"\ {0} and L € Qyp(D"), F € Hy, (D). If there exist R €
(0,8], P» > 1 andn € (0, R) such that for all 2° € D" and somer = r(z") € [n, R]
inequality (2.26) is valid, then the function F' has bounded L-index in the direction b.

Proof. Directly this proposition was unknown for analytic functions of bounded
index, i.e. for functions of one variable. Firstly, it was obtained for analytic functions
of bounded L-index in direction in [47,48]. In view of Proposition 2.7 it is sufficient
to show that there exists P, such that for all z* € D”

max {|F (2" + tb)| : [t| = (R+1)/L(z")} <
< Prmax {|F(2" + tb)| : |t| = R/L( N} (2.29)

Suppose that there exist R € (0, 5], P, > landn € (O, R) such that for all z° € D"
and some r = r(2) € [n, R| one has

max{|F(z"+tb)| : |t|=r/L(z")} <Pymin {|F(z" 4+ tb)| : |t|=r/L(z")} .

Denote L* = max {L(z" + tb) : |t| < 2R +2)/L(2")}, po = R/L(z"),
pr = po + kn/L*, k € Z,. We have

0 _R__R _2R+2 R+l
" ST L) LY LRY)

Then there exists n* € N, independent of 2 such that

<R+1 <2R+2
SR TETE N TE L

for some p = p(2°) < n*, because L € Qy,(D"). Indeed,

(e ~m) /G2 = Gy -

R+2 {L(zo+tb) 2R+2} R+2
maxq ————— <

e e R Ty

Ab(2R +2).

Therefore, n* = [%)\b(QR + 2)} , where [a] is integer part of number a € R. Let
|F(2° +t5*b)| = max{|F(z° +tb)| : t € ¢4}, cx = {t € C: |t| = px}, and ¢} be an
intersection point of the segment [0, ¢;*] with the circle ¢;_;. Then for every r > 7
and for each £ < n* the inequality holds |t;* — t}| = - Thus, for some

= 17 < 1)
r=r(z"+t;b) € [, R] we deduce

|F(2° + ;D) < max {|F(2" +tb)| : |t — t;| = r/L(z" + t;b)} <
< Pomin {|F(z°+tb)|: |t —t;| = r/L(" + t;b)} <
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< Pmin {|F(z°+tb)|: |t — ;| = r/L(2" + t;b), [t — to] < pr_1} <
< Pymax{|F(2° +tb)| : t € c;_1}.

Hence,

max {|F (2" + tb)| : [t| = (R+1)/L(z")} <
<max{|F(z" +tb)| : t € ¢,} < Pomax{|F(:" +tb)|:t €c, 1} <
< ... < (P max{|F(z" +tb)| : t € ¢} <
< (P)" max {|F(" +tb)| : |t| = R/L(")} .

We obtained (2.29) with P, = ()" . Theorem 2.11 is proved. O

2.6 Estimate of directional logarithmic derivative

In this section we deduce analog of logarithmic criterion for function from the
class ﬁb(]D)"). The one-dimensional analog of the criterion is efficient to investigate
boundedness of [-index of infinite products [44,46,49]. As necessary conditions the
criterion was obtained by G. H. Fricke [40, 42] for analytic functions of bounded
index.

Below we prove the criterion of L-index boundedness in direction, which de-
scribes behavior of directional logarithmic derivative and distribution of zeros. We
need additional denotations.

Denote

G(F)=GP(F)= |J {z+1tb:|t|] <r/L(2)}, (2.30)

z: F(2)=0

where a) are zeros of the function F(z° + tb) for given 2" € D",
By n(r, 2 1/F)= Z| o<y 1 We denote counting function of zeros a).

Theorem 2.12. Letb € C"\ {0}, F € Hu(D"), L € Qp. If the function F has
bounded L-index in the direction b € C" \ {0}, then

1) foreachr € (0, 3] there exists P = P(r) > 0 such that for every z € D"\GP(F)
‘%F(z)
(2)

< PL(z); (2.31)

F

2) for anyr € (0, 3] there exists n(r) € Z, such that for all z2° € D" such that
F(2° + tb) # 0 one has

n (L(ZO)’ZO’ %) < n(r). (2.32)
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Proof. Out proof is based on the proof of appropriate proposition for analytic func-
tions of bounded L-index in direction [28,32].

Firstly, we will show that the condition "F'(z) is of bounded L-index in the
direction” implies that for every 2° € D"\GP(F) (r > 0) and for each @* = 2°+ab

one has
r|bl

2L(Z%) A (r)
On the contrary, suppose that there exist 2° € D"\GP(F) and a* = 2" + a)b such

r|b] < r|b] < ribl But for \b
2L(Z0) A (1) — 2L(20) L(zO) T
the following estimates hold L(a*) < Ay, (r) L(2°). Then |2° — @*| = |b] - |a}| <

QELE_L)’ . This contradicts 2" € D”\G?(F ).

|2 — G| > (2.33)

Hence,

that |20 — a;| <

0 < r
— 2L(a*)
Put in Theorem 2.10 R =

2)\:(7“) . Then there exist P, > 1 andn € (0, R) such

that for every 20 = 20 € D" and for some r* € [, R] inequality (2.26) holds with
r* instead 7. Therefore, by Cauchy’s inequality

O F (2] < Lgf‘ )max{|F(z0 +tb): Jt| = r*/L(zO)} <
<P (77 ) (2" +tb)| : |t| = r*/L(z")}. (2.34)

In view of (2.33) for every point z° + {ob € D"\GP(F) the following set

(b < 2Ab<§L<z0>}

does not contain zeros of the function '(2°+tb). Therefore, applying the maximum
modulus principle to 1/F as a function of variable ¢, we have

|F(2%)] > min {|F(z° +tb)| : |t| = r*/L(z")} (2.35)

P.
From inequalities (2.34) and (2.35) it follows (2.31) with P = =2

Now we will prove that for a function /' of bounded L-index in the direction
b € C"\ {0} there exists P3 > 0 such that for every 2° € D" (F(2° + tb) # 0),
€ (0,1

n(r/L(z%),2°,1/F) min{\F(z0+tb)| |t = T/L(ZO)} <
<P max{\F(zo +tb)|: |t = 1/L(zo)}. (2.36)
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1
Applying Cauchy’s inequality and Theorem 2.9 for all ¢ on the circle |t| = 70}
2
we have
O F( 0+tb))<L(ZO) {yF( 04 6b)| : |6—t| " } <
max z 00—t =
© - L(z%)) —
L(z") 0 r+1
< . max{|F(z +1tb)| : [t] = L(ZO)} <
P1(17 T+ 1) 0 0 . 1
gf[/(z Jmax < |F(z"+tb)| : [t| = es (2.37)

If (2" 4 tb) # 0 on the circle {¢t € C : |t| = r/L(z")} , then

r ol 1 / OpF(2° + tb)
n = ==
L(z0)""F
_L(ZO)

270 F(2" 4+ tb)
max{‘@bF(20+tb)‘ ¢ :T/L(ZO)} .
< . (2.38)
min {|F (20 +tb)| : |t| =r/L(z%)} L(2")
From (2.37) and (2.38) we deduce

dt' <

n(r/L(2"),2°,1/F) min {|F(z + tb)| : |t| = r/L(z")} <
<Im )|t = /L)) <
< (1()) ) [t =1/L(z")} <

< Pi(L,r+1)/(r)max {|F(2° + tb)| : |t| = 1/L(z")} .

P(1 1
Thus, we obtained (2.36) with P = M If the function F'(2° + tb) has

r
zeros on the circle {t € C : |t| = r/L(z")}, then inequality (2.36) is obvious.

Set R = 1 in Theorem 2.10. Then there exist P, = P»(1) > 1l andn € (0,1)
such that for every 2° € D" and some r* = r*(2°, o) € [n, 1]

*

max {\F(20+tb)| Jt] = L(ZO) } < Pymin {|F(z°+tb)] [t = LZO) } .

Next, by Theorem 2.9 there exists P, > 1 such that for all N ehn

max {|F (2" +tb)| : [t| = 1/L(z")} <
< Py(1, ) max {|F( + tb)]| - ] =0/ L(9)} <
< Pi(1,n)max {|F(z" + tb)| : |t| = r*/L(z")} <
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< Pi(1,n)Pmin {|F (2" +tb)| : [t| = r*/L(2")} .
Taking into account (2.36), we obtain

n (r*/L(z°), 2% 1/F) min {|F(z" + tb)| : |t| = r*/L(z")} <
< P3Pi(1,n)Pymin {|F(2° + tb)| : |t| = r*/L(2")},

ie,n (ﬁ, 20 %) < Pi(1,n) P, P;. Hence,

Pl(l, n)PQ(].)Pl(l, T+ 1) '

0 ) <P = P(1.0)PPs —
n( ) 4 1(777)23 r

(9) F
If r € (0, 7], then property (2.32) is proved.
Letr > nand L* = max {L(zo +tb): |t| = ﬁ} . Using properties Qp, (D"),
we have L* < A\p(r)L(2Y). Put p = m, R = 1. We can cover every set
K = {2"+tb : |t| < R} by afinite number m = m(r) of closed sets K; = {2"+tb :
it —t;| < p}, wheret; € K. Since W < £ < L(++tﬂ3) every set K ; contains

at least [ P;] zeros of the function F'(2°+tb). Therefore, n <#z%’ 20, l/F) <n(r) =

[P;] m(r) and property (2.32) is proved.

By n,o(r, F) = np(r, 2% 1/F) = Z|a2|§r 1 we denote counting function of
zeros aj for the slice function F'(2° + ¢b) in the disc {t € C: [t| < r}. If for given
2 € D"and for allt € C F(2° + tb) = 0, then we put n,0(r) = —1. Denote

n(r) = sup,epn n.(r/L(z)). Below we relax conditions of previous theorem (see
similar results for entire functions in [41]).

Theorem 2.13. Letb € C"\ {0}, L € Q}, F € Hy(ID"). If the following conditions
are satisfied

1) there exists 71 € (0, 8] such thatn(ry) € [—1; 00);

2) there exist ro € (0, 3], P > 0 such that 2rs - n(r1) < r1/\p(r1) and for all
z € D"\G,,(F) inequality (2.31) is true;

then the function F' has bounded L-index in the direction b.

Proof. Analog of the proposition was firstly deduced for analytic functions of bou-
nded L-index in direction [47,48]. Suppose that conditions 1) and 2) are true.

At first, we consider the case n(r;) € {—1;0}. Then in the best case the func-
tion [’ can only identically equals zero on the complex line 2*+tb for some z* € D",
ie., F(z* +tb) = 0. For all points lying on such complex lines inequality (2.26) is
obvious.
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Let 2° € D"\ G,,. For any points ¢; and ¢, such that |¢;| = e J € {1,2},
one has
O F(2° + tb)

F(20+t2b) </t2
F(z0+t:b)| = J,, | F(z0+tb)

to
<p / L(=* + th)[dt] < P (rs) L(=") LTZ)) < 7raPAy (1)
t 2"

In

‘\dt\ <

(we also use that L € Qp(D")). Hence,

0 ) M . 0 ) . n
max{|F(z +tb)| : |t| = L<Z0)}§P2m1n{\F(z +tb)| : |t| = L(ZO)}7
where P, = exp {mnry PAs (12)} . Therefore, by Theorem 2.11 the function F' has
bounded L-index in the direction b.
Let r; € (0, 5] be a such that n(r;) € [1;00) and 2n(ry)ry < r1/Ap(r1). Put
— m —n(ry) > 0. Clearly, ro=r1/(2(n(r1)+c) A\p(r1)).

Under condition 1) each set K =

{#04tb: 1] <
zeros of the function F, where F'(z° + tb) # 0.
Under condition 2) there exists P > 0 such that |8bF

z € D"\G,,, ie, for all z € K, lying outside the sets

0 0 2
thb: |t — <
{Z Tib: gl < 705 +agb)}’

where a) € K are zeros of the slice function F'(z" + tb) # 0. By definition )\, we
obtain

)} has no more n(ry)

| < PL(z) for every

L(zo)/)\b(rl) < L(zo + agb).

Then \8'°F | < PL(z) for every point z € D", lying outside union of the sets
0 0 0 . T2A(r1) 1
= thb : |t — < =
A= {2 o < SR = s i

The total sum of diameters of the sets c% does not exceed the value ——AU

T+l <
L&)). Hence, there exists a set ¢ {z +tb : ]t| = ZO)} , where rymin{l,c}

2yt S
r < ri, such that, for all z € ¢

OpF(2)

< PL(z) < PA\p(r)L(2°) < Py, (1) L(2Y).

For any points z; = 2V + #band 25 = 2 + tob with ¢ one has
[ [ B
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< Py () L(ZO)LZO) < 71 P(ra) A (1) -
Therefore,
max{|F(zO+tb)\ ] = L(ZO)}SPgmin{]F(zOthb)\ Lt = ﬁ} (2.39)

where P, = exp {mr; P(r2)p (11)}. If F(2° + tb) = 0, then inequality (2.39) is
obvious. By Theorem 2.11 the function F'(z) has bounded L-index in the direction
b. Theorem 2.13 is proved. ]

2.7 Analog of Hayman’s Theorem

Below we formulate and prove criterion which is analog of Hayman'’s Theorem

[51].

Theorem 2.14. Letb € C"\ {0} and L € Q7. A function F € Hy,(ID") is of bounded
L-index in the direction b € C" \ {0} if and only if there existp € Z, and C > 0
such that for every z € D" one has

Oh " F (=),
Lr+i(z)

ObF ()] .
SCmaX{zk—(z). nggp}. (2.40)

Proof. The proof use ideas from the proof for analytic functions of bounded L-index
in direction [28,32]. Also there are known analogs of Hayman’s theorem for other
classes of analytic functions [13,16].
Necessity. If Ny,(F, L) < +00, then by definition of boundedness of L-index in
direction we obtain (2.40) with p = Np(F, L) and C = (Np(F, L) + 1)!
Sufficiency. Let inequality (2.40) be fulfilled, 2° € D" and

K={teC:|t|]<1/L(z")}.
Since L € Qp(D"), for every t € K from (2.40) it follows

OV F(20 + tb))| _ (L' + tb) PP P (20 4 th))]
Lri(z0) =\ L(29) L0 +tb) =

< O BT DI it {‘5§F (" + tb) } <

L0+ b)) — VP 0<k<p | LF(20 + tb)
L(z°) \"|0EF(20 + tb)|
< 1))P+! b 0<k<py<
< COu(D) maX{(L(z0+tb)> L T EE

OLF (20 + tb))|
Lk(ZO)

< C(Ap(1))P* max {‘ Ap(1):0<k < p} < Bg.o(t), (2.41)
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where B = C(A,(1))" and g.o() =max{ BEE2BL g < f < pl.

Let us denote 71:{75 eC:|t| = @} Y2 = {t ceC:t| = )} Choose

arbitrarily two points t; € 71, t2 € 72 and connect them by a p1ecew1se analytic
curve v = {t = t(s),0 < s < T'} such that g.0(t) # 0 for t € . We construct the
9

curve v such that its length |y| does not exceed 5L

The function g,0(%(s)) is analytic on [0, 7']. Without loss of generality we may
assume that the function ¢ = ¢(s) is analytic on [0, T]. Otherwise, one can consider
each interval of analyticity of this function separately and repeat the corresponding
considerations, which are given below on [0, T']. First, we show that the function

g.0(t(s)) is continuously differentiable on [0, T'] except possibly a finite set of points.
O F ("t (s)b)| |02 F (" +#(s)b)|

For arbitrary k1, k2,0 < k; < ky < p, either YED) TR 0) ot the
k k
equality '3'3”;(510;555)'”)' = 1% QFL(@O(HgS) s true for a finite set of points s € [0, 7.

Then we can split the segment [0, 7'] onto a finite number of segments such that on
k 0

each of them g,0(t(s)) = |abka(J;§§Z)b)| for some £k, 0 < k < p. It means that the

function g.0(¢(s)) is continuously differentiable with exception, perhaps, of a finite

sets of points. Taking into account (2.41), we obtain
dg.o(t(s)) d (10yF(=° +t(s)b)) .
et e e RELED
< max {|95 7 F (2" + t(s)b)[[¢'(s)|/L¥(z°) : 0 < k < p} =
= L(z")|t(s)| max {|op ' F(2° + t(s)b)| /L1 (") : 0<k <p} <
< Bgao(t(s)[t'(s)|L(2").

Hence, we have

go(ta)| | 7 dgo(t(s)) 0 T e B
gz0(t1) _/0 QZO(t(s))‘SBL( )/0 [#/(s)|ds = BL(2")|7|<4.5B.

If we choose a point £ € 79, such that
|F(zO + tob)| = max {]F(zo +tb)|: |t| = 2/L(20)} :

‘ln

then we obtain

max{\F(zO—l—tbﬂ |t = } < g.0(t9) < g.0(ty) exp{9B/2}. (2.42)

2
L(2Y)
Applying Cauchy’s inequality and using that ¢; € ~; we obtain for all j €

{1,...,p}

\8{;F(zo—|—t1 )| <G 4L(2°)) max{\F(zO—l—tb) Ct—t| = ﬁ} <
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<j!(4L(2") Y max {\F(zO +1b) 1|t —to] = LO) }
1

ie. g.o(t1) < pl(4)? max { |F(2° +tb) : |t —ty| = TTED) } :

Therefore, from (2.42) it follows that

|F(2° + tob)| = max {|F (2" + tb)] : |[t| = B/L(z")} <

< g.0(t2) < g.o(ty) exp {93/2} <p!(4)F exp {93/2} X
X max{\F(zO +tb)|: |t| = 1/(2L(z0))}.

By Proposition 2.7 we conclude that the function /' has bounded L-index in the
direction b € C". Theorem 2.14 is proved. ]

Using Theorem 2.14 we prove the following

Theorem 2.15. Let L € Qn(D"). A function F € Hy(D") has bounded L-index in
the directionb € C"\ {0} if and only if there exist numbers C € (0, 4+00) and N € N
such that for all z € D"

op F
Sl ¢ 3 )

k=N+1

Proof. Proof of this theorem is similar to proof of its analogs for analytic functions
of bounded L-index in direction [34] and for analytic functions of bounded [/-index
[31].

Let 0 < # < 1. If the function F'is of bounded L-index in the direction b, then
by Lemma 2.5 F' is also of bounded L*-index in the direction b, where L*(z) =
OL(z). Denote N* = Ny(F, L,) and N = Ny (F, L). Thus,

k k
maX{M:OSkSN*}:max{MQk:ngSN*}2

kILF(z2) kILE(2)
. OFF(2)]
> N [0 F(2)] <k<N*L>
>0 maX{k!L’j(z)'O_k_N}_
L) _ ey 0LF(2)
. J!Li(z) JIL (2)

for all j > 0 and

1 F () 05 (2)] N
—— < —2 = 0< k<N~ J =
j:ZN*H i) =" ) SRS 20
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0 ORF ()| 0 ORF (2]
= <k<N*
1—0max{ R CSRsNgs 1—9; KILF(z)
i.e. we obtain (2.43) with N = N*and C = Te
Now we prove the sufficiency. From (2.43) we obtain
N+1 k k
0, T F(2)] < Z |05F(2)] Z]@Fz <
(N + DILN+L(2) Nt KILF(z) kILF(2)
N +1 |OFF(2)|
< <k<N
=0 ™ {kva() !
Applying Theorem 2.14, we obtain the desired conclusion. []

Using Theorems 2.8 and 2.14 we obtain this corollary.

Corollary 2.2. Let L € Qp(D"), F € Hp(D"), (Vp € N) OVF € Hp(D"), G be a
bounded domain in D" such thatVz € G F(z+tb) # 0. The function F' has bounded
L-index in the direction b € C" \ {0} if and only if there exist p € Z, and C' > 0
such that for all z € D" \ G inequality (2.40) holds.

2.8 Functions having bounded value L-distribution in direction

An analytic function f(2) (z € C) is said ot be of bounded value distribution
[43,51,55], if there exist p > 0, R > 0 such that the equation f(z) = w has at most
p roots in any disc of radius R.

One of the remarkable properties generating big interest to functions of boun-
ded index is the following fact proved by W. Hayman [51]: an analytic function has
bounded value distribution if and only if it derivative has bounded index. Leter,
there was introduced a concept of analytic function of bounded value [-distribution
[20], and this property was generalized for analytic functions of bounded [/-index
[56]. For analytic bivariate functions of bounded index in joint variables similar
results are partially obtained in [37].

Definition 2.2. Function F' € Hy,(ID") is said to be of bounded value L-distribution in

a directionb € C"\{0} if for allp € NVw € CVzy € D" such that F(2°+tb) # w,
the inequality holds n(ﬁ, 2, = ) < p, i.e. the equation F'(2° + tb) = w has at
most p solutions in the disc {t : [t| < 7 } In other words, the function F(2° + tb)
is p-valent in {t : |t| < ﬁ}

The corresponding Sheremeta result [56] we will generalize for the functions
from the class Hy,(ID"), which have bounded value L-distribution in direction b €

C"\ {0}.

55



CURRENT TRENDS IN ANALYSIS, APPROXIMATION THEORY AND THEIR APPLICATIONS

Proposition 2.8. Letb € C"\ {0} and L € Qy,(D"). A function F € Hy(D") is of
bounded value L-distribution in the directionb € C"\{0} if and only if the directional
derivative O, F' € Hy(D") has bounded L-index in the same directionb € C" \ {0}.

Proof. This is similar to the proof of the corresponding proposition for analytic func-
tions in the unit ball [54].

Suppose that F' is of bounded value L-distribution in direction b, i.e. for all
2" € D" such that F'(2° + tb) # const the function F'(2° + tb) is p-valent in every
disc {t: [t| < #ZO)}

To prove the proposition we need the following proposition from [25, p. 48,
Theorem 2.8].

Theorem 2.16 ( [25]). Let Dy = {t : |t — ty|] < R}, 0 < R < oo. If analytic in D
function f is p-valent in Dy, then for j > p

MRJ < (Aj)* max {mRk 1<k < p} (2.44)

;! k!

where A = ¥ 1%2\/ Re™.

By Theorem 2.16 inequality (2.44) holds with R = ﬁ for the function F'(2"+
tb), as a function of single variable ¢ € C for every fixed 2" € D". Then it is easy to

deduce that for every m € N the following equality gg@)) (t) = OLF (2" + tb) holds.
Take j = p+ 1 and ty = 0 in Theorem 2.16. From (2.44) it follows

’agHF(ZO)‘ |akF(z0)‘
2 b _
alZ:rlF(ZO) akF(Z())
Wzo)’ < (p+DIAP+ 1))2Pmax{% 1<k <p} X
1
XmaX{H:lgk:gp}i
KHE(E)] 0510, (=)
pr(ZO) < L(z%) - (p+ 1)!A%(p + 1)® max { 120 T
000 F(2°))]
Osk-lsp-l}= D(z) -
OF10pF(2°)
< (p+ 1A (p + 1)2pmax{ | bLk—l(zO) § 0<k—1<p-— 1} ,
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Now we need analog of Hayman’s Theorem proved above. Thus, for dy, F’ inequality
(2.40) holds with p — 1 instead p and with C' = (p + 1)!A4%’(p + 1)?’. In Theorem
2.16 the constant A > max 7%2(86”2)17(1 — %)J does not depend from 2", because
the parameter p is independent of 2°. Hence, the quantity C' = (p+ 1)!A%*(p+1)%
does not depend of z°. Therefore by Theorem 2.14 the function &, F has bounded
L-index in the direction b.

Conversely, let Oy F' be a function of bounded L-index in the direction b. By
Theorem 2.14 there exist p € Z, and C' > 1 such that for every z € D" the following
inequality holds

oh " F (=),
Lrti(z)

OF ()|

< o [ BP0

: 1§k§p}. (2.45)

Let us consider a disc K = {t ceC:|t| < #ZO)} , 20 e D"
One should observe that if L € Qp(D"), 2° € D" then for all r > 0 the

inequality |¢]| < 7(= and definition of class Qn(D") yield

L(z°) [ A(r) < L(z" +tb) < Ap(r) L(z"). (2.46)

Now from (2.45) and (2.46) for z = 2° + tb, t € K one has

TLE( 1 b)) a‘{m@%w+¢mw L

(0 + DICAp(D)L(20))riT = T Kl (Chp (1) L())F
0 p+1-k
X(L(z +tb))> :1§k§p}§

Co (1) L (20 pr1”

« ma |OFF (2° + tb)] 1 1 -
1<k k! (Cap(1)L(20))F Criik | =

08 F (= + tb), L
< maX{ = I (CAp(1)L(29))*

. 1§k§p}. (2.47)

To prove the proposition we need such a statement from [25, p.44, Theorem 2.7].

Theorem 2.17 ( [25, p.44, Theorem 2.7]). Let Dy = {t € C : |t — ty| < R},
0 < R < +o00, and f(t) is an analytic function in Dy. If for allt € D,

p p k
<E> IO max { (g) EAKIG]I <k< p} , (2.48)

2 (p+1)! — k!

then f(t) isp-valent in{t € C: |t —ty| < ﬁ;ﬁ}’ ie, f(t) attains every value at
more p times.
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From inequality (2.47) it follows inequality (2.48) with R = m and

to = 0. By Theorem 2.17 the function F'(z" + tb) is p-valent in the disc {t € C :
_ 2
1] < L(ZO)}> P = B0Vt
Let ¢; be an arbitrary point in Ko and K7 = {t € C : [t — ;| < i}
Since by definition of class Qp(D") L(z°+t;b) < Ap(1)L(2"), onehas K; = {t €

C:t—t < m} C K;. We will repeat the similar considerations for the

set {t cC:t—t] < M} . As a consequence, we deduce that F'(2° + tb) is
p-valentin K. But K; C K7, then F (2° + tb) is p-valent in K j-

Finally, we note that every closed disc of radius R, can be covered by a finite
number m, of closed discs of radius p, < R, with the centers in the disc. Moreover,
m, < B.(R./p:)?, where B, > 01is an absolute constant. Hence, K| can be covered
finite number m of discs K, where m < 625B*(p + 1)C?*(\p(1))?/4. Since the
function F'(2° + tb) in K] is p-valent, it is mp-valent in K.

In view of arbitrariness of 2", the statement is proved. []

2.9 Existence theorem for functions of bounded L-index in direction

For the one-dimensional case, some time ago mathematicians were interested
in the following two problems: the problem of the existence of an analytic function
of bounded /-index for a given [, and the problem of the existence of a function [
for a given analytic function f such that f is of bounded [/-index [45,49,50,52]. It
is clear that similar problems can be posed for the multidimensional case [33,53].

We note that the solution of the first problem for the one-dimensional case is
given by a canonical product. The solution of the first problem in the multidimen-
sional case also exists in the class of canonical products with “planar” zeros.

In particular, the following proposition is true.

We consider the function F'(2°+tb) where 2" € D" is fixed. If F'(2°+tb) # 0,
then we denote by py(2° + a)b) the multiplicity of the zero a) of the function
F(2° +tb). If F(2° 4 tb) = 0 for some 2" € D", then we put p,(z" + tb) = —1.

Theorem 2.18. In order that for a function I’ € ﬁb(]D)”) there exist a positive contin-
uous function L(z) such that F'(z) is of bounded L-index in the directionb € C"\ {0}
it is necessary and sufficient that Ip € Z, Vz" € D" Vk pp(2° + alb) < p.

Proof. Necessity. To simplify the notation we denote everywhere in the proof p; =
pb(2° +alb). One can prove the necessity using the definition of bounded L-index
in direction. Indeed, assume on the contrary that Vp € Z, 32° 3k pg > p. It means

that %QF(ZO +apb) # 0 and %F(ZO +alb) = Oforalj € {1,...,p) — 1}.
Therefore, the L-index in the direction b at the point 2° + alb is not less than
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p)>p
Ny (F, L, 2° + a)b) > p.
If p — +00, then we obtain that N, (F, L, 2’ + alb) — +oco. But this contradicts
the boundedness of L-index in the direction b € C" \ {0} of the function F.
Sufficiency. If F'(2°+tb) = 0 for some 2" € D", then inequality (2.2) is obvious.
Let p be the least integer such that V2" € D" F (2 +tb) # 0, and Vk p;(2°) <
p. For any point z € D" we choose z° € D" and ¢, € C so that z = 2° + ;b
and the point 2° lies on the hyperplane (z,m) = 1, where (b, m) = 1 (actually
it is sufficient that (b, m) # 0, i.e. the hyperplane is not parallel to b € C" \
{0}). Therefore, ty = (z,m) — 1,2 = 2 — ({2, m) — 1)b. We put K = {t €
C: max{0,R—1} < |t| < R+ 1} forall R > 0 and

LUCER T

s!

m1(2°, R) = min max
a%EKR 0<s<p

Since F is a slice analytic function, there exists ¢ = £(z, R) > 0 such that

|0 F(2° + tb)] S m1(2°, R)

S()! o 2
for some sy = s(a)) € {0,...,p}andforallt € Kpn{t € C: |t —d)| < &(R, ")}
and for all k. We denote G? = ageKR{t € C: |t—d)] < e}, m(z2",R) =
min{|F (2" +tb)|: [t| < R+ 1,t ¢ G},

m1<R7 ZO)

Q(R,2") = min { 5

,ma(R, 2%), 1} .

We take R = |to|. Then at least one of the numbers
0L F(2° + tob)|
p!

IF(2° + tob)|, [0nF (2 + tob)

g e sy

is not less than Q(R, 2°) (respectively, for ty € G? it is W and for ¢y ¢ G
itis |F(2° + tob)]).
Hence,

‘ 0
. { O F(2° + tob)

R p} > Q(R,2"). (249)

On the other hand, for |ty| = R and j > p 4+ 1 Cauchy’s inequality is valid

J (.0 0
|8bF(z’+tob)| < 1 / |F(z +T.b)|\d7-\ <
j! 27 |7 — tol/H!
|T—to|=1
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< max{|F(z" +7b)|: |7| < R+ 1}. (2.50)
We choose a positive continuous function L(z) such that

max{|F(z° + tb)|: |[7| < R+ 1}
b
Q(R, 20)
From (2.49) and (2.50) with |ty| = R and j > p + 1 we obtain

L(z + tyb) > max {

|8 F(20+tob)] .
EUEIGEEAD] L (2" + tb)

k 0 S X
max {—'i&i(@oi’iii 10<k < p} Q(R, 2°)L77(z" + tb)

x max{|F(z" +tb)|: |7| < R+ 1} < LT (2" +tb) < 1.

Since z = 2" + tob, we have

(%F(z)\ ) RFG|

iz = MY Rk ST
In view of arbitrariness of z the function F' has bounded L-index in the direction
b. []

2.10 Product of functions of bounded L-index in direction

Now we consider an application of Theorem 2.12. The following proposition
can be obtained using similar considerations as in the case of analytic functions [34].

Proposition 2.9. Letb € C"\ {0} and L € Qu(D"), F € Hy(D") be a function
of bounded L-index in the direction b, ® € Hp(D") and U(z) = F(2)®(z). The
function V(z) is of bounded L-index in the direction b € C" \ {0} if and only if the
function ®(z) is of bounded L-index in the direction b.

Proof. The similar result was obtained for analytic functions of bounded L-index
in direction in [34]. Our proof is similar to proof for analytic functions in [34] but
now we use Theorem 2.12, deduced for functions holomorphic on the slices. Since
an analytic function F'(z) has bounded L-index in the direction b, by Theorem
2.12 for every r > 0 there exists n(r) € Z, such that for all 2’ € D", satisfying

F(2° + tb) # 0, the estimate n (ﬁ, 20, %) < n(r) holds. Hence,

(zmy5) < (o w) < (i 5) + 70

Thus, condition 2 of Theorem 2.12 either holds or does not hold for functions
U(z) and ®(z) simultaneously. If &(z) has bounded L-index in the direction b, then
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for every r > 0 there exist numbers Pr(r) > 0 and Pg(r) > 0 such that ‘8*’%5)2) <
Py(r)L(z), |22 < Py(r)L(z) for each z € (D" \ GP(F)) N (D" \ GP(®)). Since

o(z)
D"\ GP(¥) C (D”\Gb( )N (D”\Gb( ),
KV (2)| _ 8bF ‘31)(1)

U(z)

2.13 the function ¥(z) is of bounded L-index in the direction b.

On the contrary, let U(z) be of bounded L-index in the direction b, 7 > 0. At
first we show that for every 2° € D"\GP(F) (r > 0) and for every d* = 2° + d'b,
where d are zeros of function ®(2° + tb), we have

r[bl
2L(29Ap (1)
On the other hand, let there exist 2 € D"\GP(®) and d* = 20 + d)b such that
120 — d¥| < #ﬂb(r)' Then by the definition of A, we have the next estimate
L(d*) <Ap(r)L(z°), and hence |2° — d*| = |b| - |d?] < ;'(‘;'k) ie |dY) < , but
it contradicts 2 € D"\GP ().

We consider K = {z +tb:|t] < W)/\()} It does not contain zeros of
® (2" +1tb), but it may contain zeros ¢* = 2" + b of the function ¥ (2" +tb). Since
U(z) is of bounded L-index in the direction b, the set Ky by Theorem 2.12 contains

at most ny = ny (#(r)) Zeros cg of the function ¥ (2 + tb). For all c% e Ko,

for all z € D"\ GP(¥) we have ‘ab\p( )’ < (PF(T) + Py(r))L(z), i.e. by Theorem

20 — d¥| > (2.51)

2L(d*)

using the definition of Qy,(ID"), we obtain the following inequality L(z° 4+ ¢{b) >

L~ L(2°). Thus, every set m) = {zo +tb: |t —d)| < Tob) with r =
% ()
i (35

— L is contained in the set sgz{zo—l—tb e =) < W}
4G+ (5757 ) M () z
The total sum of diameters of these sets does not exceed

2y () W
L(2Y) C20,(r)L(2%) (R + 1) 2)\b(r)L(zo)'

Therefore, there exists * € <O, W )) such thatif |t| = ) then 2°+tb ¢ GP (),

and therefore z” + tb ¢ GP (F). By Theorem 2.12 for all these points 2 + tb we
obtain

P (2" + tb) - V(20 + tb) O F (20 + tb)
¢ (20 4 tb) ‘ — | V(0 +tb) ‘ F (2% +tb)

‘ < (Py+ PH)L("+ tb),
(2.52)
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where Py and P, depend only on 7, i.e. only of r. Since the function a‘&:fé)z ) is ana-

lytic in Ky, applying the maximum modulus principle to the function —a‘&;fz(ité?)

as a function of variable ¢, we obtain that the modulus of this function at the

point £ = 0 does not exceed the maximum modulus of this function on the cir-
cle {t eC:t| = L(T} . It means that obtained inequality (2.52) also holds for 2z°

)
instead 2" + tb.

Thus, for arbitrary r > 0 and z° € D"\GP(F) we have proved the first con-
dition of Theorem 2.13. Above we have already shown that the second condition
of Theorem 2.13 is true. Hence, by the mentioned theorem the function ®(z) has
bounded L-index in the direction b. []

2.11 Sum of functions of bounded L-index in direction

It is known that the product of analytic functions of bounded L-index in di-
rection is function with the same class ( [34]). But the class of analytic functions
of bounded index is not closed under the addition. The corresponding example was
constructed by W. Pugh (see [25,35]). A generalization of Pugh’s example for enire
functions of bounded L-index in direction is proposed in [34]. The generalization
is also applicable to the class ﬁb(D").

Let us consider arbitrary hyperplane A = {z € D" : (z,¢) = 1}, where
(¢, b) # 0, and fixed it. Obviously that | J o 4{z" + tb : t € C} = D".

Let 2° € A be a given point. If F'(2° + tb) # 0 as a function of variable ¢ € C,
then there exists a point ¢y € C such that F(z" + tyb) # 0. Thus, for every line
{2V +tb : F(2" + tb) # 0} we fix one point ¢, with this property. In this section,
we will denote by B the union of these points 2" + #b, i.e.,

B = U {ZO + tob}

VeA
F(2°+tb)#0

Clearly, that for every z € D" there exist 2’ € Aandt € C obeying z = 2%+tb.

. 1—(z,¢) _ <Za C> —1
Indeed, ZO =z + <b,c> b, t = <b—7c>

The following propositions can be proved by analogy to [36] and [5].

Proposition 2.10. Let L be a positive continuous function, and the functions F' and
G belong to the class Hy,(D") and satisfy the conditions

1) G(2) has bounded L-index in the directionb € C"\ {0} with N,(G,L) = N <
+00;
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2) there exists a € (0, 1) such that forall z € D" andp > N + 1 (p € N) one has

05G(2)] 06G(2)] .
JL—MSQmaX{JL—’%z)'OSkSN}’ (2.53)

3) foreachz = 2° +tb € D", where 2" € A, 2° +tyb € B andr = |t —to|L(z" +
tb), the following inequality holds

2r
FE+tb)|: | —t)) = ——m— 1 <
ma,x{\ (z" +t'b)| = |t' =t L(zo—lrtb)}_
0EG(2° + tb)|
< c0< k< N,; 2.54
_max{k!Lk(zO—l—tb) 0<k< ; (2.54)

4) either (3c > 0)(Vz° + tob € B)(Vt € C, |t — to|L(2° + tb) < 1):
maX{lF(ZO —|—t/b)‘ . |t/—t0| = ﬁ}/’F Z +t0b)‘ < c < +OO

or for L € Qup(D") (e > 0)(V2" + tyb € B):

22b(1)
0 ! O — A <
max{\F(z +t'b)|: |t —to] = L(ZO—I—tb}/‘FZ + tob)| < ¢ < +o0.
(2.55)
< 2;;“, the function
H(z) =G(z2) +eF(2) (2.56)

has bounded L-index in the directionb € C" \ {0} and N,(H, L) < N.

Proof. The proof uses ideas from [36]. We write Cauchy’s formula for the function
F(2° + tb) as a function of single complex variable ¢

F (2" +tb) 1 / F(2° +t'b)
|t/ t\—

/
, = o dt’. (2.57)

ks
L(z0+tb)

For the chosen r = |t — ty| L(z" + tb) the following inequality is valid

Wt >t =t —to| = [ty —
L(z0 + tb) = ! ! UL+ th)
Hence,
1t < —— (2.58)
= L0+ tb) '
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Equality (2.57) gives the following estimates

|0V F(2° + tb)| - 1 LPH (20 4+ tb)

p!LP(20 +tb) — 2nLr(z° + tb) rptl

2mr r
— . F(+tb)|: |t —t| = ——= ¢ <
Ty P ) 1 = g | <

1 2r
< = FEP+tb)|: |t —ty] = ——— . 2.59
e L e

Ifr = |t — to| L(z" + tb) > 1, then (2.59) implies
LR (" + b)) e o
< F tb)|: |t —ty| = ————= ¢ . 2.60
plLP(20 +tb) — max ( [F(=Z+1b)] | o L(z° +tb) (2.60)
Let r = |t — to|L(2° + tb) € (0;1]. Setting r = 1 in (2.57) and (2.58), it is possible
to deduce
0L F (20 + tb)]
plLP (20 + tb)

max{yF(z0+t'b)| N —ty| =

_m}:

2
X

ma {[F(0+ )] : [# ~ to] = s
0 / / 2r
X max ‘F(Z —|—tb)‘ ‘t—tolzm S
max{|F(zO+t’b)| N — o] = ﬁ}
< X
o ‘F(Zo+t0b)|
2
xmax{\F(zO—}—t/b)\ : ‘t,—t0| = Ij(zo—:—tb)} S
2
ScmaX{|F(ZO+t,b)| . |tl—t0’ :L(Zo—j_tb)}, (261)
where
max{|F(zO +t'b)|: |t —to| = m}
c= sup sup

4t,beB teC, |F(2° + tob)| N
[t—to|L(2°+tb)<1

If L € @, then sup{M C )t —t] < L(;} < Ap(1). This means that

L(z0+tb) 2V+tb)
L(z° +tb) > L(iﬁf;b). Using the obtained inequality we choose
max{\F(zo Fb)| | — to| = %}
c:= sup >
D4tobeB [F(2" 4 tob)]|
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in (2.61). Taking into account (2.60) and (2.61), one has

|OLF (20 + tb)|
p!Lr(20 + tb)

foralln e NU{0},r>0,2'c A, t e C.
We differentiate (2.56) p times in the direction b € C" \ {0}, p > N + 1, and
apply (2.53), (2.62) and (2.54) to the obtained equality

0L H(2° + tb)] < VG (2" +tb)|  |e]|X F (2" + tb)]

plLP(Z0 +tb) — plLr(Z0 + tb) plLr(2Y +tb) —
|OFG(2° + tb)|
KILF(20 + tb)

2r
< FEP+tb)|: |t —ty| = ——— 2.62
_cmax{| (2" +t'b)| : | 0l L(z0+tb)} (2.62)

Sozmax{ :0§k§N}+

2r
0 ! . / _
+c|5|max{]F(z —l—tb)| : |t —to’ = m} <

|0FG(2° + tb)|
K\LF (20 + tb)

If s < N, then (2.62) is valid for p = s, but (2.53) is false. Therefore differenti-
ation of equality (2.56) provides the following estimate

|05 H (2" + tb)] - 102G (2° + tb)] B lg||08 F(2° + tb)]
SILS(20 +tb) — sIL3(20 + tb) sILs(2Y +tb) —
105G (20 + tb)| 2r
— slLs(2Y + tb) L(2% 4+ tb)
where 0 < s < N. From (2.54) and (2.64) we get
|05 H(2° + tb)| 105 G(2° + tb)|
> (1— . 2.
02 { S0 b [ = (T ClEl ma A G b (2.65)
If c|e| < 1, then from (2.63) and (2.65) it implies
RHG +1b)| _atcl | [0 +1b)
plLP(20 +tb) — 1 —cle] 0<s<n | s!L5(2° + tb)

S(a—l—c\s\)max{ :OSkSN}. (2.63)

— c|e| max {|F(ZO +t'b)|: |t —to| = } , (2.64)

(2.66)

for p > N + 1. Suppose that ?fj;l < 1. Hence, |g| < 12_CO‘.

Let Ny,(2°+tb, L, F) be the L-index in direction of the function " at the point
20 + tb, ie, Np(2" + tb, L, F) is the least integer my, for which inequality (2.2)
holds with z = 2 + tb.

For || < 12 validity of inequality (2.66) means that for any 2* € A and for
allt € C such that F'(2° +tb) # 0 the L-index in the direction b € C"\ {0} at the

point z°+tb does not exceed N, that is Ny, (2 +tb, F, L) < N. In those points ¢, for
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which F'(z'+tb) = 0, but F(:°+tb) # 0, we will use that H(2°+tb) = G(2°+tb)
and the function G has bounded L-index in the direction b.

When for 2° € A F(2° +tb) = 0, one has H(z" + tb) = G(2" + tb) and
Np(2° +tb, F, L) = Ny (2 +tb,G, L) < N. Hence, H(z) is of bounded L-index
in the direction b € C" \ {0} with Ny(H, L) < N. This completes the proof of
Theorem 2.10. []

Every function F € Hy,(ID") with Ny, (F, L) = 0 satisfies inequality (2.55). (see
proof of necessity of corresponding Theorem 4 in [10]).
If L € Qp(D"), then condition 2) in Proposition 2.10 is always satisfied.

Proposition 2.11. Letb € C" \ {0} and L € Qp(D"), a € (0,1), F and G be

functions belonging to the class Hy(D") and obeying the conditions

1) G(2) has bounded L-index in the directionb € D™ \ {0}.

2) foreveryz = 2 +tb € D", where2® € A, 2°+tob € B, andr = |t —to|L(z" +
tb) the following inequality hold

2r
FCRP+¢b)|: [t —t)| = = ¢ <
max { [+ 0] s I = o] = s | <

|OFG(2° + tb)|
< <k < .
< max{ RILF (20 5 D) 0 <k < Np(Ga, L)

) max {|F (=0 + )| [t/ to] = 722505}
3) c:= sup < 0Q.
24tobeB |F'(20 + tob))

If |e| < 452, then the function H(z) = G(z) + ¢F(z) has bounded L-index in the
direction b € C" \ {0} with Ny(H,L) < Ny(Ga, L,), where G, (2) = G(z/a),
Lo(2) = L(z/a).

Proof. This proof is based on the proof of appropriate theorem for analytic functions
of bounded L-index in direction [36]. The condition 2) in Theorem 2.10 is always
satisfied for N = Ny(G,, L) instead N = Ny(G, L). Indeed by Theorem 2.9 in-
equality (2.19) holds for the function . Substituting ZEO, L and %0 instead 2", ¢ and
to in (2.19) we obtain

max{‘G“ZO Fib)/a)l: = bl = 77 fiib>/a>} :
<P max{|G((zO +tb) /)]t~ to] = 7 fzb) /Q)} . (2.67)
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By Theorem 2.9 inequality (2.67) means that G, = G(z/«) has bounded L,-index
in the direction b € C" \ {0} and vice versa. Hence, for all p > Ny(G,, L,) + 1
and o € (0,1)

B AGC/o (G
plLh(z)  plarlP(z/a) — sILs (2)

B 105G (2/a)]
= maX{S!O}stS(Z/Oé) 0 0 <5< Np(G, La)} .

. O S S S Nb(GOmLa)} =

Multiplying by o, we deduce
G/ _ |G (/o)
plLP(z/a) — slLs(z/a)

o [1%G(/)
= { sIL3(z /)

: 0 <s< Nb(GaaLa)} <
- 0 S S S Nb(Ga,La)} .
In view of arbitrariness z, the last inequality yields (2.53). []

2.12 Boundedness of L-index in direction of analytic solutions of some
linear partial differential equations

Denote

G (F):=G(F):== |J {z+tb:|t| <r/L(2)}.

z: F(2)=0

By n.o(r, F) = np(r,2°,1/F) = Zm%g 1 we denote counting function of zeros
a) for the slice function F(z" + tb) in the disc {t € C: |t| < r}. If for given
2 € D"and for allt € C F(2° + tb) = 0, then we put n,0(r) = —1. Denote

n(r) = sup,epn n2(r/L(2)).
From the proof of Theorem 2.12 in [11] it follows the following lemma:

Lemma 2.3. If a function F' € ﬁb(ID)") is of bounded L-index in the direction b &
C" \ {0}, then for each z° € D"\GP(F) (r > 0) and for every a* = 2° + alb such
that F(a*) = 0 one has

r|b|

0 ~
— > . 2.68
S T EOIN (2.6
Let us consider the following directional differential equation
g0(2)0Pw + g1(2)0 w4 ... + gy(2)w = h(2), (2.69)

where g;, h are functions from the class #;., 7 € {0, 1,...,p}. For analytic func-
tions of bounded L-index in direction the equation was investigated in [26, 27].
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Also there were presented results for entire functions of bounded /-index [18] and
for functions which are slice holomorphic in the unit ball [14]. A system of direc-
tional differential equations was also studied in [17], non-linear differential equa-
tion within the notion of bounded index was studied in [24]. Here we will con-
sider the weaker assumption that the coefficients of equation (2.69) are slice analytic
functions, i.e. they are functions from the class ﬁb(]D”).

We need the following proposition. Its proof is based on the proof of its analog
for analytic functions [28].

Lemma 2.4. Letb € C"\ {0} and F' € Hy,(D") be a function of bounded L-index
in the direction b, L € Qp(D"). Then for every r € (0, 5] and for every m € N there
exists P = P(r,m) > 1 such that for all z € D"\GP(F) the inequality |0 F ()| <
PL™(z)|F(z)| holds.

Proof. We apply Theorem 2.10 with R = ( 7 Then there exist P» = P, (R) > 1

andn = 1 (R) € (0, R) such that for all 2" E D" and some r* = r*(z") € [n(R), R]
inequality (2.26) holds with 7* instead of r. Hence, by Cauchy’s inequality we obtain

e () et )

,
L(zo) "o 0 r*
< P. F tb)| : |t| = )
< 2o (FE) i { PG 4 b 1 =
But by (2.68) for every 2" € D"\GP(F) the set

SRUER e

does not contain zeros of function F'(2° + tb). Therefore, applying to FOiD) . ) the
maximum modulus principle in variable ¢ € C, we have

[F(2*)| > min {\F(ZO +b)|: ] = LZO)} |

Thus, .
o F (") < m!n—iLm(ZO)|F(ZO)\.

Hence, in view of arbitrariness of 2", we obtain the desired inequality with P =

Pom!n=™. ]
Denote g*(z) = h(z) - ? 09i(2), n(r,g*) = SEU]DI;L np(r/L(z), z,1/g"),
r* = sup (s = DAuls) H(F) := U {z+1tb: t € C},

s>1 8(n(s, %) + 1)’

2€Zp
VteC F(z+tb)=0
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where Zr is zero set of the function F. Using Lemma 2.4, we prove the follow-
ing theorem. It was firstly obtained for analytic functions of bounded L-index in
direction [27].

Denote G, = (G (h) \ H(h)) U G(g0) UUj1(Gr(g;) \ H(g;)).

Theorem 2.19. Letb € C" \ {0} and L € Qwn(D"), and go(2), ..., g,(2),h(2) €
Hy,(D™) be functions of bounded L-index in the direction b. Suppose that there exist
€ (0;7*) andT > 0 such that G, is an unbounded set and for every z € D"\G,(go)
andj=1,...,p
19;(2)| = T'L?(2)]g0(2)]. (2.70)
Then every function F' € Hy(D") such that (2.69) is valid, has bounded L-index in
the direction b.

Proof. One should observe that the condition F' € Hy,(ID") implies 0p'F' € Hp(D")
for all m € N. Besides, Theorem 2.12 and restrictions of Theorem 2.19 provides
validity of inequalities n(r, g*) < 400 and r* > 0.

From conditions of Theorem it follows that D" \ G, # (). Lemma 2.4 and
inequality (2.70) yield that there exist » € (0;7*] and T* > 0 such that for all
ze D"\ G,

Ouh(2)] < T[R(2)|L(2), 1g;(2)] < T"|gu(2)|L(2), 5 €{1,2,.-..p,},
[O69;(2)] < P(r)L(2)|g;(2)] < T*(r)lgo(2)|L7*(2), j € {0,1,2,....p, }.

Evaluate the derivative in the direction b € C" \ {0} in Equation (2.69)

p
go(2)EF(2) + ) ()00 T F (= +Zabgj F(z) = dph(2).
j=1
The obtained equality means that for all z € D" \ G, :
p
90(2)| |0 F(2)] < owh(2) 2l ()| F(2)]
p R p L
+ 3 106g,(2)1 [0 TP ()| T |(2)| (=) + 2 loe) ()l |5 F(2)]
=0

+Zp: 969, (2)||Oh ()| < T Z 92 [0 7 P (2)
j=0
+zp: 195 ()] )3ﬁ+1_jF(Z)‘ + zp: O (2)| ’@f;_jF(z)‘
Jj=1 §=0
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srma@%wszMWF] ZU ) |op )
=0
£ LTER[AIEE)| ) = Tl @ ()
P 1 —j z 1 p+1—1
8 ; Lri(z) ’853 F(Z)‘ * ; Lr =i (z) ‘8‘0 F(Z)D

<T((T* + 1)(p+1) +p)|go(2)| LP (2 )52%%

Thus, there exists P; > 0 such that for all z € D" \ G,

B F(2)] O F(2)]
szr—l(Z) < Py max{ 02) 0<j < p} (2.71)

If 2" € A:= H(go) \ Uj_1(Gr(g;) \ H(g;)), then there exists a sequence of points
2™ e D"\ G,, satisfying (2.71) and such that 2 — 2’ as m — oo. Substituting
z = 2™ in (2.71) and passing to the limit as m — oo, we obtain that inequality is
valid for all z € AU (D" \ G,). Here we used joint continuity of the function F for
passing to the limit. If D" = AU (D" \ G,) (i.e., all zeros of the function g* belongs
to H(g*)), then by Theorem 2.14 the function from the class Hy(ID"), obeying (2.69),
has bounded L-index in the direction b. Otherwise, n(s, g*) > 1.

Since r € (0,7") and r* = sup,>; W there exists » > 1 such that
r < W Let 2 be an arbitrary point from D" and

={"+tb:|t| <r'/L(z")}.

Since the analytic functions gy, g1, . . ., g, h has bounded L-index in the direction
b, by Theorem 2.12 the set K contains at more n(r’, g*) zeros of these functions or
K" C Z,.. Let ¢ be zeros of the slice function ¢* (that is g*(z" + 2 b) = 0) such
that 2°+c), b € K'N((Z,\H (h))UU"_o(Zy,\H (g;)), wherem € N,m < n(r', g*).
From L € Qp(D") it follows that L(z" + ¢ b) > A\ (r')L(z"). Obviously,

KO =300 4b:- - < "

b=l <
()

0L tb:lt—|< (r
C{Z+ =l S S ) F )L + b)
g
KO =0 -t — < " .
< Ko {Z+ =l S S TR
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Therefore, for 2’ +tb € K\ J.o, 0 pero K 0 (2.71) is true. Hence, for there points

2" + tb inequalities L(z°) > (AZ (Hb and (2.71) give us
0P F (20 4 th))] OPTE R (20 4 th))|
Y p+ b < Pa(\ "\p+1
Lo+1(20) < (M) [P0 +tb) — 3(Aa(r))

OLF (2 + th)] it OLF(E +tb) (1Y
X g%g%{ (2 & ib) < P3(Aa(r")) 52% Li(29) ()

< P (M(T,))p Aa(1) max { Wi’F(.ZO +1b) } = Pyw.o(t), (2.72)

A (1) Li(29)

where Py = P32 (1) (AQ( /)>p and

A1(r)
LR+ tb)|
wzo(t)max{ L) 0<y<p,.
Let D be a sum of diameters K. Then D < Q(TI_I)"(T/’Q*) Therefore

/ S(7g T DLET S 4L< s
there exist numbers r| € [r T—] and ry € [3T sral. g } such that for 2 + tb € C; =

{z +tb: |t| = },j € {1,2}, one has 2" + tb € K\ U, €K0Km. Choose

arbitrary pomts 20 + tib € Cy and 2° + tyb € C5 and connect them by a smooth
curve v = {z' +tb : t = t(s),0 < s < 1} such that w.o(t) # 0and v C
KO \ Uco €K ng
In the following detailed description of construction of the curve we will use
ideas from proof of Theorem 8 in [29] with adaptation for slice functions. For a
construction of the curve v we connect t; and ¢ by a line ¢(s) = (ty — t1)s + t1,
€ [0,1]. Let ¢; be points on the line ¢(s) such that w,o(¢;) = 0. The number of
such points my = m(2° + #1b, 2 + tsb) is finite. Let (¢}) be a sequence of these
points in ascending order of the value |t; — ¢;|, k € {1,2, ..., p}. We choose

: * * * * lr./
o< _pun {|tk — Ll [01 — ] |6, — T2l m} :

Now we construct circles with centers at the points ¢} and corresponding radii r;, <
¢ such that w0 (t(s)) # 0 for all ¢ on the circles. It is possible, because F # 0.
Every such circle is divided onto two semicircles by the line ¢ = ¢(s). The
required piecewise-analytic curve consists with arcs of the constructed semicircles
and segments of line 2] (¢), which connect the arcs in series between themselves or
with the points 1, t5. If the curve intersects some set K" then we override the set

/

,
g )+ L(20)"

by a semicircle with the center at the point ¢! and radius el
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The description show that the curve can be chosen with the following estimate
of its length

™1 ro — 11 o 7Tn(7“ g ) ' )

‘”'<'b'( =) T LE) LG T 8 g) - L)

N
< b| 7T—T/+T’/—|—K < —3|b|r
L(z%) \ 2 8 L(z%)

Then on v inequality (2.72) is valid, that is

85 F(2° + t(s)b))
Lp+1(z0)

< Pywyo(t(s)), 0 < s < 1.

In view of the described construction, the function z° + ¢(s)b is piece-wise
analytic on [0, 1|. Hence, for arbitrary k € Z, j € Z, k < p, either

OFF(2° + t(s)b)| ]6{)]7(,20 + t(s)b)|

Lk(ZO) - Lj(zo) ) (2.73)
or the equality |
OEF(Y +1()b)]  AF(2 + s)b) .
ZICU I F[E) &
holds only for a finite set of points s;, € [0; 1]. |
Then for the function w,o(¢(s)) as maximum of such expressions [0p (2 +H(s)b)| (L'Zf(;f§s)b)|

by all 7 < p two cases are possible:

1. In some interval of analyticity of the curve -y the function w,o(¢(s)) identically
equals simultaneously to some derivatives, that is (2.73) holds. It means that

w,o(t(s)) = 9%, F2j0(+558)b)| for some j < p. Clearly, the function 3} F/(2"+t(s)b)

is analytic. Then |&) F(z° + t(s)b)| is continuously differentiable function

on the interval of analyticity except points where this directional derivative
equals zero |0 F(z° +t(s)b)| = 0. However, there are not the points, because
in the opposite case w.o(t(s)) = 0. But it contradicts the construction of the
curve .

2. In some interval of analyticity of the curve v the function w.o(¢(s)) equals si-
multaneously to some derivatives at a finite number of points s;, that is (2.74)
holds. Then the points s; divide interval of analyticity onto a finite number
of segments, in which of them w.o(¢(s)) equals to one from the partial deriva-

tives, i. e. w,o(t(s)) = W for some j < p. As above, in each from

these segments the functions |3 F (2" +t(s)b)|, and w.o(t(s)) are continuously
differentiable except the points sy.
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Therefore, the function g,0(%(s)) is continuous on [0, 1] and continuously differen-
tiable except, possibly, finite set of points Moreover, for complex-valued function
of real variable the following inequality % =lo(s)] < | Zo(s) ‘ holds except the points
s where ¢(s) = 0. Therefore in view of (2.72) we obtain

d d |0 F(z° —i—t

Soalt(s)) < e {5 BTN <
A,
< e (B LS v@ww»
<&%h{@fiﬁ§””}ﬂ@ufww@MmMﬂﬂufx

where P; = max{1, P;}. Integrating in variable s and using (2.12), we establish

g.o (tg) . 1 1 d . S
AQM(D%%@UM

gz0 tl
< PL( / t'(s)|ds < PsL(z")|y| < 3|b|r' P,

‘ln

that is g.o(t2) < g.0(t1) exp{3|b|r’P5}. Is is possible to choose ¢, such that
|F(2° 4 tyb)| = max{|F(z" + tb)| : 2° +tb € Cy}.
Hence,

3’ +1 0
<|F tob
T | S P )

< g.0(t2) < g.0(t1) exp{3|b|r'Ps}. (2.75)

max{\F(20+tb)| ] =

Since 2 + t;b € C; = {20 +1tb: |t| = ﬁ} and r; € [4,%], forall j €
{1,2,...,p}, by Cauchy’s inequality in variable ¢ we obtain

7' i 0 _ 0 r
_ <l bty =
(4L(z0))‘7‘abF(Z +t:1b)| <y max{|F(z +tb)|: |[t—1t1] 4L(z0)}

3r!

1.e.

g0(t1) < plmax{1, (4/r")P} max{|F(zO +tb)|: |t| = 1 37: } (2.76)
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From inequalities (2.75) and (2.76) it follows

3r'+1 3r'

max < |F (2" +tb)| : |t| = = ¢ < Psmax{ |F(2° +tb)|: |t| = —— ¢,

4L(2Y) A4L(2Y)

where Py = p!max{1, (4/r")P} exp{3|b|r’ Ps}. Therefore, by Proposition 2.7 the
function F has bounded L-index in the direction b. ]
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Oleh SKASKIV, Andriy BANDURA, Tetyana SALO, and Andriy KURYLIAK

3 Wiman-Valiron type results for analytic functions in a boun-
ded multiple circular domain

3.1 Introduction

The Wiman-Valiron theory is usually understood to encompass the whole set
of results on the properties of analytic functions obtained using the properties of
the maximal term or the central index of the series representing the function. In

400
particular, it includes the analysis of entire functions of the form f(z) = 3" a;2"
k=0

using the maximal term 117 (r) = max{|ay|r*: k > 0} and the central index v;(r) =
max{k: |ag|r* = us(r)}. The first results of the theory concerned generalizations
of various asymptotic properties of algebraic polynomials to the class of entire func-
tions of one complex variable. Subsequently, the main results of the theory were
repeatedly transferred, in one form or another, to different classes of entire and
analytic functions, both of one and several complex variables [5], and for random
analytic functions [1,17],

It is well-known that for every non-constant entire function f of one complex
variable z € C and arbitrary given € > 0 there exist a set F of finite logarithmic
measure (f.l.m.) fEm[1;+oo) dlnr < 400 and ry € (0,400) such that the inequality
(Wiman’s inequality)

My(r) < pp(r)(In g (r)) V24 (3.1)
holds for all > 7 (r ¢ E), where M;(r) = max{|f(2)|: |2| =r}.

From (3.1) it immediately follows that (Borel’s relation): In M(r) ~ In p¢(r)
r — 4oo (r ¢ F). The Wiman inequality [23, 40], the Borel relation, and their
analogs in various classes of analytic functions, are the most fully studied among
all the basic relations of the theory and its counterparts.

In article [21], there are proved the following statement.
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Theorem 3.1 ( [21]). Let a non-decreasing function h: [0, R) — (0, 00) be such that
R : : :
f?”o h(r)dInr = +oo for somery € (0, R), R i (0, +o<]. If f is an analytic function
represented by power series of the form f(z) = Z axz* with the radius of convergence

R € (0,+0c], then (V& > 0) (3E(S, f, h) YFc (0,R)) (3ry € (0,R)) (Vr €

(ro, R) \ E)
1/240 h(r)
M¢(r) < h(r)ps(r){Inh(r) In(h(r)ps(r))} and ——=dr < +00.
Eﬂ(’l‘o,R) r
The same can be said about Wiman’s Theorem (and its analogs), which states
[18,19] that for every entire function f of one complex variable z € C there exists
aset Foff.l m. [ E[1-+00) dInr < +o0 such that the asymptotic relations

Miy(r) = (14 0(1))By(r) = =(1 4 o(1))C(r) (3.2)

hold as r — +o0 (1 ¢ E), where
By(r) = max{Re f(2) : |z| =7}, Cf(r)=min{Re f(z): |z| =1}

The relations

e ~ M) £( f(k)(z)N vy(r) ’
f(ze") @) s ( Z ) 63)

are often called the main relations of this theory. They have been examined to a
considerably lesser extent. The Wiman-Valiron Theorem [18, 19, 53] states that for
every entire function f, for small |7| in some sense and for any point z, |z| = 7,
such that | f(z)| = M/(r), we have relations (3.3) as |z| =7 — 400, 7 ¢ E,and E
is some set of f.1.m. But, even in the case of analytic functions in the unit disc, such
statements are limited in a certain sense, because they cannot be true for the whole
class of such functions.

3.2 Wiman-type theorems for analytic functions in the unit disc and in
the strip: review of results

In the case of the class .A; of analytic functions f in the unit disc D = {z €
C: |z] < 1} we can use arguments similar to those in [49, p.266-270] and the
scheme of proving Wiman’s type theorem (see [19,44]). Then it can be obtained
that relations (3.2) hold for » — 1 — 0 outside some set £ of finite logarithmic

measure on (0, 1), i.e.
/ dr
< +00,
1—7r

En(0,1)
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provided that
lim In K¢(r)
rs1—-0 — ln(l -r )
where K;(r) = (In My(r))", is the right-hand derivative.
Actually, an analog of the last statement is true in the class S(0; 1) of functions
F, analytic in the strip {z: 0 < Re z < 1}, for which the condition

> 1

)

— Y > 3.4
vo1-0 —In(1 — z) (34)

holds, where Lp(z) = (In M (x, F))', is the right-hand derivative of the convex
function In M (z, F') and M (z, F') = sup{|F (z + iy)|: y € R}. For such functions
relations

M(z,F)=(1+0(1))B(z,F)=—(1+0(1))C(x, F) (3.5)
hold as # — 1 — 0 outside some set E of finite logarithmic measure on the interval
(0,1), ie. fEﬂ(OJ) dx/(1 —x) < 400, where

B(z,F) = sup{Re f(2) : Rez =2z}, C(z,F) =inf{Re f(z): Re z = x}.

It was established [48] that condition (3.4) in the class S(0, 1) can be replaced
by the condition
(1—2)Lp(z) > 4+00 (xr—1-0). (3.6)

Actually, if (3.6) is satisfied for the function F' € S(0, 1), then relation (3.5) is true
for x — 1 — 0 outside some set E of zero linear density at the point x = 1, i.e.

plp._ T meas (EN[z,1))
z—1-0 1—=x

= 0.

In this case, the condition (3.6) is not improvable in the sense that it cannot be
replaced by any condition of the form

lim (1 —x)Lp(z) > oy > 0.
z—1-0

To simplify the formulations, it is convenient to consider instead of the class
S(0;1) the class S(—1;0) of analytic functions in the strip {z : —1 < Re z < 0},
which are bounded in {z : —1 < Re z < z} for each x € (—1;0) and such that

|z|Lp(z) = 400 (x — —0).

The following theorem is proved in paper [48].
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Theorem 3.2 ( [48]). Let O be a positive non-decreasing to +o0o on (—1,0) function
such that
|z|®(z) — +o0  (x — —0),

and the function F' € S(—1;0) such that
Lp(z) > ®(x) (xo<x<0).

Then the relation (3.5) holds for x — —0 (x € (—1,0) \ E), and for every positive
non-decreasing on (—1,0) function h such that

h(z) = o(®(x)),
h (m +o (ﬁ)) — O(h(z)) (z — —0).

the set I/ has zero asymptotic h-density at the point v = 0, i.e.

DyE = Eo h(z) meas (E N [x,0]) = 0.
T—s—

Remark 3.1. The above statement is meaningful under the condition li_mO h(z)|z| >
T——

0 (in the opposite case D, E = 0 foreach set E C [—1,0)). SinceDj, = 0 <= D;,, =0
for hi(x) = ah(x) and any a > 0, here and further we assume that h(z) > 1/|z|
(—1<x<0).

In the interpretation, for analytic function f in D condition (3.6) will become

the condition
(1—r)K¢(r) = +00 (r—1-0), (3.7)

and the exceptional set £ in the relation (3.5) will have the description D'E = 0.
Note [48] that for the function f(z) = —— we have

1—2

My(r) = 7= Ki)=1— C0) =1 Bil)=1—

therefore
(1 =r)Ky(r) =1,
Cp(r) = O(), Cy(r) = o(By(r)) (r—1-0),
i.e. condition (3.7) and relation (3.5) are not satisfied anywhere. It is clear that the

same is true for each unique branch in D of the function f(z) = (1_12)a, a > 0.

From the above, it follows that condition (3.7) cannot be significantly improved.
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3.3 Multidimensional notations and motivation

We use the following standard notations from [15,29]. Let C? be the p-dimen-
sional (p > 1) complex vector space, and R” be the p-dimensional (p > 1) real
vector space, Z,. = (NU{0})?, 2" = 2" - 2", ||n|]| = ni+...+ny, [2)? = |21]*+
oot |zl forn = (ng,...,ny) €ZE and z = (21,...,2,) € C°, Ry = [0, +00).

We call a domain G C C? a complete Reinhardt domain if:

a)z = (z21,...,2) € G= (VR = (Ry,...,R,) € [0,1]?): Rz = (R,
..., Ryz,) € G (a complete domain);

b) (21,...,2) € G = (V(01,...,0,) € R?) : (216" ... 2,¢!%) € G (a multiple
circular domain).

The Reinhardt domain G is called logarithmically-convex, if the image of the
set G = {z € G: z; - ... 2, # 0} under the mapping Ln: 2 — Ln(z) =
(In|z1],...,In]|z,|) is a convex set in the space R”.

We denote by A?(G), p € N, the class of an analytic functions f in G C C?,
represented by power series of the form

400
f(2)=f(z1,...,2) = Z an", 2= (21,...,%), (3.8)
Inf|=0
with the domain of convergence G, where 2" = 2" ... 2", n = (ny,...,n,) €
P
ZE, |Inl] = 3 nj; AP == AP(CP) is the class of entire functions of several variables

=1
(ie., analytijc functions in CP). It is well known, that from the one hand, every
analytic function f in the complete Reinhardt domain G with centre z = 0 can
be represented in G by the series of form (3.8). On the other hand, the domain of
convergence of the each series of form (3.8) is the logarithmically-convex complete
Reinhardt domain with center at the point z = 0. Everywhere we will assume that
the domain G is bounded.
Denote G, = r - G, 0 < r < 1. We consider the exhaustion of the domain GG
by a system (G ),cjo.1). Theni) |J G, = G;ii) (Vr; <7y <1): G, C Gyp;
re(0,1)
iii) (21,...,2p) € Gy <= (Vr € (0,1)): (rz1,...,72,) € Gy;
iv) (21,...2,) € G, = (VO = (01,...,0,) €RP): (216" . .. 2ei%) € G,.
Remark, that the following domains are the complete Reinhardt domains:

1) Cr,a - {(Zl,.-.,Zp) cCr: ‘ZJ| < ayr, 1 S] Sp},
11) Bna = {(Z17 .. .,Zp) c Cr: a1\21|2 + ...+ aplzp‘Q < 7“2};

iii) 1L, = {(21,..., %) € CP: ay|z1| + ...+ aplzp| <71}
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iv) Gp = {(21,...,2) € CP: |zq|m - .. |z < prtotan},

where a = (a1,...,a,),a; >0(1 <j<p),re(0,1).

In one complex variable (p = 1), a logarithmically-convex Reinhardt domain
is a disc.

To prove Theorem 3.2 in [48], the following counterpart of the Borel-Nevanlinna
lemma was used.

Lemma 3.1 ( [48]). Let u(x) be a positive non-decreasing on [—1,0) function, and let
® and h be two functions on [—1,0) such that as in Theorem 3.2. If

u(z) > &(x) (9 <z <0),

then there exist a function 6(u) ,/* 400 (u T —0) and the set E has zero asymptotic
h-density at the point x = 0, i.e. D;,(E) = 0, such that the inequality
u(z)

lu(z + 7) —u(x)| < @

holds for all x € (—1,0) \ E and for everyT € R, |7| < ¢(x) =4 d(x)/u(x).

Various analogs of Wiman’s Theorem for an entire Dirichlet series with a po-
sitive monotonically increasing to infinity sequence of exponents can be found in
[35,36,44], and for absolutely convergent in a half-plane Dirichlet series in [31,48],
for graph [26].

There are also some known analogs of Wiman’s inequality for entire multi-
ple Dirichlet series with arbitrary complex exponents [20], for series in systems of
functions [38].

Other interesting property in Wiman-Valiron’s theory concerns the asymp-
totic behavior of entire functions in certain discs around points of maximum mo-
dulus [14]. There are many papers estimating the size of these discs from above
and below as for entire functions [4], so for subharmonic functions [12] and mero-
morphic mappings [24,50]. Extension of the Wiman-Valiron-type considerations to
complex differences gives difference variants of Wiman-Valiron theory (see key re-
sults in [25]). This theory was also partially developed for fractional derivatives [7].

The distance between a maximum modulus point and the zero set of entire
function within Wiman-Valiron’s theory were asymptotically estimated in [9, 28].
P. Fenton [10,13] developed another approach to deduce main relations of Wiman-
Valiron’s theory in the multidimensional case.

Note that W.K. Hayman [18, 19] used Wiman’s Theorem to prove for the har-
monic functions u(z,y) in the whole complex plane one counterpart of Wiman’s
Theorem.
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The chapter is devoted to establishment of Wiman’s Theorem analogs for an
analytic functions of several complex variables in bounded multiple circular do-
mains. The statements describe the asymptotic behavior of such analytic functions
F(z) of several complex variables z = (21, ..., 2,) and its directional derivatives
at the neighborhood of a point w, where the value F'(w) is close to the supremum
of its modulus on the boundaries of multiple circular domain. There are known
similar theorems for analytic functions in polylinear domains. For analytic func-
tions in bounded multiple circular domains such statements are unknown. For
entire functions of several complex variables similar results we found in papers
([2,10,11,16,27,32,33,45,47,49]. The number of publications concerning generali-
zations to the multidimensional case of the Borel relation theorems [6] and Wiman
inequality is much larger. Their list is not limited to the publications listed at the
end of this text ( [20-22,37-39, 41-43,51,52]).

3.4 Asymptotic relations in polylinear domains.

Let us now introduce some additional notation and concepts.

Fora = (ay,...,ay) € R, b= (by,...,b,) € RP we write a < b, respectively
a<bif(vj,1 <j<p):a; <bjand (V5,1 <j <p):a; <bj, respectively. For
2= (2,...,%) € CP,w = (w,...,wy) € CP, we denote (z,w) = zywy + ...+
2wy, ||2|| =214+ ...+ 2, Rez = (Re 21,...,Re z), and for R = (r1,...,1,) € RP
we denote [1p = {z € C”: Re z < R}.

A domain D C CP? is called a polylinear domain in C?, p > 1 ( [49, p.294]),
if it is satisfied the following condition: if 2 = (z1,...,%2,) € D, then for ev-
ety y = (Y1,...,Yyp) € RP we get 2z + 1y = (21 + iy1,...,2, +iy,) € D. Let
A= (Ay,...,A,) € R" be a fixed vector and D be a polylinear domain. Denote
D(r,A) = D+ rA,r € Rand by D := ReD the image of the domain D at the
mapping Re z: D — RP. The domain D(r, A) also is a polylinear domain and it is
clear D(0, A) = D.

We assume that a polylinear domain D is such that the system of domains

{D(r, A) re(-10)

is the geometric exhaustion of D, that is
a) U D(r,A) =D; b)D(r;,A) CD(ry, A) (-1 <13 <ry <0).
re(—1,0

We say t}(lat s)uch a polylinear domain D belongs to the class > (in [49, p.299] see
the definition of the class X;;), if there exist R,, R* € RP such that[Iz, C G C Ilp-.
It is easy to see that

U D(r,A) =D, D(0,A) = Dand D(r;,A) C D(r3, A) (=1 <1 <1y <0),
re(—1,0)
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and also Il € 3, where 0 = (0,...,0) € RP.

Let us consider the class A”(D) of an analytic functions in D?, which are
bounded in an arbitrary domain IIp, R = (R;,...,R,) < 0. For a function
F e A(D)and x < 0, x € R? it is obvious that

M(z, F) :=sup{|F(x +iy)| : y € R’} < +o0.

Moreover, if an analytic function F' is bounded in a polylinear domain D, then for
every « such that {z € C”: Rez; =z1,...,Re 2, =x,} C Donehas M(x, F) <
+00.

For a function F' € A?(D) and r € [—1,0) we denote

Sp(r,D) :=sup{|F(2)| : z € D(r, A)}.

Repeating the reasoning from the proof of [49, Theorem 1.4.26], we obtain: if D €
¥, and the function F such that M(z, F') < 400, and in each polylinear domain
11 the function F' is bounded, then In Sp(r, D) is a convex function of r € [—1,0).
We note that Sp(r, D) < 400 (Vr € [—1,0)), in the case, when F' € A?(D),
and the exhaustion is such that IIp, C D(r, A) C Ilg- for some R, < R*.
Since In Sp(r, D) is a convex function, it has a right-hand derivative every-
where

Lp(r,D) := (InSp(r, D))",

which is a non-decreasing function. It is obvious that for every ry € (—1,0) there
exists

Li(rg):= lim Lp(r,D)> lim Lp(r, D).

r—70+0 r—ro—0

Therefore, without loss of the generality, we can assume that the function Lp(r, D)
is right semi-continuous. Then one has Ly (1o, D) = L (r() at every point 7y €
(—1,0).

The main results of this chapter will concern analytic functions f: G — Cin
bounded complete multiple circular domains G C CP. For convenience, we will
move on to the class of analytic functions, which, in particular, contains all analytic
functions of the form F'(z) = f(e*,...,e%*), z = (21,..., 2p).

We prove the following theorem (see also [8]).

Theorem 3.3. Let ¢ be a positive non-decreasing to +o0o on (—1,0) function such
that
7| ®(r) = 400 (r — —0),

and the function F' € AP(D) such that
LF(T,D) > CI)(?”) (7“0 §T<0). (3.9)
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Then relations

Sp(r,D) = (140(1))Bp(r,D) = —=(1+ 0(1))Cg(r, D) (3.10)
hold asr — —0 (r € (—=1,0) \ E), where
Br(r,D) =sup{Re f(2): z € D(r,A)}, Cp(r,D) = inf{Re f(2): 2z € D(r, A)}
for every positive non-decreasing on (—1,0) function h such that

h(z) = o(®(x)),
h (g; Yo (ﬁ)) — O(h(z)) (x — —0),

the set IV has zero asymptotic h-density at the point x = 0, i.e.

DyE = EO h(z) meas (E N [z,0]) = 0.
T—s—

Here meas [ is the Lebesgue measure of the measurable set I/ on the real line.
At first, we prove the following statement.

Theorem 3.4. Let the functions ® and h be as in Theorem 3.3. If for the function
F € AP(D) condition (3.9) is satisfied, and (r) | 0 (r — —0) is an arbitrary
function, then there exists a function 6(r) /* +o0o (r — —0) and a set E C (—1,0),
Dy E = 0 such that for allw € 0D(r, A) chosen from

SF(T, D)
|[F(w)| > Tte()

and forall s € C,

s| <rp < ﬁ{%, c(r)=1+e(l+¢(r)), we get

+00

F(w+ sA) = F(w) exp {(LF(T, D)+ Ay)s + ZAns"} ,asT — —0(r ¢ E)

n=2
where

1A, < 27" In (1 + TOC(T)(SL(;?)(T’ D)> (n>0).

Proof of Theorem 3.4. We will use Lemma 3.1 with w(r) = Lg(r,D). For all r €
(—LLO)\E,DyE=0and7 € R, |7| <¢(r)=46(r)/Lp(r, D), we have

1
W(r)
Let £(r) J O (r — —0), and the point zy € 0D, be such that

[F(20)] = Sp(r, F)/(1 +&(r)).
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From the monotonicity of Lg(r, D) it follows ( [49, ¢.147]) that for all r € (—1,0),
heR |jrl—1<h<]|r

b

InSp(r+h,D) —InSp(r,D) < hLp(r + h, D).
Hence and from (3.11) forr € (—1,0) \ £, h € R, |h| < 9(r), we get
InSp(r+h,D) —InSp(r,D) — hLg(r,D) < h(Lg(r+ h,D) — Lp(r,D)) =
= |h||Lp(r+ h,D) — Lp(r,D)| < 1.
Therefore, forr ¢ E,n € C, |Re n| < ¢(r)

F(ZO + A??) e—nLF(r,D) <
F (=)
< (1+e(r))exp{lnSp(r+Re n, F') —InSp(r,D) —Re n Lp(r,D)} <
< o1 +<(r)).

By the Schwartz Lemma ( [34, p.103]), applied in the disc {n : |n| < ¥(r)} to the
function

L F(ZO+A77) —nLp(r,D)
g(n) T F(Z()) € nk P 17
forallp € C, || < ¥(r) we have
9] < (1 (1 + () = ) 312)

Since |g(n)| < 1 for |n| < i}((:))’ r € (=1,0) \ B, with (3.12) at || < i}((:))7 re
(—1,0) \ £ we get

‘F(ZO + An) e~ Lr(r,D)
F(z)

>1—|g(n)| > 0.

Therefore F'(zy + An) # 0 for |n| < 10#((7")

n and, the function

_ F,(Z() -+ AT) B
G(n) = /[O T+ An dr —nLy(r, D) (3.13)

is analytic in the disc {7 : |n| < ¥ (r)/c(r)}, G(0) = 0.
Let

400
G(n) =Y A
j=1
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In view of condition |n| < ¢ < ¥(r)/c(r) from inequality (3.12) we have

Re G(n) = In|1 + g(n)| < (1 + [g(n)]) < In (1 i ‘fp(())) 6w

In the solution of Problem 236 (see, [30, Part III, Ch. 5, § 2, 236, p.355]) we find
the formulation of the Cauchy Modified Inequality.
+00
Lemma 3.2. Let f(z) = >_ f,2" be an analytic function in the discDr = {z: |z| <

n=0
R}, R > 0. IfRe f(z) < M forall z € Dg, then |f,|R" < 2(M — Re fy) for all
z € Dp.

Therefore, by the modified Cauchy inequality (Lemma 3.2), in the disc {7 :
In| < q} we have

A1 < 27 max{Re G() : [n] = g} < 2~ In (1 1) ) |

It remains to note that for |n| < ¥ (r)/c(r) from (3.13) it follows that

F(zo+ An) = F(zp) exp {nLF(r, D)+ Z Ajn]} :

j=1
Theorem 3.4 is proved. [

Proof of Theorem 3.3. To prove our theorem we will use the scheme from [44, 45]
(see also [18,19,35]). Let us choose = i(m — arg F'(w))/Lp(r, D), w € 0D(r, A)
such that

|F(w)| = (14 0(1))Sp(r,D) (r — +00)

and make sure that the application of Theorem 3.4 will ultimately lead us to the
formulated statement. Indeed, it is clear that || < 6(r)/Lp(r, D) and

lw(n)| < e(r)|m —arg F(w)|/o(r) = 0
as 7 — +o0. Thus, by Corollary 3.3,
F(w + An) = (1 + o(1)|F(w)|e™ = —(1 + o(1))| F(w)].
Hence, Re F(w + An) = —(1 + o(1))Sr(r, D). So,
Cp(r, D) < Re F(w + An) = —(1 + o(1))S#(r, D).

But,

Cr(r,D)| < Sgp(r, D), therefore
Cp(r,D) = —(1+0(1))Sp(r,D) (r — 4o0). (3.15)
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Let us choose now, F*(w) := —iF(w). Then, on the one hand, Re F' =
—Im F*. Hence, Bp(r, D) = —Cp«(r, D). On the other hand,

Sp(r, D) = Sp(r, D), [F(w)| = |[F*(w)|, F* € A"(D).
Therefore, applying relation (3.15) to the function F™, finally we obtain that
Bp(r,D) = —Cp«(r,D) = (1+0(1))Sp«(r, D) = (1+0(1))Sp(r, D) (r — +00).
O]

3.5 Asymptotic relation for higher-order directional derivative

In this subsection, we consider the statement for functions F' in the class
AP(D) about the relations of the form

FP(w) = (1+ 0(1)) Lk (r, D)F(w) (3.16)

as 7 — +o0o outside some exceptional sets. Here our proof again makes substantial
use of Theorem 3.4, which we established in the previous section.

For A € R? and a function F' € A?(D) by F',(w) we denote the derivative of
F in the direction A at the point w € D; Flgk)(w) = (Fflk_l)(w));l denotes the k-th
derivative in the direction A at the point w € D, F);(w + A7) is the derivative of
the function F’ in the direction A at the point w + AT.

Theorem 3.5. Let the functions ® and h be as in Theorem 3.3, for the function F' €
AP (D) condition (3.9) is satisfied, and €(r) | 0 (r — —0) is an arbitrary function.
Then there exists a set E C (—1,0), DpE = 0 such that for each k € N asymptotic
relation (3.16) holds as — —0 (r ¢ E) for every point w € 0G(r, A) provided the
inequality |F (w)| > Sp(r, D) /(1 + (r)).

Proof of Theorem 3.5. The proof of Theorem 3.5 repeats the scheme of the proof of
similar theorem from [2]. We adapt some places in our proof with additions and
some necessary clarifications, and rewrite other places from the proof almost verba-
tim, so that in general we can obtain a completely correct proof. Let w € 0G(r, A)
be a given point such that condition |F'(w)| > Sg(r, D)/(1+&(r)) is satisfied, and
consider the function
Flw+An) .00
= pAT, — 1

of the variable n € C, |n| < ¢(r) = d(r)/Lr(r, D), for fixed r > ry, as above.

For all n, |n| < ¥(r)/c(r), r > 1o, by inequalities (3.12) and (3.14) one has

ol <+ b)) <o (14880 < ot tr) = et 22
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Hence, we have
w(m| < [nle(r)Lp(r, D)/6(r) < 1. (3.17)

Thus,

F(w + An)

F(w)

foralln, |n| < (r)/c(r),r > ro. So, for the fixed A and a given point w € 0G(r, A)
such that |F(w)| > Sr(r,D)/(1 + &(r)), we get F(w + An) # 0 for all n, |n| <
Y(r)/c(r), r > ry. Therefore, the function Fy(w + A7)/F(w + A7) is an analytic
function of n, |n| < ¥ (r)/c(r), r > ry. Hence, the function

e PN = |1+ w(n)| > 1 - |w(n)] >0

" Fy(w+ A7) B
fo) = [ FAE T b —aLeD), fO)=0. (a9

is an analytic function in the disc D = {n € C: |n| < R}, R = ¢(r)/c(r). Let the

+00
function f have a Taylor series expansion of the form f(z) = Y f.2* in the disk

k=0
Dg.
Clearly, / ,
fr=1(0) = Fy(w)/F(w) — Lp(r, D),

and, by inequality (3.17), one has

Re f(n) =1In WG—MF(%D)‘ =In|l +w(n)| <
smu+wmmsu+4mmww»sm0+§ﬁb (319

for all n, 1] < ¢ < () /c(r).
Let us apply Lemma 3.2 to the function f in the disc D, = {n: |n| < ¢},
q < 1(r)/c(r). Using inequlity (3.19), we have

Fy(w)
F(w)

—LﬂnDﬂzumn=vusmmﬂmﬁmwmhw}s

qe(r) 2¢(r)
wm>§¢vf

Hence, for all w € OGp(r, D) such that |F(w)| > Sr(r, D)(1 + &(r))~! one has

< 2In <1+

‘F alw) 1 = o(1) (3.20)

2¢(r) B c(r)
Fw»uvin‘4<

= Lp(r,D)b(r)  4(r)

asr — +oo.
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Let us apply now again, as above, Lemma 3.2 in the disc D, = {n: |n| < ¢},
q < (r)/c(r) to the function f, which is defined in (3.18). For fixed k € N, we
have

5 19O = 151 < 2 max{Re £ Inl = 4} <
c(r)

< 2¢ " In(1 4 ge(r) /4(r)) < quﬂm (3.21)
for [n| < q < ¥(r)/c(r). Let us denote Fy(n) := F(w + nA)/F(w). The function

Fy(n) is an analytic function in the variable 7, |n| < ¢, Fy(0) = 1. So, for |n| < ¢

we get

F(w+nA) = F(w) exp{f(n) + nLr(r, D)} =

Nw) 2 k)
= F(w) exp {FZ;‘((w))n +> ! k(()) 77’“} = F(w)Fo(n). (3.22)
k=2 )

Suggest that the function F{ have the Taylor series expansion of the form
+oo
Fo()=1+>_ Fa*, Inl<q (3.23)
k=1
in the disk D,. It is clear, that for the function fi(n): = f(n) +nLp(r, D) we have

R0 = FBD @) (k> 2), s0

+00 1 F,( ) +00 f(k)(o) § +00 1 +00 f(k)(o) 5
Fo(n)=1+zlg<#j)n+§ A :H;g ;1777’c -

Therefore, the Taylor coefficients in (3.23) are formed by sums of the following form

R )\
=Y Ba(f{(o))a1.< 12<!0>) (flk!m)) (329

lrllo=F

where #{a: ||a|lp = k} < 400,
(Q1,...,q) € Zﬁ, B, € R. That is finite number of the summands in (3.24).
From the equalities (3.22)—(3.23) and the Taylor expansion

(k)
+oo F'\ (w
F(w+ An) = g o Ak!( )

we obtain that Fflk)(w) = F(w)k!F}, (k > 1). Thus,
(

FPw) 1 Fyw) 1\ ()"
Flw L%(r,Dfl:(ﬁ(w)LF(r,D))‘”ZB“H i)

allo = 25:1 joj for a the multi-index o =
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Since ¢(r) = O(1) and 6(r) 400 (r — +00), ¢(r)/d(r) = o(1) (r = +00).

k=1
Let us recall that t* — 1 = (t — 1) - 3_ #/. Therefore, from the inequality (3.20) we
=0
have consistently,
—|F (w 1 J

_ (1 N @)k C1=o(1) (3.26)

as r — +o00o. Let us take it now

_ v 1
2¢(r)  2¢(r)Lp(r,D)

q

Using inequality (3.21), we get

IO\ 1T (ot CONY oo (2260,
.H< j ) <jHl(2q ¢<v~>> - (wm) B

7j=1
Hence,
k (7) %
J17'(0 _
> BaH< 1].,( ) 1< S Bl (327)
lallo=k,  J=1 llatllo=F
ar1<k o<

But, §(r)/Lp(r, D) — 0asr — 400 and ¢(r) > 1+ e. Therefore, applying relation
(3.26) and inequality (3.27), from equality (3.25) we obtain

FPaw) 1
- — 1| =o(1)
F(U}) LF (Ta D)
as 1 — +00. Thus, the statement of Theorem 3.5 is proved. []

3.6 Corollaries: analytic functions in the bounded domains.
From Theorem 3.3, choosing

h(x) ®(x) = Lp(x, D),

:m’

we obtain the following corollary.
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Corollary 3.1. For each function F' € AP(D) such that |x|Lp(x, D) — +oo (x —
—0) relations (3.10) hold forx — —0 (z € (—1,0) \ E), while

— 1
Di(F) = xli}rgommeas (ENfz,0]) =0.

Let f be an entire transcendental function of the form (3.8) with the domain of
convergence G, where G is a bounded multiple circular domain. Then the function

F(z) =F(z1,...,2,) = f(e*) = f(e*,...,e%)
is analytic in a polylinear domain D. Clearly,
My(r,G) = max{|f(2)|: z € 0G,} = sup{|F(w)|: w € 0D,} = Sp(r, D)
atr = (21,...,2p) =Inr=(Inr,...,Inr,). Then,atz =Inr
Lp(x,D) = (In M¢(r,G)) :== K¢(r,G).

Since, r = e — 1 — 0 <= = — —0. Therefore, from Corollary 3.1 we obtain the
following statement.

Corollary 3.2. For each function f € AP(G) such that (1 — r)Ks(r,G) — 400
(r — 1 —0) relations

M;(r,G) = (14 0(1))Bs(r,G) = —(1 + 0(1))Cy(r,G)
hold forr — 1 —0 (r € (0,1) \ E), while

DYE) := lim

r—1-01 —r

meas (EN[r,1)) = 0.
Here
By¢(r,G) =sup{Re f(2): z € G,}, Cp(r,G) =inf{Re f(2): z € G, }.

The following statement is a consequence of the inequality (3.12) established
in the proof of Theorem 3.4.

Corollary 3.3. Let &, h and ' € S(—1;0) be as in Theorem 3.2, and the function
b(r): (—1,0) — R, be such that

Lp(r,D)b(r) =0(1) (r — —0).

There exists a set E C [—1,0) such that D, = 0, and for all zy € D, z € 0D,,
such that
|F(20)] = (14 0(1))Sk(r, D)
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and for alln € C such that |n| < b(r) forr — —0 (r ¢ F), we have
F(z0 + An) = F(2)(1 + w(n))e? P,
where the function w(n) = w(n, z9) such that
w(n) =o(1) (n—0).
Proof of Corollary 3.3. Let by(r) = O(1) (r — —0) and
b(r) = bo(r)/Lp(r, D).
For disc |n| < b(r) within the proof of Theorem 3.4 we have

f Ajp| < 2In <1 + TOC(T)(SL(f)(T’ D)> f (%;))J ’

j=1 j=1

where ¢(r) = 1+ e(1 +(r)), e(r) L 0 (r — —0) is some arbitrary function. We

choose 7y = (1 + 0(1))%. Then as r — —0
ZAW <2(1+ 0(1))% = 2(1 + 0(1))7@6—(—72(7’) —
=2(1+0(1)) SRR = o(1).

o(r)(1 4 o(1)) — c(r)bo(r)
The application of Theorem 3.4 completes the proof of Corollary 3.3.

First, note that Inequality (3.12) holds for alln € C, |n| < ¥(r) = %, as
r— —0(r ¢ E,DyE = 0). Since by(r) = o(d(r)) (r — —0), one has

_ b(r) :0( 5(r)
LF(T, D) LF(T, D)

br) >:owv» (rs-0)  (3.28)

and therefore b(r) < ¥ (r) (11 < r < 0). Hence, by Inequality (3.12) and Relation
(3.28) we obtain that for w(n, z9) := g(n) atr - —0 (r ¢ E,DyE = 0) and
[l < b(r)
b(r
o )| < ()1 < o) B — ofe(r)) = o),

Corollary 3.3 is proved. []

Weput A= (1,...,1) € R} It is easy to see,

Faz) = (%*-*%)ﬂ@ﬁ = (ezlaiﬁ+...+ezp£p)f(r)

T=e*
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Similarly,

F§k>(z):(elﬁ—ﬁ+...+w&) £(7)
p

Then, from Theorem 3.5 we obtain the following statement.

T=€*

Corollary 3.4. Let  be a positive non-decreasing to +oco on (0, 1) function such that
(1—=r)®(r) = +o0 (r—1-0),
and the function f € AP(G) such that
K¢(r,G) > ®(r) (ro<r<1).

ande(r) L 0 (r — 1 —0) is an arbitrary function. Then there exists a set E C (0, 1),
D} E = 0 such that for eachn € N asymptotic relation
) 9\ i
(ngey +o g, ) S0 = (4o D)KG( OV ()

holds asv — 1 — 0 (r ¢ E) for every point 7 € O0G, provided the inequality
[F(T)] = My(r)/(1 + (7).

Discussion. In the case p = 1, the finiteness of the logaritmic measure of excep-
tional set in the relations from Wiman’s theorem is the best possible description. It
follows from the examples in papers [3,46]. The same situation is in the case of the
main relation [3].

Problem 3.1. Is the description Dy, (FE) = O the best possible description of the excep-
tional set IV in the case p > 1 in Theorem 3.5? And in the casep = 1?

Problem 3.2. Is the description D} (E) = 0 is the best possible description of the
exceptional set E in the case p > 1 in Corollary 3.4? And in the casep = 17?
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4 Symmetric analytic functions on Banach spaces
and their applications

Groups and semigroups of symmetries play a fundamental role in contemporary
mathematics. Their invariants are important in operator theory, functional anal-
ysis, differential equations, algebraic geometry, Lee theory, and other areas of al-
gebra and analysis. The question of the description of the invariants of a linear
transformations group on C" which naturally acts on the algebra of polynomials is
a typical problem of the classical Invariant Theory. Such invariants form algebras
of symmetric polynomials with respect to given groups and are well investigated in
the classical cases (see e. g. [35,43]). It is very important for these studies to describe
the spectra of the algebras of invariants. The cases when a group (or even a semi-
group) of symmetry acts on infinite-dimensional Banach spaces where considered
in [1,5,7,11-14,18, 20,22, 24, 28,38,44-46] and in other papers.

For the infinite-dimensional case we need to work with a natural completion
of the algebra of continuous polynomials, that is, the algebra of analytic functions
of bounded type. In this case we can use some methods and ideas developed in
[3,4,6,9,10,47].

R. Aron, B. Cole and T. Gamelin introduced in [3] a convolution operation in
the spectrum of the algebra Hj(X) of the analytic functions of bounded type defined
on a complex Banach space X. This convolution is defined relying on translations
on X. Later, R. Aron et al. [6] discussed the commutativity of that convolution and
proved that for X = ¢, it is not commutative.

By a symmetric function on ¢,, 1 < p < oo we mean a function which is
invariant under any reordering of the sequence in ¢,. The algebra of symmetric
analytic functions with the topology of the uniform convergence on bounded sets
will be denoted Hys(¢)). We put My,(¢,) for its spectrum, that is, the set of all
continuous scalar valued homomorphisms. The case of symmetric functions on
¢~ was considered in [19]. As pointed out below, when dealing with symmetric
analytic functions the translation operators are not well defined anymore. This is
why in [11] it was introduced the so-called “intertwining” operators that lead them
to define a “symmetric” convolution operation as is described in the next section.
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In this survey paper we gathered results about different representations of the
spectra M,s(¢,) and their some applications that were basically obtained in [11-16].
The most complete description of My (¢,) was obtained for the case p = 1 in [14].

In Subsection 4.1, we show that, contrary to the non-symmetric case, the sym-
metric convolution is indeed commutative. Also a representation of M,(¢;) in
terms of entire functions of exponential type is obtained. Such representation al-
lows us to determine the invertible elements in My,(¢;) for such symmetric con-
volution. Finally, we present a description of the elements in the spectrum through
certain points in ;. In Section 4.2, we introduce a multiplicative convolution oper-
ation on M,s(¢1) that allows to assure that the representation of Ms(¢;) in terms
of entire functions of exponential type is not onto. This is achieved by appealing to
a result from Number Theory on the number of divisors of a given positive integer.
It is also shown that M,(¢;) becomes a commutative semi-ring with identity when
endowed with both mentioned convolution operations. In Section 4.3, we provide
a complete description of the spectrum M, (1) in terms of the convolution opera-
tion. Such description follows from Theorem 4.9. Its extension Theorem 4.10 should
be compared with the analogous equality in [3, 3.1] In Section 4.4, there are some
applications of symmetric polynomials in statistical quantum mechanics. Further
applications can be found in [26].

In [22] it is proved that, similarly to the classical finite dimensional case, the
polynomials

Fk(SL‘):ZSL’f, k=[pl,[p]+1...

form an algebraic basis—named the power series basis—in the algebra of all symmet-
ric polynomials on ¢, (here [p] is the smallest integer that is greater than or equal
to p). This means that for every symmetric polynomial P of degree [p| +n — 1,
n > 1 there is a polynomial g on C" such that P(z) = q(F7,1(2), ..., Frplyn-1(2)).
Actually, ¢ is unique as pointed out in [1].

For background on analytic functions on infinite-dimensional spaces, we refer
the reader to [17] or to [33].

4.1 The convolution operation on the spectra of algebras of symmetric an-
alytic functions

4.1.1 The symmetric convolution
We start with the following simple remark.

Remark 4.1. There is no w € £, w # 0, such that g(z) = f(x + w) is symmetric
for every symmetric f € Hys(¢,).
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Proof. Thereis iy € N, such that |w,| < 1/3ifn > iy. Assume that f(-+w) belongs
to Hys(¢p) for every symmetric f € H;s(¢,). Then for every fixed permutation o and
each element in the basis of £, f(e,u) +w) = g(e,)) = glei) = flei +w),Vf €
Hys(€y). Thus e,(;) + w is a permutation of e; + w, that is, 1 4 w,(;) = w;, for some
index j; € N.

Since o is a bijection, the set {¢ (i) > i(} is infinite, so there are infinite terms
wj, with absolute value greater that 2/3. Impossible. []

Next we recall some definitions.

Definition 4.1 ( [11]). Letz,y € {,, 2 = (v1,%2,...,) andy = (y1,Y2,...,). We
define the intertwining x e y € {,, according to

rey= (gjlvylax%y%"'a)'

The mapping f +— T;(f) where T;(f)(x) = f(z e y) will be referred as to
the intertwining operator. Observe that 77 o T’ ; =T ;,y = T; o T? :Indeed, [T o
TJ(N(z) = AT (NI(2) = Tj(f)(z e x) = f((zex) oy)) = f(z 8 (x ®y)), since
f is symmetric.

The above remark explains why we are led to use the intertwining operators
to define the convolution in Ms(¢,).

Definition 4.2 ( [11]). Given f € H;s(¢y) and 6 € Hys(£,)', its symmetric convolu-
tion O * f is defined by (0 = f)(x) = 0[T:(f)].

As pointed out in [11], it turns out that 0 x f € H;s(¢),).

Definition 4.3 ( [11]). For any ¢ and 0 in H;s(¢,)’, its symmetric convolution is
defined according to

(@x0)(f) = (0x f) = oy — O0(T [)).
Corollary 4.1 ( [11]). If ¢, 0 € Mys({,), then ¢ x 0 € Mys(L,).
Theorem 4.1. a) For every ¢, 0 € My((,) the following holds:
(p*0)(Fr) = p(Fr) + O(F). (4.1)

b) The semigroup (Mys(C,),*) is commutative, the evaluation at 0, o, is its identity
and the cancellation law holds.

Proof. Observe that for each element F}, in the algebraic basis of polynomials, { F}; },
we have
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Therefore,
(px0)(Fk) = @(Fi + 0(Fk)) = @(Fk) + 0(FY).

To check that the convolution is commutative, that is, ¢ x § = 6 x ¢, it suffices
to prove it for symmetric polynomials, hence for the basis {F}.}. Bearing in mind
(4.1) and also by exchanging parameters (0x)(F)) = 0(Fy)+@(Fy) = (o*0)(F})
as we wanted.

It also follows from (4.1) that the cancellation rule is valid for this convolution:
If o %0 = %0, then p(Fy;) + 0(F)) = ¥ (Fy) + 0(F}), hence p(Fy;) = ¢(Fy), and

thus, p = 1. ]
Example 4.1. There exist nontrivial elements in the semigroup (Mys({)), %) that are
invertible:

In [1, Example 3.1] it was constructed a continuous homomorphism ¢ = ¥, on
the uniform algebra A,(By,) such that o(F),) = 1 and ¢(F;) = 0 foralli > p. In
a similar way, given A € C we can construct a continuous homomorphism V) on the
uniform algebra A,;(|\|By,) such that W)(F,) = X and ¥\(F;) = 0 foralli > p : It
suffices to consider for eachn € N, the element

A 1/p
?)n:<—) (€1+"'+6n)
n

for which F,(v,) = A, andlim,, Fj(v,) = 0. Now, the sequence {6,, } has an accumu-
lation point V) in the spectrum of A,(|\| By, ). We use the notation 1) for the restric-
tion of W)\ to the subalgebra Hy({)) of Aus(|A|By,). It turns out that 1y x 1_y = dg
since for all elements F; in the algebraic basis, (1) x _))(F;) = YA(F) + YA (F)) =
0 = 5(F}).

Therefore, we obtain a complex line of invertible elements {1, : A € C}.

As in the non-symmetric case [3] Theorem 5.5, the following holds:
Proposition 4.1. Every ¢ € M,,(¢,) lies in a schlicht complex line through 4.

Proof. For every z € C, consider the composition operator L, : Hps(€,) — Hps(¢))
defined according to L.(f)((z,)) := f((zx,)), and then, the restriction L} to
Mps(€),) of its transpose map. Now put ¢° := Li(¢) = ¢ o L.. Observe that
P*(Fr) = @ o L.(Fy) = p((Fi(2"))) = 2"p(F}). Also, ¢ = .

For each f € Hys(¢,) the self-map of C defined according to z ~ ¢*(f) i
entire by [3] Lemma 5.4.(i). Therefore, the mapping z € C ~ ¢* € My, (/) i
analytic.

Since ¢ # 0p, the set ¥ := {k € N : p(F}) # 0} is non-empty. Let m be
the first element of 3, so that ¢(F},,) # 0. Then if ¢* = ¢", one has z"p(F},) =
w™p(F},), hence 2™ = w™. Taking the principal branch of the m'" root, the map
¢ ~» ¢ V€ is one-to-one. [

S
S
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Recall that a linear operator 1" : H;5(¢,) — Hps(€)) is said to be a convolution
operator if there is § € M;s(¢,) such that T'f = 6 * f. Let us denote H ., (¢,) :=
{T € L(Hs(¢p)) : T is a convolution operator}.

Proposition 4.2. A continuous homomorphism T : Hys(¢,) — Hus(¢,) is a convolu-
tion operator if, and only if, it commutes with all intertwining operators T;}, y € (.

Proof. Assume there is € M;,s(¢,) such that T'f = 0 x f. Fix y € {,. Then [T o
T )N ) = [T(T)(f)(x) = [0 T;(/)l(z) = O[TZ(T;(f)] = 0[T7.,(f)]. On the
other hand, [T7/oT(f)(x) = [T, (Tf)](z) = T f(zey) = (0xf)(vey) = 0[T7,,(f)]-

Conversely, set § = 601" Clearly, § € M (¢,). Let us check that T f = 0 f :

Indeed, (0 x f)(x) = O[T;(f)] = [T(T;(f)]0) = [T(T(f)](0) = Tf(0Oex) =
Tf(x). 0

Consider the mapping A defined by A(0)(f) = 0 x f, that is,

A ,/\/lbs(fp) — Hcom}(gp)
0 = [~ O0x f=A0O)(f)

Clearly, it is bijective. Moreover we obtain a representation of the convolution
semigroup

Proposition 4.3. The mapping A is an isomorphism from (Mydl,), ») into (H onidlp),0)
where o denotes the usual composition operation.

Proof. First, notice that using the above proposition,

A *x0)(f)(z) = [(p*x0)x fl(z) = (px O)(T, f) = (O T, f) =
= o[AO)(T; )] = ol(A(0) o T7)(f)] = @[(Ty o A(0))([f)]-

On the other hand,
[Alp) o AO)](f)(z) = A(p)[AO)(N)](x) = [ x AO)(/)](z) = @[T (AO)(f))]-
Thus the statement follows. []

As a consequence, the homomorphism 6 is invertible in (M4(¢,), %), if, and
only if, the convolution operator A(f) is an algebraic isomorphism.
We observe also that for 1) € My(¢,), one has

o AB) = b,
because [1) o A(0)](f) = WIAB) (/)] = (0 ) = (& O)(S).

Next we address the question of solving the equation ¢ = 1) x  for given
@, 0 € Myps(¢,). We begin with a general lemma.
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Lemma 4.1. Let A, B be Frechet algebras andT' : A — B an onto homomorphism.
Then T maps (closed) maximal ideals onto (closed) maximal ideals.

Proof. Since T’ is onto, it maps ideals in A onto ideals in B. Let J C A be a maximal
ideal, we prove that T'(7) is a maximal ideal in B : If Z is another ideal with T'(7) C
T C B, it turns out that for the ideal T71(Z), J c T (T(J)) € T YZ), hence
either 7 = T71(Z), or A = T71(Z). That is, either T(J) =Z, or B = T.

Let now ¢ € M(A) and J = Ker(p), a closed maximal ideal. Then 7'(J) is
a maximal ideal in B, so there is a character ¥ on B such that Ker(y) = T(J).
Then Ker(p) C Ker(y oT), because if ¢(a) = 0, that is, a € J, we have T'(a) €
Ker(1y). By the maximality, either ¢ = 1) o T, or ¢ o T' = 0, hence ¢y = 0. In
the former case, 1 is also continuous since being 7" an open mapping, if (b,,) is a
null sequence in B, there is a null sequence (a,) C A such that T'(a,) = b,; thus

lim,, ¢(b,,) = lim,, ¢ o T'(a,) = lim,, ¢(a,) = 0. O]

Remark 4.2. Let A, B be Frechet algebras and'l' : A — B an onto homomorphism.
IfT(Ker(y)) is a proper ideal, then there is a unique ) € M (B) such that p = 1)oT.

Corollary 4.2. Let0 € M,,(¢,). Assume that A(0) is onto. If A(0)(Kery) is a proper
ideal, then the equation ¢ = 1) x 0 has a unique solution. In case A(0)(Kery) =
Hys(€y), then the equation p = 1) * 6 has no solution.

Proof. The first statement is just an application of the remark, since ¥ x § = ¥ o
A(0) = ¢. For the second statement, if some solution v exists, then again 1)oA(0) =

Yx0 =, s0P(Hps(lp)) = (¥ o AB))((Kery)) = ¢(Kery) = 0. Therefore, then
also ¢ = 0. [
4.1.2 A weak polynomial topology on M,(¢,)

Let us denote by w),, the topology in M4(¢,) generated by the following neigh-
borhood basis:

Uehiyodin(0) = {0 %01 0 € Mys(L,)  |o(Fy,)| <&, j=1,...,n}.
It is easy to check that the convolution operation is continuous for the w,

topology, since thanks to (4.1),

.....

We say that a function f € Hys(¢,) is finitely generatedif there are a finite num-
ber of the basis functions { F}, } and an entire function ¢ such that f = ¢(F7, ..., F}).

Theorem 4.2. A function f € Hys({p) is wy-continuous if and only if it is finitely
generated.
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Proof. Clearly, every finitely generated function is w,-continuous. Let us denote by
V,, the finite dimensional subspace in ¢, spanned by the basis vectors {ej, ..., e, }.
First we observe that if there is a positive integer m such that the restriction f|, of
f to V,, is generated by the restrictions of F, ..., F}, to V,, for every n > m, then
f is finitely generated. Indeed, for given n > k£ > m we can write

S @) = aq(Fi(z), ..., Fu(z)) and  fj, (2) = @(Fi(2),. .. Fa(2))
for some entire functions ¢; and ¢ on C". Since
{(Fi(z),...,Fu(x)): z €V} =C"

(seee. g. [1]) and f|y, isan extension of f|y, wehave q;(t1,...,t,) = qa(t1, ..., t,).
Hence, f(x) = ¢i(Fi(z),..., F,(x)) on {,, because f(z) coincides with

q(Fi(x),..., Fu(z))

on the dense subset |, V..
Let f be a wy-continuous function in H;(¢,). Then f is bounded on a neigh-

.....

let
flv.(x) = q(Fi(x),..., Fph(z))

be the representation of f|y; () for some entire function ¢ on C". Since

{(Fi(2),..., Fn(2)): 2 €V} =C™, q(t1,. .. tn)

must be bounded on the set {|t1| < ¢, ..., |t;| < €}. The Liouville Theorem implies
q(t1, ..., ty) = q(t1,...,ty,0...,0), thatis, f|y is generated by Fi, ..., F},. Since
it is true for every n, f is finitely generated. []

For example, f(x) =", F’;l(fﬂ) is not w,-continuous.
Proposition 4.4. w, is a Hausdor{f topology.
Proof. If o # 1), then there is a number k such that
[P (£k) — Y(FR)[ = p > 0.
Let ¢ = p/3. Then for every ¢, and 6, in U, (0),
(0% 01)(Fk) = (@ 02) (Fi)| = [(p(Fk) — (Fy)) — (62(F))) — O1(Fi)| = p/3.
]

Proposition 4.5. On bounded sets of My,s(¢,,) the topology w,, is finer than the weak-
star topology w(Ms(Ly), Hos(€y))-
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Proof. Since (Mys(¢p), w,) is a first-countable space, it suffices to verify that for a
bounded sequence (¢;); which is w, convergent to some 1, we have lim; ;(f) =
Y(f) for each f € Hyps(¢,) : Indeed, by the Banach-Steinhaus theorem, it is enough
to see that lim; p;(P) = ¢ (P) for each symmetric polynomial P. Being {F}} an
algebraic basis for the symmetric polynomials, this will follow once we check that
lim; @, (F)) = 1 (Fy) for each Fj. To see this, notice that given ¢ > 0, ; € U, , for
i large enough, that is, there is 6; such that ¢; = ¥ x 6; with |0;(F;)| < e. Then,
|0i(Fy) — ¥(Fy)| = |0:(Fk)| < ¢ for i large enough. O]

Proposition 4.6. If (M(¢,), ) is a group, then w, coincides with the weakest topol-
ogy on Mys(¢,) such that for every polynomial P € H;s({,) the Gelfand extension P
is continuous on M({)).

Proof. The sets F}, ' (B(F(1), €)) generate the weakest topology such that all P are
continuous. Let 9 € Mys(€p) be such that |Fy(0) — Fj.(¥)] < . Set o = 0 x 1.
Then |Fi.(¢)| = |Fi(0) — Fr(v¥)| < eand 8 = ¢ * . O

4.1.3 Representations of the convolution semigroup (M,s(¢;), *)

Let us consider the case Hys(¢1). This algebra admits besides the power series
basis {F},}, another natural basis that is useful for us: It is given by the sequence

{G,} defined by Gy = 1, and

and we refer to it as the basis of elementary symmetric polynomials.
Lemma 4.2. We have that ||G,|| = 1/n!

Proof. To calculate the norm, it is enough to deal with vectors in the unit ball of
¢1 whose components are non-negative. And we may reduce ourselves to calculate
it on L,, the linear span of {ey,..., e, } for m > n. We do the calculation in an
inductive way over m.

Since Gn| L, 18 homogeneous, its norm is achieved at points of norm 1. If
m = n, then G, is the product z; - - - z,,. By using the Lagrange multipliers rule,
we deduce that the maximum is attained at points with equal coordinates, that is at
Ller+---+ey). Thus |Go(2,.7.,4,0,...)=1/n" < 4.

o
Now for m > n, and x € L,,, we have G, (x) = > .7 4 . Tk, - Tp,-
Again the Lagrange multipliers rule leads to either some of the coordinates vanish

or they are all equal, hence they have the same value % In the first case, we are
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led back to some the previous inductive steps, with Lj with £ < m, so the aimed
inequality holds. While in the second one, we have

G, (imio> _ <m>igi.
m m n)m" — nl

1 1
1G]l > lim (m>— -

n)m* nl

Moreover,

This completes the proof. []

Let C{t} be the space of all power series over C. We denote by F and G the
following maps from M,,(¢;) into C{t}

Flo)=> t"'o(F,) and G(p) =Y t"p(Gy).

Let us recall that every element ¢ € M,4(¢;) has a radius-function
1
R(p) = limsup [|@[|n < oo,
n—oo
where ¢, is the restriction of ¢ to the subspace of n-homogeneous polynomials [11].
Proposition 4.7. The mapping ¢ € Mys(¢1) 5 G(¢) € H(C) is one-to-one and

ranges into the subspace of entire functions on C of exponential type. The type of G(¢)
is less than or equal to R(yp).

Proof. Using Lemma 4.2,

lim sup {/n!|¢,(G,)| < limsup {‘/n'HgonHHGnH = limsup v/ ||¢n|| = R(p) < oo,

n—oo n—oo n—oo

hence G () is entire and of exponential type less than or equal to R(y). That G is
one-to-one follows from the fact {G,,} is a basis. O

Theorem 4.3. The following identities hold:
1. Fle*0)=F(p)+ F(0).
2. G(ext) =G()G(0).

Proof. The first statement is a trivial conclusion of the properties of the convolution.
To prove the second we observe that

Gu(zoy) =)  Gi(2)Gni(y).
k=0

105

H



CURRENT TRENDS IN ANALYSIS, APPROXIMATION THEORY AND THEIR APPLICATIONS

Thus

(0% Gu)(2) = O(T(G)) = 6 (Z Gk<x>Gnk) = 3" Gu)8(Go )

k=0

Therefore,

(o x0)(Gn) = ¢ (Z Gk(ﬂf)Q(Gnk)> =D P(GRO(Grr).

Hence, being the series absolutely convergent,

G(p)G(0) =D t'o(Gr) Y t"0(Gr) =D > t"0(Gr)0(G) =
k=0 m=0 n=0 k+m=n

00
— E "
n=0 k-+

P(GR)O(Gr) =) (% 0)(Gr) = G % 0).

[]

Example 4.2. Let 1)) be as defined in Example 4.1. We know that F (1)) = \. To find
G (1)) note that

k k
Gr(vn) = (%) (Z), hence o(Gy) = li£n Gr(v,) = %
and so . . )
G0 = m S (0 ea(G) = T SO ox
k=0 k=0 '

According to well-known Newton’s formula we can write for x € /1,
nGp(z) = F1(2)Gho1(z) — Fo(2)Gpoa(x) + - - + (=1)" 1, (2).

Moreover, if ¢ is a complex homomorphism (not necessarily continuous) on the
space of symmetric polynomials P,(¢), then

n&(Gn) = E(F)E(Gn-1) = E(F2)E(Gnoz) + -+ (=1)"IE(F).  (4.2)

Next we point out the limitations of the construction’s technique described in
Example 4.1.

Remark 4.3. Let £ be a complex homomorphism on P((1) such that £(F,,) = ¢ # 0
for somem > 2 and £(F,) = 0 forn # m. Then £ is not continuous.
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Proof. Using formula (4.2) we can see that

m-1 €<Fm)§(G(k71)m)

km

g(ka) - (_1)
and £(G,,) = 0if n # km for some k € N. By induction we have

((_1>m+lc/m)k
k!

f(ka) -

g@w=nm“*w%mleu§j et ) (et o)

Hence
GE)(t) = e~ (=)™ /m _ o —(=c)"/mt™
Since m > 2, G(§) is not of exponential type. So if £ were continuous, it could

be extended to an element in M,4(¢;), leading to a contradiction with Proposition
4.7. [

According to the Hadamard Factorization Theorem (see [31, p. 27]) the func-
tion of the exponential type G()(t) is of the form

(o)1) = T[ (1- L) e, @3)

a
=1 k

where {a;.} are the zeros of G()(t). If Y |az| ™! < oo, then this representation can
be reduced to

G0 =TT (1-2). )

k=1 @k
Recall how 1)) was defined in Example 4.1.

Proposition 4.8. If ¢ € (Mys(¢1),*) is invertible, then @ = ) for some \. In
particular, the semigroup (Mys(¢1), %) is not a group.

Proof. If ¢ is invertible then G(¢)(t) is an invertible entire function of exponential
type and so has no zeros. By Hadamard’s factorization (4.3) we have that G()(t) =
e for some complex number . Hence ¢ = 1), by Proposition 4.7.

The evaluation (1. o, ) does not coincide with any 1) since, for instance,

........

Ua(Fp) =0#1=9 10...,0,...)(F2) O

Another consequence of our analysis is the following remark.
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Corollary 4.3. Let ® be a homomorphism of P,({1) to itself such that ®(F},) = —F},
for every k. Then ® is discontinuous.

Proof. If ® is continuous it may be extended to continuous homomorphism ® of
Hps(¢1). Thenforz = (1,0...,0,...),0,%(0,0P) = &y. However, this is impossible
since ¢, is not invertible. ]

We close this section by analyzing further the relationship established by the
mapping G.
It is known from combinatorics (see e.g. [32, pp. 3, 4]) that

o [ee]
(1 t) d F( 4.5
g + xxt) an ; " (4.5)

for every = € ¢gg. Formula (4.5) for G(J,) is true for every x € ¢; : Indeed, for fixed
t, both the infinite product and G (4, )(t) are analytic functions on /.

Taking into account formula (4.5) we can see that the zeros of G(J,)(t) are
ar = —1/zy, for x; # 0. Conversely, if f(¢) is an entire function of exponential
type which is equal to the right hand side of (4.4) with >_ |ax|™? < oo, then for
@ € Mys(fy) given by ¢ = 1\ * d,, where x € {1, vz = —1/a; and v, is defined
in Example 4.1, it turns out that G(¢)(t) = f(t). So we have just to examine entire
functions of exponential type with Hadamard canonical product

=11 (1 - a%) 'l (4.6)

k=1

with Y |az| ! = co. Note first that the growth order of f(t) is not greater than 1.
According to Borel’s theorem [31, p. 30] the series

converges for every d > 0. Let

1

Ay =limsup —, 7y = limsup Z —
n—00 ‘ nl r—00 n

lan|<r

and vy = max(Ay, ny). Due to Lindelof’s theorem [31, p. 33] the type o of f and 7y

simultaneously are equal either to zero, or to infinity, or to positive numbers. Hence

f(t) of the form (4.6) is a function of exponential type if and only if > |az| =14

converges for every d > 0 and ~; is finite.
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Corollary 4.4. If a sequence () ¢ ¢, for somep > 1, then there is no p € Mys(¢1)

such that
o0
p(F)=> b
n=1
forall k.
Letxz = (z1,...,Zy,, ...) be a sequence of complex numbers such that z € (1,4
for every d > 0,
limsupn|z,| < oo, limsup Z x| < 00 (4.7)
n—00 r—1

L<

|77 "

and A € C. Let us denote by 4, ») a homomorphism on the algebra of symmetric
polynomials P (¢;) of the form

oo

O (F1) = A, O (Fr) = in, k> 1.
n=1
Proposition 4.9. Let o € M,,({1). Then the restriction of ¢ to Py(¢1) coincides with
©(z,x) for some A € C and x satisfying (4.7).

Proof. Consider the exponential type function G(y) given by (4.3) and the corre-
sponding sequence z = (=2).

If 2 € {y, then according to (4.4), ¢ = ) * 0,. If z & {y, then G(o)(t) =
M1, (1 + tx,)e ™ and, on the other hand, G()(t) = > 07, (G )"

We have

o0 / o
(e” H(l + t:cn)em”> = A H(l + txy,)e

n=1 t n=1

M | —tade H(l 4 tay)e M — tade "2 H(l +twy)e M — | =

n#l n#£2
(0 ¢] o
= e H(l + tw,)e T — e Z rie H(l + ta,)e
n=1 k=1 n#k

and

=\

(e” ﬁ(l + txn)etx’l)

n=1

t=0
So by the uniqueness of the Taylor coefficients, ¢(G1) = p(F1) = .
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Now

00 2
<€)\t H(l + txn)etxn) —

n=1 t

00 /
= (AeAtH(l +t:1:n)em"> — teAthke o H (1+tx,)e ™ | =

n=1 t n#k ¢

= \ZeM H(l + tay,)e T — AteM Z zre H (14 ta,)e *n—

n=1 n#k

—eM Zxke by, H (1+ t:cn)e_m” e Zxke b, H (1+ t:cn)e_m”

n#k n#k ¢

and
o

:)\Q—Zx%.

00 Il
(eAt H(l + t:vn)em”>

n=1

Then

On the other hand,
Q(FE) — @(Fh)

p(Ga) = 5

and we have
p(Fy) = Fa(x).

Now using induction, we obtain the required result.

4.2 A multiplicative convolution on the spectra of algebras of symmetric
analytic functions

4.2.1 The multiplicative convolution

Definition 4.4. Let x,y € (), v = (v1,22,...), ¥ = (Y1,Y2,...). We define the
multiplicative intertwining of x and y, x ¢y, as the resulting sequence of ordering the
set {x;y; : 1,7 € N} with one single index in some fixed order.

Note that for further consideration the order of numbering does not matter.
Proposition 4.10. For arbitrary x,y € ¢, we have

Lxoyel, and |xoy| = |z|lyl;
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2. Fr(xoy) = Fyp(x)Fy(y) VE > [p].

3. If P is an n-homogeneous symmetric polynomial on {,, and y is fixed, then the
function x — P(x ¢ y) is n-homogeneous.

Proof. Tt s clear that [l2 0 y[? = X2, oyl = 3, i 5, [yl = 2]}y Also
Fr(zoy) = 3, (zyy)* = 2,27 32, yf = Fi(z)Fi.(y). Statement (3) follows from
the equality A(z 0 y) = (A\x) o . O

Given y € /), the mapping x € ¢, L(xoy) e ¢, is linear and continuous
because of Proposition 4.10. Therefore if f € H;5(¢p), then fom, € H;s(¢,) because
f o m, is analytic and bounded on bounded sets and clearly f(o(x) o y) = f(x ¢
y) for every permutation 0 € §. Thus if we denote M,(f) = f om, M, is a
composition operator on H;s(¢,), that we will call the multiplicative convolution
operator. Notice as well that M, = M, , for every permutation o € G and that
M, (Fy) = Fi(y)Fi, Yk > [p].

Proposition 4.11. For every y € {, the multiplicative convolution operator M, is a
continuous homomorphism on Hys((,).

Note that in particular, if f,, is an n-homogeneous continuous polynomial, then
1My (f) | < W[ fallllyll”. And also that for A € C, My, (f,) = A" M,(fn), because
() = Ar(z). Analogously, My .(f,) = fn o (7w, + 7.), because 7, = 7, +
.. Therefore the mapping y € ¢, — M,(f,) is an n-homogeneous continuous
polynomial.

Recall that the radius function R(¢) of a complex homomorphism ¢ € My4(¢,)
is the infimum of all r such that ¢ is continuous with respect to the norm of uniform
convergence on the ball 75, , that is |¢(f)| < C.|| f||,. It is known that

R(¢) = limsup ||| ",

n—00
where ¢, is the restriction of ¢ to Py("¢,) and || ¢, || is its corresponding norm (see
[11]).

Proposition 4.12. For every 6§ € Hys({,) and every y € (, the radius-function of
the continuous homomorphism 0 o M, satisfies

R(8.0 M,) < R(O)]ly|
and for fixed f € Hys(¢,) the functiony — 0 o M, (f) also belongs to Hys(¢,).

Proof. Fora giveny € £, let (6 o M,),, (respectively, 6,,) be the restriction of 6 o M,
(respectively, 0) to the subspace of n-homogeneous symmetric polynomials. Then

we have M (f)
en( ol )\ li™ < 180"

16 0 My)n| = sup
! lyl"

[fnll<1
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So
R(0 0 M) < limsup(||6, ]| [|yI")"" = R(®)|yll.

n—oo

Since the terms in the Taylor series of the function y — 6 o M, (f) are y — 6 o
M,(fy), where ( f,,) are the terms in the Taylor series of f, the formula above proves
the second statement. ]

Using the multiplicative convolution operator we can introduce a multiplica-

tive convolution on Hs(¢,)".

Definition 4.5. Let f € Hy5(¢,) and 0 € Hys(C,)". The multiplicative convolution
OO f is defined as

(00 f)(x) = 0[M,(f)] foreveryx € ¢, .
We have by Proposition 4.12, that 00 f € Hy5(¢,).

Definition 4.6. For arbitrary v, 0 € Hy(¢,)" we define their multiplicative convolu-
tion p{OB according to

(000)(f) = @(8Of) for every f € Hys(¢)).

For the evaluation homomorphism at y, J,,, observe that

(0,01) () =0, (M.(f)) = (foma)(y) = f(ma(y)) = f(woy) = f(my(2)) = My(f)(2).
Hence, 0,00, = 00y
Proposition 4.13. If p, 0 € My(¢,), then 08 € Mys(£)).

Proof. From the multiplicativity of M, it follows that {08 is a character. Using
arguments as in Proposition 4.12, we have that

R(08) < R(p)R(0).
Hence o080 € My,(¢0,). O

Theorem 4.4. 1. Ifvarphi, 8 € Mys({,), then (p00)(Fy) = o(Fy)0(F;) Yk > [p].
2. The semigroup (Mys(€p), Q) is commutative and the evaluation at vy =
(1,0,0,...), 0y,, is its identity.

Proof. Let us take firstly z,y € ¢, and d,,0, € Ms(¢,) the corresponding point
evaluation homomorphisms. Then (8,00, )(Fy) = Fi(xoy) =>_ 2y} = Fi(x) Fi.(y).
Now let ¢, 0 € My,(¢,). Then

(00 F)(x) = 0(M.(Fy)) = 0(Fr(2) Fr) = Fi(2)0(F).
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So,
(pO0)(Fr) = @(Fr0(F1)) = @(Fr)0(Fr)-

Exchanging  and 0, we get that

(000)(Fy.) = 0(Fx)p(Fr) = (900)(Fy),

whence it follows that the multiplicative convolution is commutative for F}. Since
every symmetric polynomial is an algebraic combination of polynomials F} and
each function of Hs(¢,) is uniformly approximated by symmetric polynomials,
then the convolution operation is commutative. Analogously, ¢ is associative since

(VO(p00)) (Fr) = Y(Fr)o(Fr)0(Fr) = ((00p)00))(F}).

Also from Theorem 4.4 it follows that the cancelation rule holds and ¢,,,, where
zo = (1,0,0,...), is the identity. ]

In Section 1 it was constructed a family {¢), : A € C} of elements of the
set Mys(€,) such that ¢)(F,) = X and ¢»(F)) = 0 for k > p. Let us recall the

construction: Consider for each n € N, the element v,, = (%) /e (eg +---+e,) for
which F,(v,) = A, and lim,, Fj(v,) = 0 for j > p. Now, the sequence {¢,, } has
an accumulation point 1) in the spectrum for the pointwise convergence topology
for which 1, (F)) = 0 for k > p that prevents 1, from being invertible because of
Theorem 4.4.

Remark 4.4. The semigroup (Mys({,), Q) is not a group.

Recall that for any ¢, 0 € My,(¢,) and f € Hys(¢,), the symmetric convolu-
tion ¢ * 6 was defined in [11] as follows:

(o x 0)(f) = (T, (f)),
where T/ (f)(z) = f(x o y).
Proposition 4.14. For arbitrary 0, o, € My,(l,) the following equality holds:
00(p 1) = (60p) % (001).

Proof. Indeed, using Theorem 4.4 and Theorem 4.1, we obtain that

((809) * (B0V))(Fi) = (609)(Fi) + (00%)(Fr) = 0(F)o(Fi) + ()b (Fy) =
— () (p(FL) + $(FL) = 0(F) (0 % ) (L) = 80(p % ) (FL).

[]

Corollary 4.5. The set (Mys(¢,), O, ) is a commutative semi-ring with identity.
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A linear operator 1" : Hys(¢,) — His(¢,) is called a multiplicative convolution
operator if there exists § € Mys(¢,) such that T f = 0O f.

Proposition 4.15. A continuous homomorphism T' : Hys(€,) — His(€,) is a multi-
plicative convolution operator if and only if it commutes with all multiplicative oper-
ators My, y € {),.

Proof. Suppose that there exists € Mys(¢,) suchthat Tf = 00 f. Fix y € {,. Then

[T o M|(f)(x) = [T(M,(f))(z) = [00M,(f)](z) = O[Mo(M,(f)] = 0[Mazoy(f)]-
On the other hand,

[My o T|(f)(x) = [My(Tf)|(z) =Tf(zoy) = (00f)(xoy) = 0[Muoy(f)]-
Conversely, for xp = (1,0,0,...) we put § = d,, o T. Clearly, 6 € M,(¢,).
Let us check that T'f = 60 f. Indeed, (00 f)(x) = 0[M.(f)] = [T (M.(f))](x0) =
(Mo (T(f))(z0) =T f(zo0x) =Tf(x).
Theorem 4.5. A homomorphism T : Hys(¢,) — Hps(€p) such that T(Fy) = aiFy,

k > [p], is continuous if and only if there exists p € My({,) such that o(F},) =
ag, k> [p].

Proof. Let ¢ € My(¢,) with p(F)) = ai. Then

(pOFk)(x) = (Mo (Fk)) = p(FiFi(2)) = arFi(x).

Thus if T f = O f, T defines a continuous homomorphism and T'(F) = a; Fy.
Conversely, if such homomorphism 7" is continuous, then clearly 7' commutes

with all M,,. By Proposition 4.15 it has the form T'( f) = ¢ f for some ¢ € M,s(¢)).

Thus, T'(Fy.) = o(Fy) Fi(x) = ai.F}, hence ¢(F}) = ay. O]

[]

Proposition 4.16. The identity is the only operator on Hys(¢,) that is both a convo-
lution and a multiplicative convolution operator.

Proof. Let T : Hys(¢,) — Hsps({p) be such an operator. Then there is § € M,4(¢,)
such that T'f = 0 x f and T' commutes with all M. In particular we have for all
polynomials F,, k > [p], that

My(TFk) = My(e*Fk) = My(G(Fk) + Fk) = Q(Fk) + My(Fk) = Q(Fk) + Fk(y)Fk

and

T(My(Fy)) =T (Fp(y)Fr) = Fi(y)0 x Fy, = Fi(y)(0(Fk) + F)
coincide. Hence 0(F}) = Fj(y)0(F}), that leads to 8(F};) = 0, that in turn shows
that & = 9, or in other words, T' = Id. []
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4.2.2 The case of /;

In this section we consider the algebra Hs(¢1). In addition to the basis {F},},
this algebra has a different natural basis that is given by the sequence {G,} :

and G := 1.

According to Lemma 4.2, |G,|| = i, so it follows that for every t € C,

nh?
the function > ° t"G, € Hps({1) and that such series converges uniformly on

bounded subsets of /1. Thus if p € M,(¢1),

Glp)(t) = (Z t”Gn> =) t"p(G)
n=0 n=0

is well defined and as it was shown in Proposition 4.7, the mapping

0 € My(t) % G(p) € H(C)

is one-to-one and ranges into the subspace of entire functions of exponential (fi-
nite) type. Whether G is an onto mapping was an open question there that we
answer negatively here, see Corollary 4.6, using the multiplicative convolution we
are dealing with.

Observe that for every a € C,

<5(a,0,0,...)<> Zt”Gn> () = M, (Z t"Gn> (a,0,0,...) =
n=0

n=0
= (Z t”Gn> (20 (a,0,0,...)) =Y t"Gylaz) = Y t"a"Gy(x).
n=0 n=0 n=0

Therefore,

G(©00(a,00,.))(t) = ¢ <Z t"anGn> = Zt”a”go(Gn).

According to Theorem 4.1(a), 0(4,0,0,...) * 9(5,0,0,..) = O(a,b,0,0,...), consequently using
Proposition 4.14 and Theorem 4.3(2),

g<§0<>6(a,b,0,07...))(t) = g((¢<>5(a,0707...)) * (90<>5(b,070,...)))(t) =

= G(¢00(a,00,.)) ()G (00 00,.))(t) = Z t"a"p(G)) - Z t"b"p(Gy).
n=0 n=0
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Therefore,

g(()0<>5 (21,22, ;T ,0 H Z t”xkgp

k=1 n=0

Further since the sequence (5(371,mg,...,xm,O,...))m 1s pointwise convergent to 5(371,332’“.,%.“)

in M;s(¢1) we have, bearing in mind the commutativity of {, that the sequence
(900 (21 29,....0m,0,...))m is pointwise convergent to Od(y, 2, . z...)- Thus

.....

G(0d2)( HZt”xkap forx = (x1,29,...,2p...) € (7. (4.8)

k=1 n=0

For the mentioned above family {1, : A € C}, it was shown in Section 1 that
G (1)) (t) = €. Further, it is easy to see that

2. lﬂ)\QQO(Fk) =0, k> 1.
3. G(aOyp) = ML,

The following theorem might be of interest in Function Theory.

Theorem 4.6. Let g(t) and h(t) be entire functions of exponential type of one complex
variable such that g(0) = h(0) = 1. Let {a,} be zeros of g(t) with >~ , | < 00

and let {b,} be zeros of h(t) with ">, |b—1| < 00. Then there exists a functzon of
exponential type u(t) with zeros {a,bp, }n.m, which can be represented as

0-II% () w0 -1 () o

k=1 n=0 k=1 n=0

Proof. According to Section 1 (text after formula (4.5)), g(t) = G(9,)(t) and h(t) =
G(0,)(t), where x,y € (1, x, = an’ Yn = ——n So u(t) = G(0,09,)(t) and using

(4.8) we obtain the statement of the theorem. ]
We know that for a given sequence of complex numbers x = (1, ..., xy,...)
such that z € {1, for every d > 0,
limsupn|z,| < oo, lim sup’ Z Tyl < 00 (4.9)
n—oo r—00
|xn|~t<r
(think for instance of x,, = %) and A € C. Let us denote by 4, 1) a homomor-

phism on the algebra of symmetric polynomials Ps(¢;) of the form
O ) (F1) = A O (Fk) = an,
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Recall that according to [31] p.17, limsup,,_, ., n|z,| coincides with the so-
n(r)

called upper density of the sequence (ﬁ) that is defined by lim sup, _, ., =, where

n(r) denotes the counting number of (L), that is, the number of terms of the se-
quence with absolute value not greater than r.

Proposition 4.17. (4.9) Let o € Mys(¢1). Then the restriction of v to Ps({1) coincides
with d(, ») for some A € C and x satisfying (4.9).

Actually, due to [1, Theorem 1.3] such sequence x is unique up to permutation.

Theorem 4.7. There is no continuous character of the form d,, ) in the space My, (¢1),

where
Co Cn
V= Cl,;,...,g,... ,

Proof. Assume otherwise, i.e., §(, ) is the restriction of some ¢ € My(¢;). Then by
Theorem 4.4,

(000 (FY) = o) = (z ) - (z ) (z) 3 (o)

n=1 n=1 m=1 n,m=1

and |ci| = 1 for each k.

Therefore the sequence (VU )nm = v © v = s, is, up to permutation, the one
appearing in Proposition 4.9, so it must satisfy condition (4.9), that is, the sequence
of the inverses has finite upper density.

Denote by d(m) the number of divisors of a positive integer m. Then in the
sequence |s| of absolute values each number with absolute value 1/m can be found
d(m) times. So |s| can be rearranged, if necessary, in the form

< 1111111 1 1 )
727273737474747"'7m7"'m7"' *

In particular, the index of the last entry of the element with absolute value % is
> ', d(n). Hence for the sequence of the inverses and their counting number

n(m), we have n(m) = > ", d(n). From Number Theory [2, Theorem 3.3] it is
known that

Zd(n) =mlnm +2(y — 1)m + O(v/m),

where v is the Euler constant. So we are led to a contradiction because

, n(m) _ mlnm
lim sup > lim sup = limsup Inm = oc.
m—00 m m—00 m m—00
[
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Corollary 4.6. There is a function of exponential type g(t) for which there is no char-
acter p € Mys({1) such that G(p)(t) = g(t).

Proof. It is enough to take a function of exponential (finite) type whose zeros are
the elements of the sequence

{i} ={-1,2,...(-1)"n,...}.

Un,

Such is, for example, the function g(t) = [[7~; (1 + (=1)"%)exp ((—=1)"L). O

Every ¢ € Mys(¢1) is determined by the sequence (p(F},)), that verifies
the inequality limsup,, [o(F,,)|"™ < R(p) because ||F},|| < 1. As a byprod-
uct of Theorem 4.7, we notice that the condition limsup,, |a,,|"/™ < 400, does
not guarantee that there is ¢ € M,,(¢;) such that p(F,) = a, : Indeed, let
am = Y., = for m > 1 and arbitrary a;. Then the sequence (a,,) is bounded,
so lim sup,), |a,,|"/™ < 1, and if there existed € My,(¢1) such that ¢(F},) = a,,,

it would mean that for the sequence z := (2), p(F,) = >, =, 80 §(3.0,) = Pliwer)-

Question 4.1. Can each element of My({1) be represented as an entire function of
exponential type with zeros {a, }°° | such that either {a,} = 0 or > °° - < 00?

n=1 |a,|

4.3 Description of the spectrum of H,(¢;)

Let us remaind that in Corollary 4.4 and Proposition 4.9 is obtained the follow-
ing result:

Theorem 4.8. Let ¢ € M,ys({1), then there is a number A € C and an element
r=(x1,...,%p,...) €L, forallp > 1 such that

( 00

e’\tH(l—l—tﬂcn), ife €ty
Gle)t) =9 "=
e H(l +txy)e M ifw ¢ 4.

\ n=1

Ifx € {y, then p = ) x 0. If x & £y, then p = 0, ), where for every k > 1

oo

5(1.,)\)(}71) =\ and 5(%)\)(}7}?) = Zwﬁ

n=1

Note that no characters of the form §(, ) were found for = ¢ /;. The goal of
the current section is to show that any ¢ € Ms(¢1) is of the form ¢ = ) * .
Thus providing a complete description of the spectrum M,(¢).
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It is well known that every linear continuous functional ¢ on the space of all
entire functions of one complex variable H(C) can be represented by a sequence

90:(9007@17--'790717'--)7 2 € C such that

lim sup |@n|" =: R(¢) < 0o (4.10)
n—0o0
and that every sequence of complex numbers satisfying (4.10) generates a linear
continuous functional ¢ such that

o(f) = Z ©nCn;
n=0

where f = > ¢,t" € H(C). Equivalently, using the Borel transform ¢ ~~
M) =5 @"T?n we can identify the functional ¢ € H(C) with the function of
exponential type 7,(\) := ¢(e*) and the map ¢ ~~ 7, is a topological isomorphism
of H(C)  onto the space of analytic functions of exponential type Exp(C). Note
that R(¢p) is the exponential type of 7,,. This approach works for entire functions of
several variables and even for nuclear entire functions on a Banach space (see [23]).

For the case of all entire functions of bounded type we have the following
situation. Accordingly to [3] if ¢ € H,(X) and ¢, is its restriction to the Banach

space of all n-homogeneous polynomials P ("X ), then

" < 00. (4.11)

limsup [,
n—oo

Conversely, if a sequence of functionals (¢,), v, € P("X)’, satisfies (4.11),
then it generates a functional ¢ such that

(.¢]

Qp(f) - Z Spn(fn)a
n=0
where f =Y f, is the Taylor expansion series of f € H,(X).

The limit appearing in (4.11) coincides [3] with R(y), the so called radius func-
tion of ¢, which is defined to be to infimum of » > 0 such that ¢ is continuous with
respect to the norm of uniform convergence in Hy(X) on the ball of radius r cen-
tered at the origin.

In [11] it is shown that all mentioned results about Hj(X) are also true for the
algebra H;s(¢,). By R,(¢) we denote the radius of the element ¢ € M, (¢,).

Lemma 4.3. Let 6, = () 00,.); A € C and ¢ € Myy({1). Then

R1(0:0¢) = |A[R1(9).
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Proof. Clearly, F},(0,0¢) = F1.(6x)Fi(¢) = N\'F}(¢). Let now P, be an arbitrary
n-homogeneous symmetric polynomial on ¢;. Then

Py (z) = > kg, FY () FR2 () . 7 ()

and so P, (0,0¢) = A" P,(¢). Hence,
Ry(6x0¢) = limsup [\"¢(P,) V" = || Ry (¢)).

1P f<1

The following lemma is probably known.

Lemma 4.4. For everyx = (x1,Z9,...) € {1,

plggo Hx”p = [|z]|e0 = mﬁx |Zn .

Proof. In [25, pp. 28-29, Theorem 20] it is proved that for any finite set of positive
numbers {a1, ..., a,} one has

m 1/p
lim E ab = max ay,.
P—r00 n

n=1
Given ¢ > 0, let us take a number m so that max,cy |x,| = max,<,, |z,| and
> Th
2 n=m+1|%n| < Then

m 1/p 00 1/p
], < (anp) + ( > |93np> <
n=1

n=m-+1
m 1/p 00 m 1/p
< (k) 4 3 wie (Sinr) e
n=1 n=m+1 n=1
Hence limsup, [|z[|, < limsup,, ||(z1,...,2Zn)|, + € < ||7|lc + €, and therefore,

timsup, 2], < [[2]l + . So, b sup, 2], < 1]
On the other hand, ||z|, > ||z||« and so liminf, ||z||, > |[z||~. Thus, the
seeked limit exists and lim,_, ||z, = ||%]c- O

Theorem 4.9. For everyx € {1,

Ry (0:) =[]

120



CURRENT TRENDS IN ANALYSIS, APPROXIMATION THEORY AND THEIR APPLICATIONS

Proof. Clearly, Ri(d,) < ||z||:. Suppose that there exists x € ¢; with ||z|; = 1
and R;(d,) = ¢ < 1. If x has just one nonzero coordinate x,,, then |z,,| = 1 and
R1(6,) > |F,,(z)|Y™ = 1. Thus the number of nonzero coordinates of z is greater
than 1 and the modulus of all coordinates of = are less than 1. Let b = max, |z,|.
Clearly, 0 < b < 1. Let A be a number such that

11
1<>\<min<—, —).
c b
Such a number always exists because both 1/c and 1/b are greater than 1. Let z =
Az. Then z has the following properties:
1. ||zl > 1 because ||z|; = 1 and A > 1.
2. R1(0,) = R1(6xe) = R1(0)00;) = Ac < 1 by Lemma 4.3.
3. |zn| < 1 for every coordinate z,, of z because \b < 1.

So there exists a number n such that Y ,_, |z;| > 1 + £ for some ¢ > 0. Since

n
S lal, t>1
k=1

is continuous, there is some ¢ = ¢ > 1 such that ||z||, > 1. On the other hand, there
is 7 > ¢ such that ||z||, < 1. Indeed, since lim,_, ||2]|, = ||2]|~ < 1 it follows that
|z]|, < 1 for some ¢ < r < 0.

Let

wn(2) = 8, % (8,06,) % ... % (6,0 7. 06,) = d 8% € Mys(61).
=1

From properties of the operations “x” and “{)” and properties of the radius function
(Section 1, 2) it follows that

- Ry ((5Z)
Ri(wy) <Y (R1(0.)" € ———— < 0.
Since the set of characters {¢ € Mys(¢1): Ri1(¢) < C} for some C' > 0 is pointwise
bounded and closed, it is a compact subset in M,(¢;) for the Gelfand topology, i.
e., the weak™ topology. Thus the sequence {w,} has a limit-point w, € M,(¢;).
According to Section 1, the generating function, associated with the basis {G,, }

G(w.)(t) = iwz(Gn)t”, teC
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is a function of exponential type. Let {,, } be the zero-set of the function. By Section
1,§,#0,n e Nandify, = —1/&,, then (y,,) € ¢, for every p > 1 and

:iys, kE>1
n=1

(see Theorem 4.8). On the other hand,

w,(Fy) = lim * 69 (Fy) = lim Z Fi(z0 .M. 02).
Consider the sequence u = (uy, . .., Uy, . . .) arising according to the usual principal

diagonals arrangement of the oo X oo matrix

zZ
zZoZ

2o .M oz

To see that u belongs to /,, consider any partial sum ) ] |u;|"; such sum arises from
elements in the s X s principal minor, thus

=]
[Cur, -5 ) < Z lzo .%ozl = Z Il < =

Hence u € /,, as wanted.
Moreover, for every k > r,

— iuﬁ = i Fi(z0 .M. 02) = w,(Fy).
n=1

m=1

Consequently, for every k > r, > > y*¥ = > u* Hence the sequence y =
(y1,Y2, - . .) is equivalent to u in ¢, and to the sequence w resulting from discarding
in u all vanishing terms. That is, the sequences y and w are equal up to permutation.

In addition,
m

[z@z0z0.. @20 0z el :Z\|z|gq,
n=1
thus neither w nor u may belong to ¢, because ||z||, > 1. So we arrive at a contra-
diction since y does belong to ¢,. []
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Corollary 4.7. For every x € {; there exists a sequence of n;-homogeneous polyno-
mials P,,, € P,({1) such that || P, || = 1 and

lim | P, (2)) " = |||,
j—00
We say that a subset Py (X ) of P(X) is norming for X if there exists a sequence
of nj-homogeneous polynomials P,,, € Py(X) such that || P, || = 1 and

|1/ﬂj —

i |, ()" =[] x.

J

Corollary 4.7 asserts that P,(¢;) is a norming subset in ¢;.
Let us denote by Pys(¢1) the subalgebra in Ps(¢; ) generated by the polynomials

{Fnk}?zozl-
Proposition 4.18. The algebra Pys({1) is norming in {1 for every positive integer k.

Proof. Let x € (1 and k € N. Let us denote by ooy = 1, vy, . . ., a1 the k-th roots

of unity. Set
Tr oa1x Afp_1T
yx:(—o—o---o )
ko k k
Then ||y.||1 = ||z]|:- Lete > 0 and P be a homogeneous polynomial in P(¢1) such
that ||P|| = 1 and ||P(y,)||"/%8” — |ly.|l1| < . Such a polynomial must exist by
Corollary 4.7. Consider the polynomial

r onx Ozklﬂf)

Q(x):P(EoTo---. .

It is easy to check that ) is a homogeneous polynomial in P,(¢;), with Q(z) =
P(y,), deg @ = deg P, and ||@Q|| = 1. On the other hand, if m = nk + r for r < k,
then

k-1 k-l i
- T . 0, ifr £ 0
Fokr(y2) = Fun(ya) = ) Fm( ; ) = fm (E) @ = {Fm<x> -

§=0 Jj=0 .

So @ € Pis(¢1). Hence,

Q)[4 — ||z[li| = [ P(yo) [T — yulli] < e.

Proposition 4.19. For every ¢ € M;s({,) and k € N, one has

Hl/n kHl/nk

Ry(p) = sup ||@n||" = sup||¢n
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Proof. 1t suffices to observe that since P("¢,) - Ps("l,) C Ps("*",), we have

lenllllomll < ll@ntmll- In particular, (ol = [lorm-1)+xll = llerm-nll - lexll =
-+« > ||k|I". Hence

lorall " > [lxlI*. (4.12)

Clearly, R,() < sup,, ||¢n||'/™. If for some A\, R,(p) < A < sup, ||,|'/", then
there would be some k € N such that A < ||¢.||'/*, and hence A < |[p, ||'/*" Vn.
Thus, we would get the contradiction A < lim sup ||,z ||/ = R,().

For the second equality, appeal to (4.12). []

Let 1 < p; < p < 0o. We know that the canonical embedding /,, BN (), has
norm 1. By composition with i (or restriction) we have the mapping f € Hys(€p,) —
foi € Hps(¢p,) and the corresponding adjoint mapping ¢ € Mys(ly,) — @ €
Mbs (gpz)'

Lemma 4.5. Let 1 < p; < py < oo. For each p € Mys(y,), we have ||Pnlp, <
Inllp,- Consequently, Ry, (p) < Ry, ().

PVOOf Notice that HQ oi||p1 S HQsz? and that {Q 01 : Q < PS(nfpz) with HQHPQ S
1} C{P € P.("ty,) : | Py, < 1}. Thus,

1@nllp, = sup P(Q)] = sup |p(Q o )
{QEP.("3,):1Ql, <1} {QEP. (", Qllpy <1}
< sup [o(P)] = llenllp

{PEIPS(ngpl):”Ple Sl}

Theorem 4.10. For eachx € (,, 1 < p < 00, one has R,(6,) = ||z||,.

Proof. Let us suppose first that p = m/k > 1, m, k € N. For a given x = (z,,) € {,

we denote by z? the sequence (z2) = (SCZL/ ") € ¢,, where we take the principal
branch of the argument. Notice that

I = 21l (4.13)

From Proposition 4.18 it follows that for every £ > 0 there exists a homogeneous
polynomial Q € Py(f1), ||Q|| = 1, such that |||zP||; — |Q(zP)|"/48%| < ¢. Since
Q € Prs(l1), we can write

mi m M
Q = E al,...,st 1F2k2 te Fsk: )
kmq+---+skms=deg Q
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and deg () = nk for some n € N. Note that

o

Fo(a?) = Fa(2™%) =) " al® = Fpp(a).
j=1
Thus,
Q") = > ar,..s Y (2) Fy () - - Fy™ ().
mmi+---+mkmgs=nm
Set
To(z) = Q(aP) = > a1, M (z)Fy(z) - - F™(z).

mmaq—+--+mkmgs=nm

Then Ty is a homogeneous polynomial on ¢, and deg Ty = nm.
For every nk-homogeneous polynomial ) € Py("*¢;) we have that T €
Ps("4y) and

IToll, = sup |Q(2)] < sup [Qy)] = Q1

[2]lp=1 lylli=1

As a consequence,

{Tq: Q € Prs(" ) with |Q[s <1} € {P € Py(™,): || P, < 1}

Now,

[(0ur)nk|ln = sup |Q(2")] < sup [P ()] = [[(02)mnlp-
{QEP (kL) |Q[1<1} {PePs(mLy): || Pl|,<1}

Therefore, (5xp)nk|\]f/nk < H((Sw)mnﬂgb/mn < R,(d;)™, from where Ri(65)F <

R,(0,)™. From Proposition 4.19 and Theorem 4.9 we have
2?1 = Ru(00)" < Rp(82)™ < ||}

and so
[2P]lh = R1(0ar) < Rp(02)" < [[]]2.

Taking into account (4.13), we have R, (6,) = ||z]|,.
Let now 1 < p < oo be an arbitrary irrational number. For every e > 0 we can
take a number r > 0 such that p +r € Q, r < € and using Lemma 4.5 one has

Ry(62) 2 Ryre(62) = llallpor.
Since it is true for every € > 0, R,(0,) > ||z, So R,(,) = ||z||, as claimed. ~ []

From Theorem 4.10 we can get an analogue to Proposition 4.18 for the general
case ().
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Proposition 4.20. The algebraPy({,) is norming in{,,1 < p < oo for every positive
integer k.

Proof. From Theorem 4.10 it follows that P,(¢,) is norming in /,,.
Letz € /), k € N;and oy = 1, oy, . . ., o—1 be the k-th roots of unity. Denote
i a1xr Af_1T
Yy = (momo---ow>.
Then ||y,||, = ||z||,- Let ¢ > 0 and P be a homogeneous polynomial in Ps(¢,) such
that || P|| = 1 and || P(y,)||"/%8” — [[y.|l:| < e. Consider the polynomial

00— (o )
As in Proposition 4.18, one can check that Q) € Py (0,), Q(x) = P(y.), ||Q| = 1,

deg () = deg P, and
1Q@)[1V452 — [|z[li| = [[P(ya)[9 " = llyalla] < e
[]

Theorem 4.11. Let x € {,,, 1 < p < oo and ||z|| < 1. Then there exists a sequence
{zn} C 4y, ||znl] = 1 such that for every f € Hy(C,),

f(zn) — f(x) as n— oo

In other words, point evaluation functionals at points in the unit sphere of {1 are dense
in the set of point evaluation functionals at points in the unit ball in the Gelfand topol-

0gy.
Proof. Let y € ¢, such that ||y||? = 1 — ||z||?. In addition, if p is integer, we assume
that F,(y) = 0. Let us consider the following sequence

=T eY
Yy Yy

Zzzx.ﬁ.ﬁ

z :x.i. .L
" nt/v T pl/p

Then ||z, || = 1 and F,(z,) = F(x) + F,(y) = F,(z) if p is integer. Also, for every
k> p,

Fi(z) = Fila) + "20)
So, for every polynomial P € Hys(¢1), P(z,) — P(z). Since {2z, } is bounded and
every function f € H;s(¢1) is approximated by polynomials uniformly on bounded
sets, it follows f(z,) — f(x) asn — oo. ]

— Fp(z) as n — oo.
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Corollary 4.8. The radius function is discontinuous in the Gelfand topology as a func-
tion from Mys(¢1) to C.

Proof. Let x = 0 and {2, } as in Theorem 4.11. According to Theorem 4.11, 6, — o
in the Gelfand topology of Ms(¢;). By Theorem 4.9, R1(5.,) = ||zu|| = 1 but
Ry (50) = 0. []

Theorem 4.12. Let p € Mys(¢1). Then ¢ = 1) * 0, for some x € {1, A € C.

Proof. If it is not true, then from Theorem 4.8 it follows that there is a number
A € Cand an elementy = (y1,...,Yn,...),y € £y, forallp > 1 and y ¢ ¢; such
that p(F1) = X and (F;) = Fi(y), k > 1. Let ¢ = Ry(p) < oo. By Theorem
410 R,(¢) = ||lyllp, p > 1. Since y ¢ {1, there is ¢ > 1 such that ||y||, > ¢. So
R,(¢) > Ri(yp) that contradicts Lemma 4.5. O

Clearly, M;s(¢;) contains a copy of C: A\ — 1. But we do not know whether
Ms(¢1) contains a copy of C” for some n > 1?

4.4 Applications of symmetric polynomials in statistical quantum physics

Symmetric polynomial variables and relations between the bases of the algebra
of symmetric polynomials are widely used in algebra, combinatorics (see [32]), and,
in particular, in statistical quantum mechanics. In [39, 40], Schmidt and Schnack
proposed some correspondence between the relations in the algebra of symmetric
polynomials and partition functions of bosons and fermions. Under this correspon-
dence, one basis of symmetric polynomials is responsible for bosons and another for
fermions. Such an approach was applied and developed for different cases by many
authors (see, e.g., [21,34,36,37,48]). On the other hand, recently, some new results
for the algebras of symmetric analytic functions on infinite-dimensional Banach
spaces were obtained [1,11,22]. The infinite number of variables of the underlying
space allows us to introduce some interesting algebraic operations on the spectra
of such algebras that may have a physical meaning. In addition, in the infinite-
dimensional case, we can consider the behavior of the ideal gas “at infinity” if, for
example, the number of particles grows to infinity while the total energy of the
system is bounded.

Let us recall the bases of symmetric polynomials on ¢; which we defined above.
The basis of power symmetric polynomials (F},) is

oo

Fo((1,2,...) =Y af, neN (4.14)
=1
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The basis of elementary symmetric polynomials (G,,) is
Gn((xl,:cg,...)) = Z Liy * L, (4.15)
i< <
Also, in this section, we consider the basis of complete symmetric polynomials
B,((x1,25,...)) = > xy---x, neN (4.16)
11 <-<ip,

There are so-called Newton recurrent formulas connecting different algebraic
bases:

MG =Y (-1 'GpFr, meN, (4.17)
k=1

mBy = Bpn iFy, meN, (4.18)
Gm =Y (-1)"'GpyBr, meN, (4.19)

k=1

and

= Z DB, _wGr, meN. (4.20)

k=1

Let B(z)(t) and G(x)(t) be the generating functions for polynomials B,, and
G, respectively, defined as the following formal series:

oo

B(x)(t) =) t"By(z), Bo=1, (4.21)
n=0

G(z)(t) = Y 1"Gu(x), Go=1. (4.22)

n=0
The following relations are well-known ( [32], p. 3):

G(z)(t) exp( Zt” ) and B(z)(t) = exp (Zt" )

and they immediately 1mp1y that
G(x)(t)B(—x)(t) = 1. (4.23)

Here, the equality holds for every = € ¢; and for every ¢ in the common domain
of convergence. Note that G(z)(t) is a well-defined analytic function of = € ¢; for
every fixed ¢ € C and an exponential-type function of ¢ for every fixed x (Section
4.1).
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4.4.1 Partition functions

The canonical partition function plays a fundamental role in statistical me-
chanics since most thermodynamic functions can be derived from it [40]. It is de-
fined by

Zx(8) = Trexp(—GH),

where H denotes the Hamiltonian of the system, /V is the number of particles, and
B = kBLT denotes the inverse temperature (kp is the Boltzmann constant, and 7" is
the temperature). In other words, H is a self-adjoined operator such that exp(—5H)
is a trace class operator for g € R.

The grand canonical partition function is defined by

Z(z,8) =Y Zn(B)z", (4.24)
N=0

where the variable 2 is physically interpreted as the fugacity of the system, i.e.,
z = et/*T) (4 is the chemical potential). It describes the system in which the
number of particles can be changed. The physical interpretation implies that z must
be non-negative.

Note that the partition function completely defines all possible states of the
system. Moreover, it can be used for deriving the likelihood of states.

Consider the ideal gas consisting of non-interacting identical particles (bosons
or fermions). In this case, the Hamiltonian H is the sum of /V identical single-
particle Hamiltonians:

Let E; be single-particle energy eigenvalues counted in such a way that several E;
have the same value in the case of degeneracy. In [8], it is shown that

Zn(B) = Bn((z1,22,...)) (4.25)

for the system of bosons and

Zn(B) = Gn((w1,22,...)) (4.26)

for the system of fermions, where By is defined by (4.16), Gy is defined by (4.15),
and

x; = exp(—fE;). (4.27)

129



CURRENT TRENDS IN ANALYSIS, APPROXIMATION THEORY AND THEIR APPLICATIONS

Note that Zy is a symmetric function between energy levels, not between particles.
The ordering of levels needed for (4.25) and (4.26) is simple for one-dimensional
systems, but this is potentially difficult in higher dimensions due to the degeneracies
of energy levels and the use of multi-indices to characterize them.

According to (4.21), (4.22), (4.24), (4.25), and (4.26), the grand canonical parti-
tion function can be represented in the form

Z(z,B8) = B((x1,22,...))(2)

for bosons and
Z(z,8) = G((z1,x2,...))(2)

for fermions, where x; are defined by (4.27). In addition, according to [39], the
co-ordinates (1, xo,...) of x € {1 correspond to the abstract energy levels of the
system; a monomial z{* - - -z, ny + --- + n, = N in a partition function cor-
responds to the possible occupation of levels z1, . .., z,, by N particles. Moreover,
there exists a so-called fundamental symmetry w of Ps(¢;), which is defined as an
algebra homomorphism from P,(¢1) to itself such that w(F,,) = (=1)""1F, n € N.
In other words, for every n, (w(F),))(z) = —F,(x). Note that w is an involution in
the sense that w? is the unity operator. It is known that wG,, = B, and wB,, = G,
for every n € N ( [32], p. 4). In [39], it was observed that Newton’s identity (4.17)
corresponds to Landsberg’s identity in physics [29], and gather (4.23) is related to a
Bose-Fermi symmetry. Some specific examples for the mentioned Bose-Fermi sym-
metry can be found in [30,41,42].

4.4.2 Supersymmetric polynomials and partition functions for mixed systems of bosons
and fermions

Let Z be the set of all integers and Zy = Z \ {0}. By ¢1(Z,), we denote the Ba-
nach space of all absolutely summing complex sequences indexed by the elements
of Zy (two-sided sequences). Every element of ¢1(Z;) can be represented in the
form

(yle) = (... y2, 1|21, 22, . )
with

o0

Iyl = (il + [y,

i=1
where © = (21, x9,...) and y = (y1, ¥2, . . .) belong to ;.
For every n € N, we define the polynomials 7},, n € N on ¢;(Zy) by

T((ylz)) = Fu(z) — Fuly),
where F), is defined by (4.14).
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A polynomial on ¢(Zy) is called supersymmetric (see [27]) if it can be repre-
sented as an algebraic combination of elements of the set {7},: n € N}. Let us de-
note P,y (¢1(Zy)) as the algebra of all supersymmetric polynomials on ¢1(Z). Note
that the set {7},: n € N} is the algebraic basis of the algebra Py, (¢1(Zy)). Let us
define another important supersymmetric polynomial on ¢;(Z), which also forms
the algebraic basis of the algebra P;,,,(¢1(Z)). For n € N, let W,,: ¢1(Z;) — C be
defined by

n((y]z)) Z G —y). (4.28)

Note that polynomial W, can be obtained if we substitute in Newton’s formula
(4.17) for polynomials 7, instead of F}, [27]. In other words,

mWo((yl2)) = (=1 Wi i((yl2) Tk((ylx)), m € N. (4.29)
k=1

From (4.29), in particular, it follows that all polynomials, W,,, are supersymmetric
and form the algebraic basis in Py, (¢1(Zy)).
Let W((y|x))(t) be the formal series

W((ylz))( Zt" ((ylz)), Wh=1, (4.30)

that is, W is the generating function for polynomial W),,. According to ( [27], The-
orem 2),

G(x)(t)

G(y)(t)

the equality is true on the common domain of convergence.
Consider a mixed system of bosons and fermions. In [8], it is shown that

W((ylx))(t) =

(4.31)

the partition function for the system, where the total number, N, of bosons and
fermions is fixed, can be represented in the form

N
= Gl 2 ) By (@27 ), (432)
k=0

where :UEF) = eXp(—BEZ-(F)) and :cZ(B) = exp(—BEZ-(B)), EZ-(F) and EZ-(B) are the single-
particle energies of fermions and bosons, respectively.

Let W, : £1(Zy) — C be defined by

—

Wa((ylz)) = Wal(=2] — y)), (4.33)
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where W, is defined by (4.28). According to (4.28) and (4.33),

n((y]z)) Z Gr(— (2). (4.34)

According to (4.32) and (4.34),
Zn(B) = Wn((31)). (4.35)
where
g = (—ng), —:ch), L), &= (a:gB), :ch), cl). (4.36)

If the sequences are finite, we complete them with an infinite number of zeros. Note
that the equality (4.35) makes sense only if  and  belong to ¢;. Otherwise, we can
only consider (4.35) as the formal equality.

Let us consider the grand canonical partition function. According to (4.24) and
(4.35),

= > AWa((@lE), W =1.

For (y|z) € (1(Zo) and t € C, let W((y|z))(t) be the formal series

W((y]a))( Z t"Wa((ylz)). (4.37)
n=0
Evidently,
Z(z B) = W((ila))(2). (4.38)

On the other hand, according to (4.37), (4.33), (4.31), and (4.30),

W((yl))( Zt" (=2l =) = W((=z| —y))(t) =

Therefore, according to (4.38), (4.39), and (4.23),

g(=9)t) _ B(x)

HE G0 T B

where y and 7 are defined by (4.36).
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Thus, we have represented the grand canonical partition function of the mixed
system of bosons and fermions via the generating functions G and B for elementary
symmetric polynomials.

Let us observe that, if we apply the transformation (y|z) — (—z| — y) to T},
for the case y = 0, we will obtain

Fo(z) = To((0]2)) = Tu((=2]0)) =
= ()" ' Tu((0]2)) = (=1)" " Fu() = (w(F)) ().

(_
In other words, the involution w on P,(¢) can be extended to Pg,,(¢1(Zy)), setting

(w(P))((ylz)) = P((—z| = y)).
In particular, w(W,,) = W,. Applying the homomorphism w to (4.29), we obtain

—~

mWa((yl2) = > W k((y2)) Ti((yl2)), m €N,

that s, /I/Iv/n can be obtained if we substitute 7, instead va F}, into the Newton formula
(4.18); therefore, we have another representation for IW,,, which can be interpreted
as another realization of Landsberg’s identity. In addition, from (4.19), (4.20), we
can obtain

—_

W, = (—1)]{71/va_ka, m € N.
k=1

Example 4.3. Let us compute Zn(5) = WN@’ T) for N = 4,7 = (21,22), § =
(—y1, —Yy2, —y3). According to (4.34),

W (Y, T) = Ba(z) + G1(—y)Bs(z) + Gao(—y) Bz (z) + G3(—y)Bi(x) + G4(—y) =
= 3:11 + x% + SU?LCQ + x%x% + xlaz;’ + (y1 +y2 + yg)(sc‘;’ + x‘;’ + x%azg + :z:l:c%)Jr
+(y1y2 + y1ys + y2y3)($% + x% + 2122) + Y1yeys (21 + x2).
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Roman DMYTRYSHYN

5 Representations of Appell hypergeometric functions
by branched continued fractions

Hypergeometric functions are among the most interesting in function theory due to
their, importance in mathematics, physics, engineering, chemistry, economics, and
other applications. Significant contribution to the theory of hypergeometric func-
tions was made by such prominent mathematicians as J. Wallis, L. Euler, C. Gauss,
E. Kummer, B. Riemann, P. Appell, and many others.

In 1812, C. Gauss [35] considered the hypergeometric series,

abz ala+1)b(b+1)2°

F(a,b;c;z):1+?ﬂ+ (et 1) o1 |zl < 1 (5.1)
and obtained the continued fraction expansion,
Fla,b+1;c+1;2) 1
. = ’ (5.2)
F(a,b;c;z) a(c— b)z
1_ c(c+1)
(b—l—l)(c—a+1)z
1 (c+1)(c+2)
1—.

which was called the Gauss continued fraction, where a,b,c € C herewith ¢ ¢
{0,—1,—2,...}. Later, B. Riemann [50], L. Thomé [54], E. Van Vleck [55] proved the
following: provided that all coefficients of the continued fraction (5.2) are nonzero,
it converges in the domain

H={2€C: z¢][l,+00)},

excepting possibly at certain isolated points, and is equal to the function on the
left-hand side in (5.2) in the neighborhood of the origin, and provides the analytic
continuation of this function in . In addition, the convergence is uniform on every
compact subset of the domain 7, that does not contain any of the above-mentioned
isolated points. These points, if they exist, are poles of the function represented by
the Gauss continued fraction.

Roman DMYTRYSHYN @, Vasyl Stefanyk Carpathian National University, 57 Shevchenko Str., 76018, Ivano-
Frankivsk, Ukraine, e-mail: roman.dmytryshyn@cnu.edu.ua
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The wider convergence sets of continued fractions than the convergence sets
of the corresponding power series, the much higher rate of convergence of their
rational approximations then rate of convergence of polynomial approximations,
and, in addition, the property of not to accumulate errors during their computa-
tions have made continued fractions a simple and effective mathematical tool in
applications (see books [20,42,43,57]).

The natural two-variable extension of the series (5.1) is the double hypergeo-
metric series,

+o00
(@)r4s5(b1)r(ba)s 2125
Fi(a,b, by c;z) = +(C)Hs S lal <L fal<1l (53)

+00 ’
a)r+s(01)r(b2)s 2125
Fy(a, by, by;c1,c9;2) = Z : )(;)((10)2)( ) 7’1!3?’

r,5=0

= ai),(a2)s(b1)r(b2)s 2125
Z( )r(a2)s(b1)r(b2)s -

r,5=0

|21 + [z <1, (5.4)

Fs(ay, as,by,by;¢;2) = 21| < 1, |2 <1, (5.5)

r,5=0 C)rs sl
+00
. . . (a)r+s(b)r+s Z{ZS 1/2 1/2
Fy(a,b;ci,c0;2) = Z (e (e Il 217 + |29 (5.6)

r,5=0

which were introduced by P. Appell as early as 1880 [14], where a, ay, a9, b, b1, by €
C and ¢, c1,ca € C herewith ¢, ¢y, e € {0, —1,-2,...}, (z2) = (21,22) € C?, and
(c)y, is the rising factorial Pochhammer symbol.

Expansions of Appell hypergeometric functions F;-F) into power series by
products of two Gaussian functions, systems of second-order differential equations
whose solutions are these functions, representations functions (5.3)-(5.6) in terms
of double integrals involving elementary functions, and much more can be found
n [13,19,33]. The applications of functions F;-F} in science and technology is
discussed, in particular, in the book [34].

A well-known generalization of continued fractions is branched continued
fractions,

N
CLil
Y

N a
i1=1 01,02
bi, + ) 5
ip=1 Qi i ,ig
bila + § : b
3:1 il;¢27i3 + ..

proposed by V. Skorobohatko in 1966 together with N. Droniuk, O. Bobyk and
B. Ptashnyk [52], where [V is a fixed natural number, a;,, b;,, a;, i,, bi, i, . . . called
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elements (this can be numbers, functions, etc.). At the same time, the first expan-
sions into branched continued fractions were considered for ratios of Appell hy-
pergeometric functions F; by N. Dronyuk [32]. The expansions of various gener-
alizations of the hypergeometric series into continued fractions or branched con-
tinued fractions were considered in [2-9, 16, 18, 39, 40, 44, 45, 48, 49]. In addition,
their convergence, rate of convergence and numerical stability were discussed in
[11,21-31,36-38] and others.

The chapter is devoted to the expansions of the Appell hypergeometric func-
tions F}—F} into branched continued fractions, their study and application to ap-
proximation of some special functions.

5.1 Branched continued fractions: definition and their properties

The analytic theory of branched continued fractions is presented in the book [15].
Let us give its briefly review.

Definition of branched continued fraction. Let Ny = NU {0}, i(0) = 0 and
Ty = {0}. Let us introduce the following sets of multiindices

T = {i(k) : i(k) = (ir,do, ... ix), 1<i, <2, 1<r <k}, kel

By D. Bodnar [15, p. 15] for each > 1 the symbol u'”) denotes a vector in C*'
with components u;(,y, j(r) € Z,; for each r > 1, k € N and for each multiindex

i(k) € Z, the symbol uz(.zz) is a vector in C*" with components
Wi(k),5(r)s Z(k) S Ika 1 < js < 27 1 <s< T, jO - ika

with the following order of components:

(a) Unp,(r) = U (r) (uz(k),n(r) = ui(k‘),m(r))a 1fn(7°) = m(rr);

(b) n(r) < m(r),if ny < my or there existsindex s, 1 < s < r, such thatn, = m,,

1 <p<s,and ne 1 < Mmgqr.
Let
(L @itk) Yitk)eTo, kens 10i(k) Yi(k)eTy, keNo)

denote the ordered pair of sequences of complex numbers satisfy the following con-
ditions:

(c) ajy # O foralli(k) € Iy, k € N;

(d) if for £ € N there exists a multiindex i(k) € Z; such that b;;;) = 0, then
bik—1),; 7 0 for 1 < j <'iy_y and j # i,
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gives rise to sequence

1
{sim) (WE&))}i(k)ezk, keNo

herewith wél) = w(® and

{Se(w " ) e,

of two-dimensional linear fractional transformations
So(W(l)) = by + w1 + wo,

o il '
Vi(k) = Si(k)\W; - e Bl
(k) () ( (k)) bi(k) + Witk)1 + Wik 2 .

and
So(wDy = so(wl)),  Sp(wkD))y =8, (v¥), keN,
and to a sequence { f; }ren,0, given by
fr = SO e C, ke N,
where 0% = (0,0, ... ,0) is a vector in C2""

Definition 5.1. The ordered pair
<<{a } k)eZy keN; {b } (k:)eIk,k:eNo>7 {fk}k€N0>

is the branched continued fraction denoted by symbols

2
Q;(1)
by + Z ; . . (5.7)

The elements of (5.7) by is called the free term, a;,y, i(k) € Iy, are called the kth partial
numerators, and by, i(k) € Iy, are called the kth partial denominators, k € N. The
value

2
a;
fr="bo+>_ —— (5.8)

11—1
11 +Zb

22—1

2

+Zaz

Zklz

is called the kth approximant of the branched continued fraction, k € Nj.

In fact, the branched continued fraction is the mapping of the ordered pair of
sequences

({a } k)ETp,keN; {b } (k)eIk,keN0>
onto the sequence { fi } ken,-
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Convergence. The crucial problem with branched continued fractions is their
convergence. When considering branched continued fractions, we will also allow
confluent cases, where the restriction on the difference from zero of partial numer-
ators and, under certain conditions, partial denominators, is lifted. In this regard,
we will assume that 1/0 = oo, 1/00 = 0, and a/0 + b/0 = 0/0 for all a € C and
b € C, and that the approximant (5.8) makes sense if, when it is collapsed from
bottom to top without any reductions in intermediate operations, we do not obtain
an uncertainty of 0/0.
Without loss of generality, let us set by = 0.

Definition 5.2. A branched continued fraction

2

a;
Z 2 . (5.9
i1=1 aj(2)
bity + a—
ir=1 i(3
bi2) + Z —bi(?))"‘,

i5=1

converges if, at most, a finite number of its approximants don’t make sense and if there
exists a finite limit of its sequence of approximants

Definition 5.3. A branched continued fraction (5.9) converges absolutely if its se-
quence of approximants such that satisfies

+00
Z |fn+1 - fn‘ < +00.
n=1

Many convergence criteria for branched continued fractions concern conver-
gence sets and sets of uniform convergence.

Definition 5.4. A convergence set ) is a set Q) # () and Q C C x C such that: if
(air), biry) € Q foralli(k) € I, k € N, then a branched continued fraction (5.9)
converges.

Definition 5.5. A uniform convergence set () is a convergence set to which there cor-
responds a sequence {e,, } ,en of positive numbers depending only on €2 and converging
to 0 such that

\fosre — fol <en, meN, keN,

for every branched continued fraction (5.9) with all (a; ), b)) € 2.
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Formula of difference of two approximants. Fork property. Formula of dif-
ference of two approximants of branched continued fractions is a widely used tool
that has yielded various numerous results, including those related to hypergeomet-
ric functions.

Let QEZﬂ?)(Z)’ i(k) € Z,1 < k < n,n € N, denote the so-called tails of branched
continued fraction (5.7), that is

an) bi(n)7 Z(Tl) €Z, neN,

2
(n) Ai(k+1)
Qigey = bitwy + 2 3 ’

wherei(k) € Z,1 <k <n—1,n > 2. Then

Qi (k
+Z (kyeZ, 1<k<n-—1,n>2,
Thp1= 1Qk+1)

and

2
a;
fa=bo+ > ((73, n € N.

IfQ 72 Oforalli(k) € Z,1 <k <n,n €N, then for each m > n > 1 the
followmg formula is valid (see, [15, p. 28])

2 2 2

fm o fn = (_l)n Z (Zé(l)(n) Z ai(”) Z (”+1) )

Z.1:1 Q’L(l)@l(l) 7n—1 Q Q ZIL+1 1 Q n+1

A direct application of this formula yields the so-called fork property for bran-
ched continued fraction.

Proposition 5.1 ( [15, Proposition 1.4]). Let (5.7) be a branched continued fraction
with positive elements. Then

f2n—2 < f2n < f2n+1 < f2n_1, n € N.

Equivalence transformations. Even (odd) part. A transformation of a bran-
ched continued fraction that does not change the values of the approximants is
called equivalent. Branched continued fractions in which all corresponding ap-
proximants coincide are called equivalent.

141

H



CURRENT TRENDS IN ANALYSIS, APPROXIMATION THEORY AND THEIR APPLICATIONS

Proposition 5.2. A branched continued fraction

2
Ci(1)
P
lo= 1 2 +i
di d;(3

13—1

is equivalent to (5.9) if there exist non-zero complex numbers ;) i(k) € Tj,, k > 1,
such that with o) = 1

Ci(k) = Qi(k—1)Qi(k)Ai(k)s  Di(k) = Citiybiry, (k) € Ly, k> 1.

If bjsy) # 0, i(k) € I, k > 1, then the branched continued fraction (5.9) is
equivalent to

23 ].
where
a1y . @i(k) -
cmy=-— )€l cw=—"—2 k€L, k>2.
( bi() bi(k—1)bi(k)

Proposition 5.3. A branched continued fraction (5.9) with the sequence of approx-
imants { f, }nen is called the even (odd) part of a branched continued fraction with
unequal variables

2
>
2 ~
11=1 ’gz ;

with the sequence of approximants {ﬁl}neN, if fo = fon (fn = ﬁnﬂ) forn > 1.

Uniform convergence. Let D be some domain in C2. Here, the domain is an
open connected subset of C2.

Definition 5.6. A sequence { f,,(z) } nen of functions holomorphic in the domain D is
said to converge uniformly on a compact subset K of D if:

142

H



CURRENT TRENDS IN ANALYSIS, APPROXIMATION THEORY AND THEIR APPLICATIONS

(i) there exists N(K) such that f,,(z) is holomorphic in the domain K for alln >
N(K), and

(ii) given e > O there exists N. > N(K) such that

sup | fnik(z) — fu(z)| <e, n> N, k€N

zekC

Definition 5.7. The sequence { f,,(2z) } nen of functions holomorphic in the domain D
is said to be uniformly bounded on a conyjact subset IC of D if there exist N(K) and
M (K) such that

Sup |fu(2)| < M(K), n=N(K).

Definition 5.8 (Pointwise Convergence). A branched continued fraction

2
> () . . (5.10)
=1 aj2)\Z
2 . a)(2)
i9=1 7
bi2)(2) + Z bics)(z)+

igil ‘e

is said to converge at z = z° if its sequence of approximants { f,(z°) }ren converges,
and

is called its value.

Definition 5.9. A branched continued fraction (5.10) is said to converge uniformly
on a compact subset K of D if its sequence of approximants { f,,(z) },en converges
uniformly on K.

Let O be some region in C2. Here, the region refers to a domain (an open
connected set) which may include all, part, or none of its boundary.

Definition 5.10. If for each z € O the branched continued fraction (5.10) converges
to the finite value f(z), then, forn >, 1

f(z) = fu(2)

is called the truncation error of the nth approximant. For n > 1 the estimate of the
form

‘f(Z) o fn(z)| < Cn(z)
is called a priori bound (or truncation error bound), where C,,(z) > 0, n >,1 and
Ch(z) = 0asn — +oo forallz € O.
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5.2 Extending analytic functions through branched continued fractions

An important application of branched continued fractions is, in particular, to repre-
sent functions expressed by hypergeometric series (or the ratio of hypergeometric
series) as branched continued fractions. In this regard, the following two methods
are used [9].

PC Method. This method is based on the so-called principle of correspondence
[20, pp. 30-32]. It is used when the branched continued fraction expansion corre-
sponds at z = 0 to a hypergeometric series (or the ratio of hypergeometric series),
and the sequence of its approximants converges uniformly on each compact subset
of some neighborhood of the origin to a function that is holomorphic in this neigh-
borhood. Then it remains to apply the Weierstrass’ theorem [51, p. 23], prove the
convergence of the above expansion in a wider domain than the domain of con-
vergence of the hypergeometric series (or the ratio of hypergeometric series), and,
finally, apply the principle of analytic continuation [56, p. 39].

Theorem 5.1 (Weierstrass’ Theorem). Let a sequence {g,(z)} of holomorphic func-
tions in a domain D of C? converge to a function g(z) uniformly on each compact
subset in D, then f(z) is holomorphic in D, and for anyr > 0, s > 0,

ar+sgn(z) . ar+sg(z)
02107 02]0%;

as n — +oo

on each compact subset inD.

Theorem 5.2 (Principle of Analytic Continuation). Let the functions g1(z) and g»(z)
be holomorphic in the domains Dy and D, ofCQ, respectively, and let Dy N Dy be
the domain. Let, further, in a real neighborhood of the point z° from Dy N Dy the
functions g1(z) and g2(z) coincide. Then these functions are an analytic continuation
of one another, i.e., there is a unique function g(z) that is holomorphic in D; UD, and
coincides with g1(z) in Dy and with go(z) in D..

We will give the concept of correspondence at z = 0 (see, [9] and also book [20,

pp- 30-32)]).
Let
400
L(z) = Z Q521 %5
r,s=0

be a formal double power series at z = 0, where a,; € C,r > 0, s > 0,z € C%
Let f(z) be function holomorphic at a neighborhood of the origin z = 0. Let the
mapping A : f(z) — A(f) associate with f(z) its Taylor expansion at a neighbor-
hood of the origin.
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Definition 5.11. A sequence { f,,(z) } nen, of functions holomorphic at the origin cor-
responds to a formal double power series L(z) atz = 0 if
where \ is the function defined as follows: A : . — Z>q U {+o0}; if L(z) = 0
then A\(L) = +oo; if L(z) # 0 then \(L) = n, where n is the smallest degree of
homogeneous terms for which a, s # 0, that isn = r + s.

If{f.(z) } nen, corresponds at z = 0 to a formal double power series L(z), then
the order of correspondence of f,(z) is defined to be

Vp = )‘(L o A(fn))

By the definition of A, the series L(z) and A(f,,) agree for all homogeneous terms
up to and including degree (v, — 1).

Definition 5.12. A branched continued fraction (5.10) whose elements are polynomi-
als in C? corresponds to a formal double power series L(z) at z = 0 if its sequence of
approximants corresponds to L(z).

PF Method. This method uses the property of fork (see, Proposition 5.1) and ap-
plies when the hypergeometric function (or the ratio of hypergeometric functions)
and the elements of the branched continued fraction expansion are positive-valued
functions in some domain D of C2. If it holds, then its approximants satisfy the
property of fork: the sequence of even (odd) approximants increases (decreases)
and is no greater (no less) than any odd (even) approximant. If, in addition, the
above expansion converges, then it converges to the hypergeometric function (or
the ratio of hypergeometric functions) in the domain D. Finally, it remains to prove
the convergence of the branched continued fraction expansion in a wider domain
than the domain of convergence of the hypergeometric series (or the ratio of hy-
pergeometric series) and apply the Theorem 5.2.

5.3 Branched continued fraction expansions of the Appell hypergeomet-
ric functions

While continued fraction expansions have only one structure with different ele-
ments, branched continued fraction expansions can have a wide range of both struc-
tures and elements. In both cases, the form of the expansion directly depends on
the choice of recurrent relations of the hypergeometric functions. Some structures
branched continued fractions were discussed in [12].
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Appell hypergeometric function /7. As already mentioned, the first expan-
sions of the ratios of functions F} into branched continued fractions was considered
in [32].

Let 5;- be the Kronecker symbol. By three-term recurrence relations

Fi(a,by,bo;¢;2) = Fi(a, by + 1,by;¢;2) — EZ1F1(CL + 1,01+ 1,b95¢ + 15 2),
¢

Fi(a, b, bo; ¢;2) = Fi(a,by, by + 156,2) — ~2 Fi(a+ 1,0,y + L+ 12),
C

Fi(a,by,bo;c;2) = € ; aFl(a, bi,bo;c+ 1;2) + %Fl(a + 1,b1,b9; ¢+ 1;2),

and four-term recurrence relation

Fi(a, by, by; c;2) =
2
b
= Fi(a+1,by,by;¢c+ 152) — Z—kaFl(aJr 1,by + 67, by + 655 ¢ + 1;2),
c
h—1

an algorithm was proposed for constructing the branched continued fraction ex-
pansions of the following ratios

Fi(a; by, by; c; z)
Fi(a+1;b1 + 61,0y + 04 c+ 1;2)

i=1,2. (5.11)

However, no explicit formulas were found for the coefficients of the constructed
expansions and no criteria of their convergence was established.

In [40], branched continued fractions was studied, which are expansions of the
ratios of the Lauricella hypergeometric functions F' j(DN). And, as is known, F' l()N
equal to F} for N = 2.

)is

Let, for: =1, 2,
k-1 '
piy =01, i) €L, pwy = 0 +0,, ik)eL, k>2
r=1

The following theorem gives explicit form of the expansions of the ratios (5.11)
into branched continued fractions obtained in [32]. It also provides formulas for the
coefficients of these expansions in terms of the parameters of the hypergeometric
series F7.

Theorem 5.3 ( [46]). For eachi = 1,2 the ratio (5.11) has a formal branched contin-
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ued fraction expansion

(5.12)

where
a .
oi(@) = (1 =z), k)€, k=0
_1_ a (4) biy, + Dik)
we=lo o e =Ty e ey k2

The three-term recurrence relations

2
1 b
Fi(a,bi,by;c;z) = (1 — aJcr 21— /;—1 f%) Fila+ 1,00+ 1,bs;¢;2)+
(a+ 1)(bg —|—5é)

C(C—I—l) Zk(l—Zk>F1(a—|-2,b1+1+5f,b2+5§;6+2;z),

E

_|_

e
|

1

9
1 b
Fi(a,by,by;c;2) = (1 — aJCr 29 — kEZI ?kzk) Fi(a+1,b1,bs+ 1;¢;2)+

2
(a+1)(by, + 62
vy el

et ) 2(l— z) Fi(a +2,b 4 07, by + 14 655 ¢ + 23 2),

k=1

give the following result.

Theorem 5.4 ( [17]). For eacht = 1,2 the ratio (5.11) has a formal expansion

, (5.13)

2 ~(7)
i1=1 (i U;a (z)
(@) + Y
ir=1 Ui(z)(z)+
where
9
(i) a+1 b,
=1 T T
v (2) P ; z
(i (a+ k) (bi, + Diry) .
UE&,)(Z) - (C—f— k — 1)(6 +(k?) Zlk(l - Zik)a Z(k) S Ikia k> L,
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2

), atk O P .
Ui(k;)(z) =1 C+Il€22k ;—c—i—k 2z, (k) €Ly, k>1.

Other formal expansions of the ratios (5.11) were obtained by compressing

the combination of the fractional-linear mapping and the sum of fractional-linear
mappings, which are the basis for constructing branched continued fractions (5.12).

Namely, for 7 = 1, 2 it is obtained (see, [40, Prorosition 2.1.3])
0 (5.14)

ﬁ_l)l(z) + 5

where
() =" -=), G=1-- @(z)=1 Zb o -,
20 (2) = - (c—a :(i)ibill; Pi) 1 ika i(1) € Ty,
=R wen, k2
0 (2) =1~ ﬁz 22: h j fil(c’““ (11__22)2’", i(k) €T, k>1.

r=1
For each ¢ = 1, 2, the branched continued fraction (5.14) with the sequence of
approximants {ﬁ(z)} reN is the even part of the expansion (5.12) with the sequence
of approximants { f4(2) }ren, ie., for(z) = fu(z) for all k > 1 [41].
Finally, in [46], for another ratio
Fl((l — 1; bl, bQ; C; Z)
Fi(a; by, ba; ¢; 2)
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the formal branched continued fraction

1 2 ﬂél)(z) 5.15
t2 o) (z) 19
=g 0

i)
n=ly 2wi(1) (‘3
7l (2)
i(2)
1+Z =
12=1 i(2)
1+
I+
was constructed using the additional relation
—b —by ~1 <2
Fi(a;b1,by;¢52) = (1 — 21) (1 — 20) 77 FY (C_a§blab2;c;z 70 1) )
1— 1 22—
where
ﬂ(i)(z) _ b Zi, Wy = — ¢ (1—z)
0 a—c "’ a—c v
G b; +pi(k)+5§. :
), (z) = —— o, ik €T k21,
G a+k .
) (2) = ————(1—z,). i(k) €L k=1

Of all the constructed branched continued fractions, only (5.13) was proven to
converge to the functions of which they are the expansions, and that they provide
an analytic extension of these functions into the domain of their convergence.

Theorem 5.5 ( [10]). Suppose that a, by, bo, and c are real constants such that
a>0, bp>0, b>0, 2c>a+0b +0by+1.
Then, for each i = 1,2 the following statements hold:

(A) The branched continued fraction (5.13) converges uniformly on every compact
subset of the domain

Q= {z € C?: Re(z) < %, Re(z2) < %} (5.16)

to the function f)(z) holomorphic in the domain ).

(B) The function f(i)(z) is an analytic continuation of the function (5.11) in the do-
main (5.16).
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Setting a = 0, replacing b; and c respectively by b — 1 and ¢ — 1 in Theorem 5.5,
it is obtained the following result.

Corollary 5.1. Let by, bo, and c be real constants satisfying the inequalities
blzl, [)2>07 2c¢ > by + by + 2.

Then the branched continued fraction

(5.17)

2
~ Ui(1)(z
le) + 3
i1=1 ~ i(2
vi(1)(2) + Z ,ﬁ#

~

converges uniformly on every compact subset of (5.16) to a function f(z) holomorphic
in€), and, in addition, f(z) is an analytic continuation of the function Fy(1; by, by; ¢; z)
in the domain (5.16), where

2

- by
vo(z) =1 _Zc— T

r=1

- k(bi, + piry) — 07

i = Wl —2z), k) €Ly, k=1,
Uik (2) @+k—%@+k—1f¢ z)y  ik) € I

2
_ k by + Digk)r — O; .
. :1——2— ’ kT, k :Z:, kz]-
U'L(k)(z) C_|_k_1zk ;_1: C+k—1 < Z( )E k

The similar consequence is valid when a = 0, by and c are replaced by by, — 1
and ¢ — 1, respectively.

A number of convergence criteria were established for branched continued
fractions (5.12) and (5.14), but the question of representing the functions by these
branched continued fractions, as well as (5.15), the expansions of which they are,
remains open.

Appell hypergeometric functions F5. In [16], using three-term recurrence re-
lations

Fy(a, by, bo; cic0;2) = Fo(a, by + 1,bo; 01 + 1, ¢952)—
_a(q —by)
ci(c1 + 1)
Fy(a,by,bo; crc0;2) = Fo(a, by, by + 15¢1,¢0 + 152)—

ZlFQ(CL + 1, by + 1, bQ; c1+ 2,¢9; Z),
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_CL(CQ — bg)
CQ(CQ + 1)

and four-term recurrence relation

2Fy(a+1,b1,by + 15 ¢, 0+ 2;2), (5.18)

Fy(a, by, by;crco;2z) = Fo(a+ 1,b1,bo;¢1 + 1, ¢0;2)—
_bl(Cl — CL)
ci(c1+ 1)

b
— 2 F(a+1,b,by+ Lici + 1,00 + 1 2),
Co

Fy(a, b1, by;ciea;2) = Fa(a+ 1,01, bg5 61,00 + 1;2)—

2 Fy(a+ 1,014+ 1, by 01 + 2,005 2)—

b
— =2 Fy(a+1,b + 1,0y 01+ 1,00+ 152)—

1
bQ(CQ—CL)

———— 2 F(a+1,b1,bo + 1;¢1,c0 + 2;7), 5.19
a(cs+1) o Iy ( 1, 02 1, C2 ) (5.19)

was obtained an expansion ratio

FQ(Q, bla b?; C1, C2; Z)
Fy(a+1,b1,b9;¢1+ 1,95 2)

(5.20)

into formal branched continued fraction
2

B ui1)(2)
! Z wi(l)(z> 7

=11 —

where

bi(cr —a) o 2 ~
: = 0; 21 + 0; 1)eZ
uz(l)(z) Cl(cl 1) i1l 11725 Z( ) € 1y,

(Cipyy — @+ 2Dy — kK — 5z2k+1)(bik+1 + pi(k)) -
52 7 1 Th+1
(Cikﬂ + 2pi(k))(cik+1 + 2pi(k) + (—1) ’k+1) "
bik:Jrl + pZ(k‘) 3

. . ZZ 13
Cik+1 + 2p’t(k) + 5Zlk+1 Zk+1+lk "
ci, — bi, + picry — 2V a+k
wiy(z) = (¢, « TP (I;) ) ) 2y W(k) €Ly, k>1,
(Cik + 2p2(k) —1- 5ik>(cik + 2pi(k) - 5lk)

ui(k+1)(z) =

’L(k + 1) € Ik_l,_l, k' Z 1,

k
iy = 30, ilk) €Ty, k>1.

r=1
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Similarly, we can obtain the expansion of ratio

Fy(a, by, by; ¢, c2;2)
Fy(a+ 1,b1,b0;¢1,00 + 1;2)

(5.21)

symmetric to (5.20), into a branched continued fraction.

Expansions of other ratios of the Appell hypergeometric functions F5 into
branched continued fractions can be found in [45]. However, the question of their
convergence remains open.

Setting b; = ¢ in (5.21), let

FQ(CL b1, ba; by CZ.Z)

R (a by, by by co:2) = iR iRa il >-22

P (@, b1, ba; b1, ¢2;2) Fy(a+1,b1,b2;b1,¢0 + 1;2)’ (522)
Fy(a, by, by; by, co;

R%)(a,bhb%bl,cz;z) 2\ac b, i, O %) (52

- Fy(a,bi,bo + 1;01,c0+ 1;2)
Then the following result holds [2].

Theorem 5.6. The ratio (5.22) has a formal branched continued fraction expansion of
the form

U129

1—2 — U223 , (5.24)
1 - U329
1-— 21 — - U122
1— .
where
(bg-i—k—l)(Cg—CL-i—kf—l) (a—l—k)(CQ—bQ-i—k)
Ugp—1 = ;o Ugp = , > 1.
(CQ + 2k — 2)(02 + 2k — 1) (CQ + 2k — 1)(62 + 2]€)
(5.25)

Note that (5.24) is a confluent branched continued fraction, not a continued
fraction. Here, the fundamental difference between them lies in the different ap-
proach to understand the approximants. Namely, the sequence of approximants of
the continued fraction for the branched continued fraction is a sequence of so-called
figured approximants [15, pp. 18-20].

Proof Theorem 5.6. Since
Fy(a,by,bo; b1, c9;2) = Fo(a,by + 1,b9; b1 + 1, ¢9; 2),
then, dividing (5.19) and (5.18) by
Fola+1,b1,bo;b1,c0+ 1;2z) and  Fy(a,by,be + 1561, ¢0 + 1;2),
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respectively, we obtain

b2(02 — a)
(1)
Rgil‘z)(aa blv b?a b17 C2, Z) =1- 1 — 2) %2 ) (526)
RF2 (CL + 1, bl, bg; bl, Co -+ 1; Z)
CL(CQ — bg)
(o + 1)22
R%)(a, b1, bo; by, c032) =1 — e (5.27)

R%)(a,bl,bg + 101,00 + 1;z).

In fact, in (5.26), we have Step 1.1 of constructing a branched continued frac-
tion. At Step 1.2, replacing a, c; by a + 1 and co + 1, respectively, in (5.27), we

get

R%)(a,bl,bg; bi,co;2) =
bQ(CQ — CL)
ca(ca + 1)
(a+1)(ca+1—by)

(C2 + 1)(02 + 2)
R%)(a + 1,b1,b9 + 1; b1, ¢0 + 2;2)

z9

=1—2z — (5.28)

zZ9

1 —

Let us continue the next construction of the branched continued fraction in
the same way as in Steps 1.1-1.2. It is clear that the following relation holds, for all
kE>1,

Ry (a+k —1,b1,by+k — 1;by, 00 + 2k — 2;2) =
(by+k—1)(ca+k—1—a)
(co + 2k — 2)(cy + 2k — 1)

(CL—I— k?)(CQ + k — bg)
(co 42k — 1)(co + 2k
R?(al + Kk, by, by + k; by, co + 2k; z)

<2

1y — (5.29)

<2
| )

At Steps 2.1-2.2, substituting (5.29) when k& = 2 in (5.28), we obtain

R%)(%bl,b% bi,co;2) =
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ba(co — a)
co(ca + 1)
(a+1)(ca+1—by)
(CQ + 1)(62 + 2)
(bg + 1)(02 +1-— CL)
(CQ + 2)(62 + 3)
(CL + 2)(02 + 2 — bg)
(CQ + 3)(62 —|—4)
Ry (a+2,b1,by + 2 b1, 00+ 4; 2)

Next, by (5.29) after the Steps k.1-k.2, we have

Z9

:1—2’1—

<2

<2

1—21—

<2
1 —

Rgg)(aabl,b% b1, c2;2) =
ba(co — a)
co(ca +1)

(CL + 1)(62 +1-— bg)

(c2 4+ 1)(c2 +2)

(by+k—1)(co+k—1—a)

(co + 2k —2)(co + 2k — 1)
(a+Fk)(ca+ Kk —by)
(ca+2k —1)(co + 2k
Rg)(al + k, b1, by + k; by, co + 2k; 2)

<2

<2

<2

<2
| )

Finally, as £ — +o00, we obtain the formal expansion of (5.22) into branched
continued fraction (5.24). ]

The following theorem can be proved in much the same way as Theorem 5.6.

Theorem 5.7. A ratio (5.23) has a formal branched continued fraction of the form

1 — ﬂl,ZQ
1—2 — UaZ |
' - U3Z
| U429
T
where, fork > 1,
~ :(a+k—1)(02—bg+k—1)
T 2%k —2) (e +2k—1)
a,k_(bQ‘i_k_l)(CQ—a‘}_k—l)
o =

(CQ + 2k — 1)(02 + 2k)
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The question of the convergence expansion (5.24) to the ratio (5.22) was inves-
tigated in works [2,29,31].

Theorem 5.8 ([29]). Let a, b/, and ¢ be real constants such that
O<upr <7, k>1, (5.30)
where uy, k > 1, are defined by (5.25), T is a positive number. Then:

(A) The branched continued fraction (5.24) converges uniformly on every compact
subset of the domain

1
Q, = {z cC?: 21 ¢[1,+00), 2 & [4—,4—00)} (5.31)
T
to a function f(z) holomorphic in ;.

(B) The function f(z) is an analytic continuation of function (5.22) in the domain
(5.31).

Note that the assumption on the sequence {uy}rcy in Theorem 5.7 involves
(together with positivity) an upper bound 7, and that the domain of the analytic
continuation also depends on this 7; and the smaller 7, the larger domain.

Setting a = 0 and replacing cs by ¢y — 1 in Theorem 5.8, we have the following
corollary.

Corollary 5.2. Let by and cy be real constants such that

by (b2+:l€)(02+k— 1)
0< =< 0 k>1 5.32
<02_7_7 <(CQ+2]€—1)(CQ+2]€)—T7 — L ( )
and
— -1
0« Fo—btk-1) <7 k>1, (5.33)

(02+2l€ — 2)(C2 + 2k — 1) o
where T is a positive number. Then the branched continued fraction
1

5 (5.34)
2.
€2
(c2 — bo)
co(co + 1)
(g + 1)co
(CQ + 1)(62 + 2)
2(cg — by + 1)
(CQ + 2)(62 + 3
1—

1—Z1—

z9

z9

1—21—

)

1 —
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converges uniformly on every compact subset of the domain (5.31) to a function f(z)
holomorphic in ), and, in addition, the function f(z) is an analytic continuation of
F5(1,by,b9; by, co; 2) in the domain (5.31).

The following theorem provides a condition for the convergence of the bran-
ched continued fraction expansion in the case of complex coefficients.

Theorem 5.9 ( [29]). Suppose that a o, and co are complex constants such that
lur| — Re(ug) < Ay, k>1, (5.35)

where uy, k > 1, are given in (5.25) herewith co ¢ {0,—1,—2,...}, A > 0, and
0 < pu < 1. Then, the following statements hold:

(A) The branched continued fraction

U122
1 — 21 + U229y
1+ 1 n Uzz9
P

1— .

converges uniformly on every compact subset of the domain

0= Jor, (5.36)
where
1 + cos(arg(z2))

22| < N

and
1—n n(1—mn)
QT = 2. nl—n)
{ZE(C 21| < 5 29| < o :

where

T =suplur| and 0<n<l,
keN

to the function f(z) holomorphic in the domain QY.

(B) The function f(z) is an analytic continuation of the function

Fy(a, by, bo; by, o521, —29)

5.37
Fy(a+1,b1,b;01,c0+ 1; 21, —29) (5:57)

in the domain (5.36).
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Corollary 5.3. Suppose that by and co are complex constants such that satisfy in-
equality (5.35), where
_bg B k(Cg—bz-i-/{—l)
N T G 2k —2) (et 2k — 1)
(ba+ k)(co+k—1) S 1
CQ+2]€—1)(CQ+2]€)7 -

U241 = (

herewith co & {0,—1,—2,...}, and where A\ > 0 and 0 < p < 1. Then the branched
continued fraction

by
C2

(ca — b2)
co(co + 1)
(by + 1)co
(CQ + 1)(02 + 2)
2(62 — by + 1)
(ca+2)(ca+3
1_—

1—21+
)
1+

)
11—+

z9
1+ )

converges uniformly on every compact subset of the domain (5.36) to the function f(z)
holomorphic in this domain, in addition, the function f(z) is an analytic continuation
of the function F5(1, by, by; by, Co; 21, —29) in the domain QZ;

Graphical illustrations of domains for variables z; and 25 in (5.36) are shown
in Figure 1a—c [29].

The following theorem establishes truncation errors bounds for branched con-
tinued fractions (5.24) in the case of non-negative elements.

Theorem 5.10 ( [31]). Suppose that a, by, and co are real constants that satisfy the
inequalities in (5.30). Then, the following apply:

(A) The branched continued fraction (5.24) converges to a finite value f(z) for each
z € ()., where

Q. ={zcR*: 1<k, <0}, 0<r<l. (5.38)

(B) The convergence is uniform on every compact subset of the domain Int(€,,), and
f(z) is analytic on Int(£2,,).
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Im(ZQ) y

/4

(a) Domain for 2. (b) Domain for 22 if 7 = An(1 — 7).

Im(ZZ) A

—d(1—d)\/(2h)

77
77

//////////

(c) Domain for z2 if 7 > An(1 — 7).

Figure 1: Domains for variables z; and z in (5.38).

(C) If fr(z) denotes the kth approximant of (5.24), then for each z € €,

_1\k _1\k+1
(S 2] (1= 65 20) + 2l (722

1f(z) — fi(z)] < (1= 20)(1 — 21 + 7|z0|)F 1 ’

k> 2.

(D) The function f(z) is an analytic continuation of (5.22) in (5.38).

Setting a = 0 and replacing cy with co — 1 in Theorem 5.10, we obtain a priori
bound for the branched continued fraction (5.34).

Corollary 5.4. Suppose that by and c are real constants that satisfy the inequality
(5.32)—(5.33). Then, the following apply:

(A) The branched continued fraction (5.34) converges to a finite value f(z) for each
z € (), where () is defined by (5.38).

(B) The convergence is uniform on every compact subset of the domain Int(€,,), and
f(z) is analytic on Int(€,).

158



CURRENT TRENDS IN ANALYSIS, APPROXIMATION THEORY AND THEIR APPLICATIONS

(C) If fr(z) denotes the kth approximant of (5.34), then for eachz € QH,,

(~1)* (~1)k+? -
1 —
(07 " |zl =07 7 =) + k|2 (k[2]) B> 3

1f(z) — fi(z)] < (1= 21)3(1 — 21 + K|z|)*3 ' =

(D) The function f(z) is an analytic continuation of F5(1,b, be; b, co;2) in (5.38).

Similar results to Theorems 5.8 and 5.10 and their consequences can be ob-
tained for ratio (5.23). In addition, similar results to Theorem 5.9 and Corollary 5.3
can be also obtained for a ratio symmetric to (5.37).

Appell hypergeometric functions /3. The following theorem on the expansion
of the ratio

Fs(ay, ag,b1,b9;¢;2)
FS(al + 17a27b1 + 17 b2;C+ 17Z)

(5.39)

into a branched continued fraction was proved in [47] using four-term recurrence
relations

a1+b1+1
Cc

F3(ay,a9,b1,by;c;2) = (1 -
+ 1)(by +1
+(a1 )(b1 + 1)

Z1> F3(a1 + 1,a9,b1 + 1,by;c+ 1;2)+

2’1(1 — Zl)Fg(al + 2, as, bl + 2, bg; c+ 2; Z)—|‘

clc+1)
a2 Fy(a; +1,ap+1,by + 1,by + 1;¢ + 2;2) and
203l a cc+2;z) an
c(c+1) 2301+ 1,42 + 1,01+ 1,02 1+ 1 :
as + by + 1
Fy(ay, az, by, by; ¢;2) = 1_f2’2 Fs(ai,as +1,b1,b0 + 1;¢c+ 1;2)+
a1by Fy(a; +1,a9 4+ 1,by +1,by + 1;¢ +2;2)+
o a a i | Z
cler AT LR LTSRS ;
1)(b 1
(a21_(c)4£ i;r )zg(l—ZQ)Fg(cu,az+2,b1,b2+2;c+2;z)_

Theorem 5.11. The ratio (5.39) has a formal branched continued fraction expansion

of the form

vo(z) + ) u;(l)(Z) ' ) (5.40)
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where
vo(z) =1— Lilﬂzh
wigy () = L +Cii)+(b§)+ %), (1 dta), i(1) €T,
uir) (z) = (%, +pi((§) !j?g?ciﬁ()k) — 53k)2¢k(1 — 0% z,), i(k) € Ti, k> 2;
and .
gfe) = 1= TR e, k2
with piy = Sor_ 0%, i(k) € T, k> 1.

The following result was also proved in [47].
Theorem 5.12. Let ay, as, by, by, and c be real positive numbers such that

a1+bl+1 a2+b2+1}

b b
c>mw{2+ 5 bt :

Then:

(A) The branched continued fraction (5.40) converges to a finite value f(z) for each
z € (), where

1
Q:{ZE(C3: §—Re(zk)2 V2|1 — 2kl k:1,2,}.

(B) The convergence is uniform on every compact subset of the domain Int(£2), and
f(z) is analytic on Int(£2).

(C) The function f(z) is an analytic continuation of the function (5.39) in the domain
Int(2).

Similar results to Theorems 5.11 and 5.12 can be also obtained for a ratio sym-
metric to (5.39). A formal expansion of another ratio of the Appell hypergeometric
functions F3 into a branched continued fraction can be found in [45].

Appell hypergeometric functions F;. The expansions of the ratios of the Ap-
pell hypergeometric functions F} is the least studied. In work [18], based on the
four-term recurrence relations

Fy(a,b;ci,c0;2) = Fy(a+1,b;¢1 + 1,¢9;2)—
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bt — b
_leﬂ(a +1Lb+ 101+ 2,0;2)——zFi(a+ 1,b+ 1500+ 1,00 + 15 2),
61(01+1) €2

Fy(a,b;ci,c0;2) = Fy(a, b+ 1;¢0 4+ 1,05 2)—

—b
—lelﬂ(a + 1,0+ 1;¢1 4+ 2, CQ;Z)—222F4(Q +1L,b+ 104+ 1,0+ 1;2),
Cl(Cl + 1) (6)
Fy(a,b;ci,c0;2) = Fi(a+ 1,b5c1,00 + 152)—
b b(co —
——zF(a+ 1,04+ 100+ 1,0+ 1 z)—Mz2F4(a + 1,0+ 1;¢1,00+ 2;2)
c1 ca(ca + 1)
F4(Cl,b; ClacQ;Z) - F4(a7b+ 1;01702 + ]_,Z)—
a(co — b)

a

——znFya+1,b4+1;c0+1,c0+ 1;2)— 2Fa+ 1,0+ 1;¢1,c0 + 2;2),
oL 4 1 2 ) o+ 1) o Fy( 1, C2 )

a formal expansion of the ratio

Fy(a,b;ci,c;2)
F4(CL + 1, b; c1 + 1, Co; Z)

(5.41)

into a branched continued fraction

2

1_ Z 2 Uz‘(l)(z)

i1=1 UZ(Q)(Z)
- zz—:l = Uz’(?,)(z)
=)

-

is=1
was constructed, where

b(cy —a) 4 b .
| _azda oy O et
ul(l)(z) 01(01 n 1) 1121 + Co 11227 Z( ) € 11,

(a + k) (Cizk — b T pi(Qk_l) B k + 5112k) 5?2k712. +
Cie + Pok—1 — 02 ) (Cine + Dir_1y + 0L ) 2 T

12k 12k

Uiok) (2) = (

a+k 3

1 Trog—1+i2r 02k
Ciye T Dik—1) T 05,

(b+ k) (Cisr — @+ Dia) — k) -
(Ci2k+1 + D2k — 5'2 )(CZ'%JF1 + pi(k) + 51 ) 1ok4+1 " Y2k+1

12k+1 iokt1
b+ k
6 oz i(2k+1) € Topyy, k> 1
Cigpsr T Pik) + 5}2k+1 G2k a1 T2k ( ) 2k+1 >

i(2k) € Top, k> 1,

Ui(2k+1)(z) =

The question of the convergence of this expansion remains open. Similar results
can also be established for ratios symmetric to (5.41).
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5.4 Approximations of some special functions by branched continued fra-
ctions.

Analytical solutions to a wide range of equations in applied mathematics often ap-
pear in the form of hypergeometric functions, which, in turn, can be represented
as branched continued fractions. We will give some examples of approximations of
special functions by branched continued fractions.

Example 1[2]. By Corollary 5.2 we have

In (1 + =2 ) = 29F5(1,b,1;b,2; —21, —29) =

1+
- : (5.42)
22
1421+ 1
1+ b
1+ 2

1+

at some neighborhood of the origin. In addition, the branched continued fraction
in (5.42) converges and represents a single-valued branch of the analytic function

In <1+ 2 ) (5.43)

14+
1
arg (ZQ+§> <7T}.

Table 1 shows the results of the evaluations (5.42) and

(14 22 < (1) sn(1). (1) (—20)

in the domain

Q:{Z€C22 |arg(z + 1) <,

— 2 Fy(1,b, 15b, 2—21,—2) = —
1+Zl zZ9 2( ,0, 150, 2,—21, 22) Z (2)5 rl sl

r,s=0

Plots of the values of the nth approximants of (5.42) are shown in Figure 2a-
b. Here we can see the fork property for a branched continued fraction. That is,
the plots of the values of even (odd) approximations of(5.42) approaches from be-
low (above) to the plot of the function In(1 + z/(1 + 2;)) at fixed values of z;.
The plots at fixed values of 2, are similar. Figure 3a—d shows the plots where the
10th approximant of (5.42) guarantees certain truncation error bounds for function
In(1 4+ 22/(1 + 21)).
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Table 1: Relative error of 10th partial sum and 10th approximants for In(1 + 25/(1 4 21)).

z (5.43) (5.42) (5.4)
(—0.01,0.1) 0.096228 2.8844 x 107 22613 x 1013
(0.1 4 0.014,0.1 + 0.014) 0.0871089 4 0.00757447i  9.5235 x 10716 3.4973 x 1072
(1.0,1.0) 0.40546511 1.7002 x 10712 2.9649 x 10*3
(1+4,1—1) 0.2938933 — 0.4636476:  6.9884 x 10~ 2.2319 x 10+2
(3.0,5.0) 0.81093022 6.0879 x 1079 8.4668 x 108
(6.0,30.0) 1.66500777 1.9580 x 107%  6.9735 x 10115
(10 + 10i, —10 — 10i) —2.6990814 — 0.7378151i  3.6187 x 107  1.3918 x 10T
(10.0, 100.0) 2.311634929 5.3044 x 107%*  1.1109 x 10+2!
(1+ 1004, 1 4 1007) 0.6930597 4+ 0.0049985:  9.7041 x 10~1% 2.6863 x 10+%*
(1000, 1000) 0.6926476 9.6335 x 10710 2.6852 x 103

(1 — 10004, 1 — 10004)
(—1000 4 10003, 1000 — 10003)
(10000, 10000)

0.6931463 — 0.0004999:
—7.2538289 — 2.3556942:
0.6930972

9.7152 x 10710
4.2875 x 107
9.7071 x 10710

2.6847 x 10135
5.3972 x 10+32
2.6848 x 10146

— 10th approximant
— 15th approximant
20th approximant
25th approximant
— 30th approximant
— In(1+25/1.1)

L L L L L \ L L
50 100 150 200 250 300 50 100

(a) At z; = 0.1.

L L L \
150 200 250 300

(b) At z, = 1.0.

— 10th approximant
— 15th approximant
20th approximant
25th approximant
— 30th approximant
— In(1+25/2.0)

Figure 2: The plots of values of the nth approximants of (5.42) for function (5.43).

Example 2 [2]. By Corollary 5.2 we obtain

(5.44)

1 .3
arctan =2 =vV2a(l+z2)F(1,b,=:b,=;—2z1,—2 | =
1+2 27 2
B 2o(1 4 21)
— . :
1+ 2 + i
152
1+ )
352
L 637
1+
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-0.0322 - 0175

| 0.0230 ~0.125

Rez,
Imz,

0.0138 0.075

0.0046 0.025

-0.147 -0.077

~0.105 ~0.055

Imz,

0.063 0.033

0.021 0.011

(c)

Figure 3: The plots where the 10th approximant of (5.42) guarantees certain truncation error bounds
for function (5.43).

where the branched continued fraction converges and represents a single-valued
branch of the analytic function of two variables

)

arctan (5.45)

1+

3
arg <z2+—)‘ <7r}.
4
The numerical illustration of (5.44) and

1 3
arctand 2 V2ol 4+ 21)F (1,b, §;b,§; —21, —z2> =

= /(1 + z1) Z Jrs(1/2); (=21)" (=20)° (5.46)

(3/2), rl s!

in the domain

Q:{ZE(CQ: |arg(z + 1) <,

r,s=0
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is given in the Table 2.

Table 2: Relative error of 10th partial sum and 10th approximants for arctan \/zs/(1 + z1).
z (5.45) (5.44) (5.46)

(—0.01,0.01) 0.100167 0 1.3855 x 10716
(—0.01,0.1) 0.307725 0 1.1545 x 10713
(0.1+40.017,0.1 + 0.0147) 0.293289 4 0.0125413;  3.7861 x 1071  1.9078 x 10~
(0.2,0.3) 0.463648 1.4367 x 1071 3.2554 x 107°
(0.9,0.1) 0.225513 1.2308 x 1076 4.9359 x 10~*
(—0.001,0.9) 0.75932 4.3178 x 10719 9.2141 x 1073
(1.0,1.0) 0.61547979 1.8029 x 1072 1.5376 x 10*2
(1414,1—1) 0.6466485 — 0.3235375;  7.3031 x 10~ 1.2140 x 102
(4.0,10.0) 0.95531662 2.3049 x 10797 1.3529 x 10+
(10 + 10¢, —10 — 104) 0.3806548 — 2.0302143:  3.1341 x 1079 5.7608 x 107!
(10.0,100.0) 1.25055029 7.2305 x 107%*  3.5865 x 1072

(1 + 1004, 1 + 100i)
(1000, 1000)
(1 — 10004, 1 — 10004)
(—1000 + 1000, 1000 — 10001)
(10000, 10000)

0.7853607 + 0.00249941
0.7851483
0.7853978 — 0.0002499:
1.1779722 — 4.32018664
0.7853732

1.0618 x 10~
1.0539 x 10~
1.0629 x 107%
3.7200 x 10~
1.0621 x 107%

1.3261 x 10124
1.3257 x 10735
1.3254 x 1013
2.7321 x 1033
1.3254 x 10146

The graphical illustrations of (5.44) and (5.45) are given in Figures 4a-b and

5a—d. Here we have results like the results in the previous example.

150

145F
— 10th approximant

— 15th approximant ~ 4°F

20th approximant 135}F

25th approximant 150k
— 30th approximant

— arctan \/22/1.1
120

125F

L \ L
150 200 50

L L
50 100

(a) At z; = 0.1.

L L
100 150

(b) At z; = 1.0.

\
200

—— 10th approximant
— 15th approximant
20th approximant
25th approximant

— 30th approximant

— arctan \/22/2.0

Figure 4: The plots of values of the nth approximants of (5.44) for function (5.45).

Example 3 [31].

(e i)

has representations in the series

VZov'1 + 21 + 20 F5(1, b17 1'51,3/2' —21, =) =

D)piq(1)g (—21)F (—22)1

= Vavli+ta+ oz Z

p,q=0

(3/2),
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From [1,53], Corollaries 5.2 and 5.4, it follows that the function

(5.47)

(5.48)
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-0.0217 - 0.112

| 0.0155 ~0.080

Rez,
Imz,

0.0093 0.048

0.0031 0.016

- 0.091 - 0.0518

- 0.065 - 0.0370

Rez,
Imz,

0.039 0.0222

0.013 0.0074

Imz, Imz;

(c) (d)

Figure 5: The plots where the 10th approximant of (5.44) guarantees certain truncation error bounds
for function (5.45).

and a branched continued fraction

\/5\/1 + 21 + 29
2 )

15
12

35"

12

63
1+

(5.49)

1+
1—|—21+

1+
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3.01 — flz, 15) 14l — R(1,2)
— f3(z1, 15) — f3(1, z)
2.51 — fa(z,, 15) 121 — f4(1, z,)
— f5(z1, 15) 10l — fs(1, z3)
—— f(z1, 15) — f(1, z3)
0.8 1

2.0
0.6 1

1.51
0.4+

1.0 02

0.0

0 5 10 15 20 25 30 0 1 2 3 4 5
P41 z2
(a) At zo = 15. (b) At z; = 1.

Figure 6: The plots of values of the nth approximants of (5.49) for function (5.47).

which converges and represents a single-valued branch of the function (5.47) in the
domain

Q={zeC®: 2 ¢ (—00,—1], 20 & (—00,0]}.

Plots of the values of the nth approximants of branched continued fraction
expansion (5.49) are shown in Figure 6a—b. On the sets given in color there, all the
elements of (5.49) are positive, so we see the fork property for a branched continued
fraction. That is, the plots of the values of even (odd) approximations of expansion
(5.49) approaches from below (above) to the plot of function (5.47) at a fixed value
of 29 (Figure 6a). The plots at fixed values of z; are similar (see Figure 6b).

Figure 7a—b show 2D plots where the 15th approximant of the branched contin-
ued fraction expansion (5.49) guarantees certain truncation error bounds for (5.47).
Here we see the symmetrical regions, with a cut along the real axis from —oo to —1
(Figure 7a) and a cut along the real axis from —oo to 0 (Figure 7b). Figure 8a—d show
2D plots in different planes in C?, where the 15th approximant of (5.49) guarantees
certain truncation error bounds for function (5.47). Here we observe symmetrical
regions in all cases except Figure 8a.

The results of evaluations (5.48) and (5.49) are displayed in Table 3. The analy-
sis of these computation results shows that the approximation of function (5.47) is
better using the 20th approximant of (5.49) and then the 20th partial sum of (5.47).
We also see numerical stability of the 20th approximant of the branched continued
fraction (5.49) at extreme inputs (e.g., z = (100, 100), z = (100 + 457, 100 + 457)).

Plots of the values of the relative errors of the nth approximants of expan-
sion (5.49) for function (5.47) are shown in Figure 9a-b. Here we observe that the
relative error values tend to 0 as k — +o0.
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0.995 ->1 ->1
0.775 -1 -1
0.555 1071 1071
-2 -2
0.335 10 10
-3 -3
E 0.115 10 . "3. 10 .
= 10~ = 10~
£ -0.105 IS
107 107
-0.325 10-6 10-6
—0.545 107 107
—-0.765 10—8 10—8
—-0.985 109 107°
©
~
7
Re(z;)
(b) At 21 = 0.5.

Figure 7: Two-dimensional plots in which the approximant f15(z) of (5.49) guarantees certain trun-
cation error bounds for (5.47).

Table 3: Relative error of 20th partial sum and 20th approximants for (5.47).

z (5.47) (5.49) (5.48)

(0.1,0.1) 0.2971 374 x 10716 747 x 1071
(—0.3,0.3) 0.4636 3.59 x 10716 7.77 x 1012
(1.5,0.3) 0.3398 4.90 x 1076 2.82 x 103

(3,3) 0.2612 2.13 x 1076 3.89 x 10%°

(10, 15) 0.2116 525 x 10716 1.36 x 10%

(100, 100) 0.0728 2.10 x 1075 3.60 x 10°
(0.54 0.54,0.5+0.5i) 0.6165+0.12881i 1.97 x 1016 2,02 x 10
(1—3i,5— 2i) 0.9556 — 0.5421i  6.52 x 10712 5.49 x 10%
(10 = 5i, 4 +15i)  0.8402+0.6810i 1.12 x 107! 2.43 x 1056
(100 + 454,100 4 45i)  0.8784 + 0.0013i  7.59 x 10716 1.88 x 10%

Example 4 [31].

)
1
+ 1—21

In =
1— 2
1—21

has representations in the series

From [1,53], Corollaries 5.2 and 5.4, it follows that the function

D)p+q(1/2)4 Zl 32
(3/2), p!¢!
(5.51)

2\/ 1 —Zl F2 1 b1,1/2 b1,3/2 21,22 —2\/ Z

,q=0
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0.995- >1 -1071
0.775- -1 10-2
. 10!
0.555 10-3
] 102
0335 »
103 10
T o115, . .
10- 10-
& -0.105- B
10 10-6
-0.325- 6
10 -
—0.545- 10-7 10
~0.765- 10-8 10-¢
-0.985+, 107° 107°
Re(z1)
(a) In the (Re(z1), Re(22)) plane. (b) In the (Re(z1),Im(22)) plane.
0.995 -1 0.995 - -10-10
0.775 -101 0.775 | 10-12
0.555 102 0.555 .
0335 1073 0335 -
< 0 . i
3 ous 10 8 10-14
2 -0.105 10-5 E -0.
10—15
-0.325 10°8 .
-0.545 10-7 : 1016
—-0.765 10-8 s 1077
—0.985 10-° . —— - 10-18
o OO 0o~ OV ;1 W N~ O 0
SN N M Ao N Y © ® :
| <ID t_? c|> t_? o © o o o
|m(21) Im(zl)
(c) In the (Im(z1), Re(22)) plane. (d) In the (Im(21), Im(22)) plane.

Figure 8: The plots where the approximant fi5(z) of (5.49) guarantees certain truncation error
bounds for (5.47).

and a branched continued fraction

2 22(1—21)
1 , (5.52)
1—21— 34
1 _ 15"
o5
| _ 637
1_-

which converges and represents a single-valued branch of function (5.17) in the
domain

Q=1:z€cC*: 2 ¢[l,+00), 22 & (—00,0] U Z,-I—oo
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0.020] — f-0.3, -0.3) 05 —— f((0.5+0.5i), (0.5 +0.5/))
—— f(-3,-0.3) ‘ —— A(1+30),(5-2i))
— f(-10, —0.5) —— f((10 - 5i), (4 + 15/))
_ 0.015+ — f(-131, -0.7) L f((100 + 45i), (100 + 45i))
£ £
[J) ) 0.31
2 0.010 2
5 T 0.2
[ [
0.005 1
0.1
0.000 0.0
2 3 4 5 6 1 8 9 2 3 4 5 6 1 8 9
n n
(a) At real points. (b) At complex points.

Figure 9: Plots of the values of the relative errors of the nth approximants of expansion (5.49) for
(5.47).

In Figure 10a-b, the sets where the elements of (5.50) are not positive are
shown, so we cannot see the fork property as in the previous example.

6 3.4+
— f5(z1, 1) — £5(0.2, z2)
— fo(z1, 1) 3.21 — f£5(0.2, z2)
5] f1(z1, 1) — (0.2, z2)
— fg(Zl, 1) 3.0 — fg(O.Z,Zz)
— fo(z1, 1) — £5(0.2, z2)
44 — fiolz1, 1) 2.81 — f10(0.2, z)
— flz1, 1) — (0.2, z3)
2.6
3.
2.4
2 2.2
-10 -08 -06 -04 -02 00 0.50 0.55 0.60 0.65 0.70
Z1 z2
(a) At 29 = 1. (b) At z; = 0.2.

Figure 10: The plots of values of the nth approximants of (5.52) for function (5.50).

The graphical illustrations of (5.50) and (5.52) are given in Figures 11a-b and
12a—d.

The numerical illustrations of (5.51) and (5.52) are given in Table 4.

Finally, plots of the values of the relative errors of the nth approximants of
(5.52) for function (5.50) are shown in Figure 13a-b.

Here we have similar results to those in the previous example.

Thus, the numerical experiments confirmed the expediency and effectiveness
of using branched continued fractions as an approximation tool of analytic func-
tions.
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0.995 ->1 ->1
0.775 -1 1
0.555 107t 107!

-2 1072
0.335 10 -
10-3 = 10
0.115 S 10-4
0.105 1= E 10-5
' 10°° "
-0.325 6 10
10 ,
—0.545 . 10
10 10-8
~0.765 -
10-8 109
—-0.985 10-°
n o 0O M < N W I~ 0 O
o NS A M~ o A M
| C|> t.? o O © © o H
Re(z1)
(a) At zo = 0.5. (b) At z; = 0.5.

cation error bounds for (5.50).
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Table 4: Relative errors of 20th partial sum and 20th approximants for (5.50).

z (5.50) (5.52) (5.51)
(—0.1,0.1) 0.6224 3,57 x 101 892 x 1016
(—0.5,0.3) 0.9624 2.31 x 107 6.05 x 107
(—0.8,0.3) 0.8670 128 x 10716 1.1448

(—3,0.3) 0.5621 1.98 x 10716 1.20 x 10'2
(—11,0.5) 0.4141 1.34 x 10716 2,55 x 10%
(—131,0.7) 0.1459 571 % 10716 2,70 x 10%

(0.540.5i,0.5+0.5i) 0.8814+1.5708; 8.52 x 107  5.16 x 10
(1+3i,5 — 2i) 1.0818 + 2.0576i  6.74 x 10™°  5.59 x 10%*
(10 = 5i,4 + 15i)  1.02611 — 1.8952i 2.16 x 1070 2.55 x 107
(100 + 454,100 4 45i) ~ 0.0019 + 1.5750i  1.57 x 10715 1.88 x 10%
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Figure 13: Plots of the values of the relative errors of the nth approximants of expansion (5.52) for
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Volodymyr HLADUN

6 Stability to perturbations of continued fractions with appli-
cations

Methods of rational approximation, particularly continued fractions and their mul-
tidimensional generalizations (branched continued fractions), serve as efficient in-
struments in modern computational mathematics [4, 5, 24, 27, 28]. Their applica-
tion spectrum extends across theoretical and applied physics, engineering, applied
mathematics, and computer science, encompassing areas such as signal processing,
cryptography, and machine learning [25, 26,30-33]. A critical advantage of con-
tinued and branched continued fractions is their capability to approximate special
functions of one and several variables effectively [2,6,10-13, 15,20, 21].

In high-precision computing, ensuring the reliability of numerical results is
paramount. This necessitates a rigorous analysis of the computational methods
used [16]. Two primary aspects of stability are crucial for continued fractions: sta-
bility to perturbations of the fraction’s elements [8,17-19] and the numerical sta-
bility of the algorithms used to compute their approximants [9, 14, 22]. Stability
implies that small variations in the elements — whether due to measurement errors
or floating-point representation — result in bounded and predictable deviations in
the final value.

While various algorithms exist for evaluating continued fractions, such as the
forward recurrence algorithm and the backward recurrence algorithm, they exhibit
different sensitivities to error propagation. Previous studies indicate that the back-
ward recurrence algorithm often demonstrates superior stability properties com-
pared to forward algorithm, which are more prone to error accumulation [3, 7, 23,
29].

This chapter is devoted to a study of stability for specific classes of continued
fractions with complex elements. We derive formulas for relative errors, establish
sufficient conditions for stability to perturbations, and construct the sets of stabil-
ity to perturbations. The theoretical findings are applied to the approximation of
special functions, including Bessel functions and ratios of Horn’s confluent hyper-
geometric functions. The results presented in this chapter summarize and develop
the authors’ research published in [8,22].

Volodymyr HLADUN ®, Lviv Polytechnic National University, 12 Bandera str, 79013, Lviv, Ukraine, e-mail:
volodymyr.r.hladun@lpnu.ua
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6.1 Stability to perturbations of continued fractions with complex partial
denominators and partial numerators equal to one

Let us consider the continued fraction

bo + T (6.1)
by +
P byt
where b, € C, k£ > 0.
The finite continued fractions
1
fn - bO + 1 ) n 2 17
b
1+ by - . 1
-ty
are called the nth approximants of the continued fraction (6.1). The quantities
n 1
G = by, + : L 0<k<n, n>1,
b1 +
T e 1

are called the tails of the nth approximant. From the definition of the tail of the nth
approximant, it follows that f,, = G(()n), n > 1. For the tails G,(fn), 0<k<nn>1,
the following recurrence relations hold

n 1
G =bi+——, 0<k<n, n>1,
G(”)
k+1
with the /i\nitial condition G;”) =b,,n>1.
Let by, k > 0, be the perturbed values of the elements 0, of the continued

fraction (6.1). The continued fraction

~ 1
bo—f—/\ T , (6.2)
b1 + =
bs +

is called the perturbed continued fraction corresponding to the continued fraction
(6.1).

Let {Ey}, 0 # Er C C, k > 0, be a sequence of element sets of the continued
fraction (6.1) and its perturbed counterpart (6.2):

bkEEk,/b\kEEk,kZO.

If forall k > 0, E; = E, the set I is called a simple element set. If for all £ > 0,
Eoi 1 = Eq, By = Es, the sets E, E5 are called twin element sets.

176

H



CURRENT TRENDS IN ANALYSIS, APPROXIMATION THEORY AND THEIR APPLICATIONS

Definition 6.1. A sequence {V;.}, ) # V), C C, k > 0, is called a sequence of value
sets for the tails of the approximants of the continued fraction (6.1), corresponding to
the sequence of element sets { E}. }, if for every b, € Ey, k > 0,

by € Vi, (6.3)

and for everyv € Vi1 and every b, € Ey, k > 0,
1
br + - e V.. (6.4)

From this definition, it follows that G,(Cn) eV, 0<k<n,n>1.

Definition 6.2. A sequence of element sets { E}.}, k > 0, is called a sequence sets of

stability to perturbations for the continued fraction (6.1) if for any € > 0 there exists

ad > 0 such that for any bk,gk € By, by #£0, k > 0, satisfying \/l;k — bi|/|bx| < 9,

the following inequality holds

o= fa
Jn

where f, and fn are the approximants of the continued fractions (6.1) and (6.2), re-
spectively, herewith f, # 0,n > 1.

<¢g,

Let us denote by e,(fb), k>0, e%f),n > 1,and e,(f;l), 0 <k <n,n > 1,therelative
errors of the elements by, the approximant f,,, and the tails G,gn) of the continued
fraction (6.1), respectively, namely,

by = bi(1 —|—ek ) k>0,
fo= i), n>1,
@gﬂn):G,i)(1+€,i773) 0<k< n>1.

Sincefn:G( and f, = G 0),n>1thene%f)—eg(i),n>1

Let us consider the relative errors Eé ), k>0, A;ﬁ,z, 0<k<n,n>1,defined
by the relations

Assuming that by # O,gk % 0,k > 0, and G,(Cn) =+ 0,@;") £ 0,0 <k <n,
n > 1, we will prove that the following recurrence formulas hold

G = toh@Eh, —a), 0Sk<n—1 n>1 (69
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and
A( ) El(cb) ~(@G) ( (n) el(cb)

1 + € I +e,

with the initial conditions
0
el =), &) = 5 =l (6.6)
’ ’ 1+ En

where

n 1 _(n 1

GGy, GGy

Let n be a fixed natural number. Since Gﬁ{“ =b,, CA%({L) = En, then

()

EnGn - egzb)7 ggzan - /E\gzb) - _L'
’ ’ 1+ ey(lb)
For arbitrary k£, 0 < k < n — 1, we have
A(n) (n)
@ G -G 1 (v) 1 _
“em = (n) ) (bk(l Te)+ (n) (@) —1=
Gy, G, Gra(l+6.,)
6)
bk: b 1+ €k 1n n b n G
e+t = 1= (1= g )+ ) + 1+ 8 D,) - 1=
G, G Gy
G b
= e + g @0, — e
and
o _ G-l 1 (- 1
%n =" 2w~ am (I TE) =g | 1=
Gy, G, Gra(l+6.,)
gk (G)

1+e
~(b) k+1n ~(n) ~(b) ~(n) (G)
= = Ta )+ =mzn 1= 0 =0.)0+§7) + 9., +65,) 1=
Gk Gk Gk-i—l

(b) (b)
_ b)) | ~(n) ((G) ~b)y _ €k ~n) [ (G) €k
=6 ton(6G i, — &) =— T+ El(cb) + G4 <€k+1,n + T 6;@) :
Thus, from (6.5)—(6.6) it follows
n k
e =)+ @ -’ [[aw, n=> (6.8)
k=1 m=1
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where
(b) _
(n) (n) kE=2m+1 (b) > b k= 2m’
g = A’E/’n) . and ¢, = e,(g) Lo ] (6.9)
gi = 4m, - (b)’ =z2m + L.
1+ ¢,
The following result is true.
Theorem 6.1. The simple element set
E = (0,4+00) (6.10)

is a set of stability to perturbations for the continued fraction (6.1), if there exists a
constant ), 0 < ) < 1, such that the relative errors of its elements satisfy

] < e® k>0 (6.11)

Moreover, the following estimate holds

e < n>1. (6.12)

Proof. Since by € E, by, € E, k > 0, where E is defined by (6.10), then G\" > 0 and
é,in) >0,0<k<n,n>1l,andforl <k <n,n > 1, we have

. 1 1/G\"
0< g = s = <1 (6.13)
G 4Gy b+ 1/GY
and
0 1 1/G™
0<g = ey = = /Ci =<1 (6.14)
G, G, bp—1+1/G,
Let us rewrite the formula (6.8) as follows
n k
~(b ~(b ~(b ~(n
A0 = S - ) Lo =
k=1 m=1
n k n—1 k+1
(b (b ~(n (b ~(n
O L - S ot =
k=1  m=1 k=0  m=1
n—1 k k+1 n
~(b ~(b) ~(n ~(b ~(n ~(n ~ ~(n
- S (T - Tl ) +o0 Tt -
k=1 m=1 m=1 m=1
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n—1 k n
~b ~{Nn b ~\MN ~(n ~ ~(n
=&/ (=) Y& a—gi) [Taw +e [T aw =
k=1 m=1 m=1
n—1 k n
~(b ~(n ~(n ~(n
=S a’a-a) [Tat +e T a%
k=0 m=1 m=1

n—1 k n
~(b ~(n ~(n ~(n
D=1 "da—a) [Taw +a T ot <
k=0 m=1 m=1
n—1 k n
~(b ~(n ~(n n
<SR- g TT % + &9 T ) <
k=0 m=1 m=1
(b) n—1 k n (b)
€ _ 5 ~(n) ~m)| _ €
This proves the estimate (6.12).
Let us consider the function
(b)
Oy — €

Since

lim (e®) =0,

€(®) 0+

for any ¢ > 0 there exists 6. = £/(1 + ¢) such that for any 0 < ¢®) < 6, the
inequality 1) (e’ ) < 6 holds.

Thus, 1f|e | < el < 6., k>0, then |5£Lf)| < (e®)) < ¢, n > 1, which proves
the stability to perturbations of the continued fraction (6.1) in the set F. []

The following result concerns symmetric sets of stability to perturbations of
the continued fraction (6.1).

Theorem 6.2. The sequence of element sets
—{zeC: argz=(-1)¢, |2l =}, k>0, (6.15)

is a sequence of sets of stability to perturbations for the continued fraction (6.1) if the
relative errors of its elements satisfy condition (6.11) and the series

00 k
> H - (6.16)
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converges, where 0 < ¢ < 27 and pr, > 0, k > 0, are real constants. Moreover, the
following estimate holds:

(b) n k
D) < 1+2-NS [[———]. n>1.
1—6() 1+,0m 1Pm

k:1 m=1

Proof. Let us prove that the sequence { E} }, where Ej, k > 0, are defined by (6.15),
is a sequence of value sets for the tails of the approximants of the continued fraction
(6.1).

Let n be an arbitrary natural number and & be an arbitrary integer such that
k > 0. Then the function #(z) = 1/z maps the set

Epp={2€C: argz = (-1)""p, |2[ > pp1}

into the set

B ={zeC: argz = (1), |2| <1/pp1}.

For all z € E} | we have
b + 2 = |br] exp((—1)"ig) + |2 exp((—1)"ig) = (|bx] + [2]) exp((—1)"i).
It follows that
arg(by + 2) = (=1)"¢,  |oy + 2] = [brl + 2] > i

This proves that condition (6.4) is satisfied. Therefore, the element sets £} are the
value sets for the tails G,(gn)
Let us estimate the quantities g,in), 1 <k <n.Forl <k < n, we write the

quantities g,(fn) as

w1 1 B 1
GG (b +1/GMNGY 1+ b G

Let us denote

b1 = bl exp((=1)" i), G = |G |exp((—1)"ig).
Then

14 b 1G] = 1+ 121G 2 + 20t 1[G = 1+ b |G >

> 1+ pr-1pk-
Therefore, .
W< —— 1<k<n (6.17)
| g | L+ pr_1pr’
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Since /b\k € E., k>0, then
~(n) 1
e
97 1+ pr—1p%
If the inequalities (6.14), (6.17), and (6.18) are satisfied, then from the formula
(6.8) for the relative error of the nth approximant of the continued fraction (6.1), we
obtain

1 <k<n. (6.18)

—_

k=1 m=
n

(b)

& _ (b
Sl—e(b) (1+(2 )

Then

Let us consider the function

(b)

(B) = 71+ 2= ")),

Since lim, o)+ ¥(¢®) = 0, then for any £ > 0 there exists

146420 —-/(14+e+20)? —4eC

% 2C

such that for any 0 < ¢} < 4, the inequality ¥(¢")) < & holds. Therefore, if
|e](€b)| < e < §., k>0, then |57(1f ) < ¢(e(b)) < ¢, which proves that the conditions
for determining the sets of stability to perturbations of the continued fraction (6.1)
are satisfied. []

Setting por11 = p1, por = p2, k > 0, p1 > 0, and p > 0 in Theorem 6.2, we
obtain the following corollary.

Corollary 6.1. The twin element sets

Bi={s€C:argz=—p, 2| >p}, Ba={z€C: argz =g, |4 >p}
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where 0 < ¢ < 2, p1 > 0, and py > 0 are real constants, are sets of stability
to perturbations of the continued fraction (6.1), if the relative errors of its elements
satisfy condition (6.11). Moreover, the following estimate holds:

b b
e (e )
1 — et P1P2 (14 p1p2)"

Theorem 6.3. The sequence of element sets

Er={2z€C: |argz| <7/4, |z| > pr}, k>0, (6.19)

where pi, k > 0, are positive real constants, is a sequence of sets of stability to per-
turbations of the continued fraction (6.1), if the relative errors of its elements satisfy
condition (6.11) and the series

oo k
> II L (6.20)
=1 m=1 /14 p2,_,p2,

converges. Moreover, the following estimate holds:

(b) n k 1
B g—— 1+2-e) ] . on>1.  (6.21)

0
L— e =1 m=1 /14 p2, 102,

Proof. Let us prove that the sequence { E}. }, where the sets F}, k > 0, are defined by
(6.19), is a sequence of value sets for the tails of the approximants of the continued
fraction (6.1).

Let n be an arbitrary natural number and k be an arbitrary integer such that
k > 0. The function ¢(z) = 1/z maps the set

Eri1={2€C: |argz| <7/4, |z| > prs1}

into the set
By = {2 €C: |argzl < /4, |21 > 1/ppa}.

Then condition (6.4) is satisfied if for all z € I}

larg(by + 2)| < %, (6.22)
and
b+ 21 2 i (6.23)
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Let us denote by = Reby + ilmby, 2 = Rez + ilm z. Since |argby| < 7/4,
|arg z| < 7/4, then

| Imbi| < Reby, |Imz| <Rez.

Taking into account that Re b, > 0, Re z > 0, we have

| Imby, + Im 2| < | Im b;| + | Im 2| <
~ Reb,+Rez = Reb,+Rez ~— 7

This proves that the inequality (6.22) holds for all z € Ej_ ;.
To prove inequality (6.23), we denote by, = |by| exp(ipr), z = |z| exp(ip). Then

Im(bk + Z)
Re(b; + 2)

b + 2| = V/1ok[? + |2 + 2[bil|2] cos(ior — ).

Since | — | < 7/2, one has |by + z| > |bx| > pi. Therefore, the element sets G,
are the value sets for the tails G,(gn) :

Let us estimate the quantities |1 + bk_lG,(cn)\ from below, for 1 < k& < n. Let

us denote

bp—1 = |br—1| exp(igr_1), Gén) = \Gén)\ eXp(iSOJ(gn))-

Then

1+ b1 G| = 1+ o PIGS P2 + 20t || G cos(ions + ).

Since |¢r_1 + gpém\ < 7/2, then

14 bt G = 1+ b PG = 41+ 920t

Therefore, for 1 < k <n

95| = o < . (6.24)

| < 1<k<n. (6.25)

If inequalities (6.11), (6.24), (6.25) hold, then from formula (6.8) for the relative
error of the nth approximant of the continued fraction (6.1), we have

n k
~(b ~(b ~(b ~(n
P < @1+ 330871+ 162, TT 1941 <
k=1 m=1
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() n

k
1
_ ()
S1—6(5’) L+ (2= H 2 9
k=1 m=1+/1+ p5. _1pz

Then, for the errors of the nth approximant of the continued fraction (6.1), the es-

timate
()

(f)

is valid, from which, as in the Theorem 6.2, it follows that the conditions for deter-
mining the sets of stability to perturbations are satisfied. []

(1+2-0), n>1,

Setting p. = p, k > 0, p > 0in Theorem 6.1, we obtain the following corollary.

Corollary 6.2. The simple element set
E={ze€C: |argz| <7/4, |z| > p},

where p is a positive real constant, is a set of stability to perturbations of the continued
fraction (6.1), if the relative errors of its elements satisfy condition (6.11). Moreover,
the following estimate holds:

(b) 1— /1"
D] < — (14 (2-€®) Lo ) s (6.26)
n 1 — e /1_|_p4_1

Theorem 6.4. The sequence of element sets

Ei(p) ={z€C: |argz+ (-1)"p| <7/4, |2| > pe}, k>0,  (6.27)

where 0 < ¢ < 2w and p;, > 0, k > 0, are real constants, is a sequence of stability
sets to perturbations of the continued fraction (6.1), if the relative errors of its elements
satisfy condition (6.11) and the series (6.20) converges. Moreover, the estimate (6.21)
holds for the relative errors of the approximants.

Proof. Let us consider the continued fractions

ror ~ ror
robo + ¥ 17n17n2 . robo + ——— 17“17"2 : (6.28)
r1by + ———— riby + ————
raby + . roby 4 .
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where 7, = exp((—1)¥ip), & > 0,0 < ¢ < 2m, by € Ek,gk € E., k>0,
and the sets Ey, k > 0, are defined by (6.19). Then b; exp((—1)Fip) € Ei(y),
by exp((—1)*ip) € E)(¢), where the sets Ej.(), k > 0, are defined by (6.27).

Let us denote by

rori

*

fn = 7/.Ob() -+ 172 y N > 17

lel +
roby + 4 T'n—1Tn
Tnbn
* —
fn - TObO T —= 172 , N> 17

7“11)1 + —=
T2b2 + S T'n—1Tn

~

Tnbn
the approximants of the continued fractions (6.28), respectively, and

TEkTE+1

*(n) _
G, = rib + TrTiTh , 0<k<n,
Th1bk+1 +
Pht2bkro + . Tno1Tn
Tnbn
A*(n) . = TEkTE+1
Th1br41 + =

Tht2bpyo + . L M1t

A~

Tnbn

the tails of the approximants [, A;;, respectively.

It is known that gz(n) = g,in), §Z(n) = /g\]i”), 1 <k <n, [23], where
+(n) 1 —(n) 1
% = g 9 T mwmgme TSESm
G 1Gy GGy

and the quantities gén), /g\,gn), 1 < k < n, are defined by (6.7). Then, if b;, € Ek,gk €

Ej, k > 0, then for the quantities gz(n),’g\z(n), 1 < k < n, the following estimates
hold

|gk<)‘§ P ‘gku‘f S,

\/ 1+ PPk \/ 1T Pi1pi
Therefore, if condition (6.11) and inequalities (6.29) are satisfied, then for the rel-
ative error of the nth approximant, the estimate (6.21) holds. Then, according to

Theorem 6.1, if the series (6.20) converges, the sequence of sets (6.27) is a sequence
sets of stability to perturbations of the continued fraction (6.1). []

1<k<n. (6.29)

Setting por+1 = p1, p2r = p2, k > 0, p1 > 0, p2 > 0 in Theorem 6.4, we obtain
the following corollary.
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Corollary 6.3. The twin element sets

E(p) ={z€C: Jargz+ o[ <7/4, 2] = p;i},

Ey(p) ={z€C: |argz —¢| <m/4, |z] = pa},
where 0 < ¢ < 27, p1 > 0 and py > 0 are real constants, are sets of stability
to perturbations of the continued fraction (6.1), if the relative errors of its elements

satisfy condition (6.11). Moreover, the estimate (6.26) holds for the relative errors of
the approximants.

Theorem 6.5. The sequence of element sets
Er={2€C: |z| > pr +1/prs1}, k>0, (6.30)

where py, k > 0, are positive real constants, is a sequence sets of stability to per-
turbations of the continued fraction (6.1), if the relative errors of its elements satisfy
condition (6.11) and the series

00 k 1
> (6.31)
ke

1 m=1 Pm—1Pm

converges. Moreover, the following estimate holds:

(b) n k 1
n €
|8()|§1_—€(b)(1+(2—6(b))5 H ), n > 1.

k=1 m=1 Pm—1Pm

Proof. Let us consider the sequence of sets {V}. }, where
Vi={z€C: |z| > pr}, k=>0.

Then F), C Vi, k > 0, where the sets G, k > 0, are defined by (6.30), which ensures
that condition (6.3) is satisfied.

Let k be an arbitrary non-negative integer number. The function t(z) = 1/z
maps Vi1 totheset V| = {# € C: |z| < 1/pry1}. Then condition (6.4) is
satisfied if inequality (6.23) holds for all z € V} ;.

Let us denote by = |by| exp(ivy), 2 = |z] exp(ig). Then

b + 2| = V/[bi|2 + |2]2 + 2|bk||2] cos(r — ) > V/|bi[2 + |2]2 — 2|bk||2| =
= ||bx| — |2|| = P&+ 1/ pr+1 — 1/ prt1 = pr-

This proves that condition (6.4) is satisfied. Therefore, the sequence of sets {V}} is
a sequence of value sets for the tails Gén), k> 0.

187



CURRENT TRENDS IN ANALYSIS, APPROXIMATION THEORY AND THEIR APPLICATIONS

Let us denote by_1 = |br_1| exp(igr_1), G,(f') = \G](:“)\ exp(z’gpl(j)). Then

14+ b G = 1+ bt PGP + 2lb 1[GV cos(pnt + o) >

> 1+ e PGP — 20t 1G] = [ |G — 1 >
1
> (Pk—l + —) P — 1 = pr—1pk-
Pk

Thus,

n 1 1
g\ = < 1<k<n. (6.32)

L+bea G| T oo’ T

Since /b\k € Gy, k> 0, then

1
pk—lpk’

Taking into account the fulfillment of inequalities (6.11), (6.32), (6.33), from
formula (6.8) for the relative error of the nth approximant of the continued fraction
(6.1), we have

9] <

1<k<n. (6.33)

n k
~(b ~(b ~(b ~(n
DT <&+ Y e+ 162, T 1ot <
k=1 m=1

(b) n k 1
_c ()
< o (1re- T,

—1 m—1 Pm—1Pm

As in the proof of Theorem 6.2, we conclude that the convergence of the series
(6.31) ensures the fulfillment of the conditions of the definition sets of stability to
perturbations of the continued fraction (6.1). []

Setting pr. = p, k > 0 herewith p > 1 in Theorem 6.5, we obtain the following
result.

Corollary 6.4. The simple element set
E={zeC: |z = p+1/p},

where p > 1 is a real constant, is a set of stability to perturbations of the continued
fraction (6.1), if the relative errors of its elements satisfy condition (6.11). Moreover,
the following estimate holds:

(b)

€ 1 A —2n
() N
Sl_d®0+@ e”) ),nzl

(f)

n
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Theorem 6.6. The sequence of sets
E,={2€C: Rez>pr}, k>0, (6.34)

where pi, k > 0, are positive real constants, is a sequence sets of stability to per-
turbations of the continued fraction (6.1), if the relative errors of its elements satisfy

condition (6.11) and the series
oo k
> 1 (6.35)
k=1 m=1

converges, where

1
Y Pk-1Pk Z 17
— Al=1Pk k> 1. (6.36)

0 <pap <1,
2y/Pk—1Pk

Moreover, the following estimate holds:

€
EA S (1 + =) T] nm> Szl (637)

k=1 m=1

Proof. Let us prove that the sequence { E} }, where the sets F}, k > 0, are defined by
(6.34), is a sequence of value sets for the tails of the approximants of the continued
fraction (6.1).

Let k be an arbitrary non-negative integer number. Since 0 ¢ G, the function
t(z) = 1/z maps the set Fj, to a circle with center at the point 1/(2p;41) and
radius 1/(2p11). Then

1

B
where 7. = 1/(2pk+1), @ = br + 1/(2pk4+1) € Ej. Condition (6.4) is satisfied if
qr € Vi, and Re(qx) — pr > - The last inequality is equivalent to the inequality by
which the sets (6.34) are defined. Thus, the sets (6.34) are the value sets for the tails
of the approximants of the continued fraction (6.1).

Let n be an arbitrary natural number and k£ be an arbitrary positive integer

number. Let us denote b;_1 = x1 + 1y1, G,(fn) = X9 + 119. Then

n 1 1
\g;i )‘ = n), 2 2
1+ 0G| V(L + 1w — 1192)? + (2192 + 2201)

b + ={z: |z —q| <7},

Since

! L+ pro1pe, pro1pr € [1,00),
min \/(1+x1$29192)2+($1y2+x2y1)2—{ Pk—1Pk, Pk—1Pk [ oo)

vafff;;l’ 2/ Pk—1Pks  Pr—1pk € (0;1),
ylay_QeR
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then
92 < e, (6.38)

where 7 is defined by (6.36). In addition, since /b\k € E}., then
9 < m. (6.39)

Therefore, if inequalities (6.11), (6.38), (6.39) hold, then for the relative error of
the nth approximant of the continued fraction (6.1), the estimate (6.37) holds. Then,
if the series (38) converges, the sets (6.34) are sets of stability to perturbations of
the continued fraction (6.1). ]

Setting pr = p, k > 0, herewith p > 1/2 in Theorem 6.6, we obtain the
following corollary.

Corollary 6.5. The simple element set £, = {z € C: Rez > p}, withp > 1/2isa
set of stability to perturbations of the continued fraction (6.1), if the relative errors of
its elements satisfy condition (6.11). Moreover, the following estimate holds:

® (=)
(f) <€— 1 9 _ NS > 1 6.40
st (1 e )z )
where |
> 1
77: 11_|_p27 p—7
— 1/2 < p < 1.
2 /2<p

By the same way of proving Theorem 6.4, we obtain the following result.

Theorem 6.7. The sequence of sets
By = {z € C: Re(zexp((—1)"*ip)) > pi}, & >0,

where p, > 0,k > 0, and 0 < ¢ < 27 are real constants, is a sequence sets of stability
to perturbations of the continued fraction (6.1), if the relative errors of its elements
satisfy condition (6.11) and the series (6.35) converges. Moreover, the estimate (6.37)
holds for the relative errors of the approximants.

Setting por+1 = p1, par = p2, k > 0, herewith p; > 0, p, > 0, and p1py > 1/2
in Theorem 6.7, we obtain the following corollary.

Corollary 6.6. The twin element sets

Ey={z€C: Re(zexp(ip)) > p1}, Fy={z€C: Re(zexp(—ip)) > pa},
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where 0 < ¢ < 2m, p1 > 0, po > 0, p1ps > 1/2, are real constants, are sets of
stability to perturbations of the continued fraction (6.1), if the relative errors of its
elements satisfy condition (6.11). Moreover, the estimate (6.40) holds, where

1
L+ p1p2

2\/Plp2’

The theoretical results presented in Theorems 6.1-6.7 describe the conditions
under which continued fractions with partial numerators equal to one are stable to

y P1P2 > 17
77 =

1/2 < p1p2 < 1.

perturbations of their elements. As a practical illustration of these properties, we
examine Bessel functions of the first kind, which play a fundamental role in various
branches of mathematics and applied sciences.

The Bessel function of the first kind is defined as

k 2
Jnz) = () lei—i—lL—i—l)( )k arg 2| <,

where v € C is the order of the Bessel function, and I'(2) is the gamma function.
For our investigation, we consider the continued fraction expansion for the
ratio of Bessel functions [6]

Il /e
WH A r )T 2)
. 2/(4(v +2)(v + 3))
1— .

By an equivalence transformation, this continued fraction can be converted to a
continued fraction with partial denominators by, (z) = (—1)*12(v + k) /2 and unit
partial numerators:

1
- (6.41)
2v+1)/z+
—2 2
(v+2)/z+ ORI
For (6.41), we consider the perturbed continued fraction
1
- : (6.42)
20+1)/z+
—2(Uv+2)/2+
2(v + )/ -
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Let 2,z € E);, where
Ey={z€C: |z| <M} (6.43)
where M is a positive real constant.

Theorem 6.8. The set (6.43) is a set of stability to perturbations for the continued
fraction (6.41), if there exists a constant e 0 < € < 1, such that the relative errors
of its elements by,(z) = (—1)¥712(v + k) /2 satisfy condition (6.11) and M < (14 1),
where ¢ = min{v, U'}. Moreover, the following estimate holds:

) | _ p-2(n—1)
<< 7w (1+(2_€(b)>§—1>’ "t

where p = (a +va>—4)/2>1,a=2(0+1)/M.
Proof. Since by(z) = Eo(z) = 0, then e(()b) = 0and

n 1
g§ )= n) L.
Then the formula for the relative error of the nth approximant takes the form
k
el = &b 4 Z — " TT 3t (6.44)
m=2

where the quantities €,(€ ), k>1, f],i ), k > 2, are defined by (6.9).

Since z,z € E); with E); given by (6.1), for the elements of the continued
fraction (6.41) and its perturbed continued fraction (6.42) for £ > 1, the following
estimates hold

br(2)] = [(=1)""2(v + k) /2| = 2(v + k) /]2] = 2(9 + 1)/ M,
b:(2)| = [(=1) 20+ k) /2| =20+ k)/|Z] > 2(9 + 1) /M.
If M < (1+ 1), then the quantity a = 2(J + 1)/M can be written as a = p + 1/p,

where p = (a++vaZ —4)/2 > 1. Then |bi(2)| > p+1/p, [b:(3)| > p+1/p, k > 1,
and according to corollary 6.4, the set (6.43) is a set of stability to perturbations of
the continued fraction (6.41). In addition,

9" <p GUEI<pE k>2

and from formula (6.44) we have forn > 1

k
D] < Je! !+Z =182 I 19
m=2

_ ~—2(n-1)
0
1 2— _ .
(+ : 02—1 )

[]
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6.2 Stability to perturbations of continued fraction with complex partial
numerators and partial denominators equal to one

In this section, we establish sufficient conditions for the stability to perturba-

tions of the continued fraction with complex partial numerators

a
1+ ———. (6.45)

1
1

Let n be a fixed natural number. The nth approximant

fn:1+1 alCLQ
AT
oy

1

of the continued fraction (6.45) is equal to Po(n), where

Q41
Af+4-2 ’

1+ ..

P =1+ k=n—1,n-2,...,0. (6.46)

1+

1

For the tails P,in), 0 <k < n,n > 1, the recurrence relations hold:

Pk(:n) 1_|_ak(:;)17 0<k<n,
k1
under the initial condition Pén) = 1. We set
ﬁ”zjgim,lgkgn. (6.47)
P by

When the elements aj, £ > 1, of the continued fraction (6.45) are perturbed,
the relative error arises

(a) QA — Qg

e = . (6.48)
Qg
If a;, = a;, = 0, we assume that sl(fa) = (. In addition, the number
fo=P"M =14 “ , (6.49)
a2
1+
1+. ~
. .\ dn
1
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where ]31{(:71) = 1—|—%, k=n—1,n—2,...,0,under the initial condition 1375”) =1,

k+1
is an perturbed value of the approximant f,,.

Definition 6.3. The continued fraction (6.45) is called stable to perturbations if for
arbitrary € > 0 there exists 6. > 0 such that for everyay, € C, k > 1, satisfying

ay — ay,

< 0,

ay

with ay, # 0, k > 1, the following inequality holds

fn - fn
Jn

where f, # 0,n > 1, and J/‘; denotes the nth approximant (6.49) of the continued
fraction with perturbed elements ay.

Let

<e, n>1,

o _B"-R"
)
Pk

be a relative errors of Pk(n), 1 < k < n. Since Pr(bn) — 137§”> = 1, then ) — 0. We

prove that
pl(:+)1(1 + 5521)

1+ g,gfi)l,n 7

P n
51(@,73 = _p(+)1 +

0<k<n-—1, (6.50)

where &:,(f), 1 < k < n, are defined by (6.48), and g,in), 1 < k < n, are defined by
(6.47).

For any 0 < £ < n — 1 we have

A7) _ BV P 1 L wa(l +e) »
T n n n n P
B R RPN+l

From here we get (6.50) since

1 1 (n) ak+1> (n)
= P — =1—-p. /.
(n) (n) ( k (n) k+1
Py Py P

Using the recurrent relation (6.50), for any 0 < k < n — 1 we obtain
(n)

(a)
P n p (1 te )
e = i+ (IR . (651)
1_})/({71)2jL ( )pl<:+2(1+€k+2)
1 - " . n a
Pees ™ - pimq 4 (o)
i 1
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where 0 < & < n — 1. It follows that for the relative error of the nth approximant
of the continued fraction (6.45) the following formula holds

3 (n) (a)
I (n) pd” (1 + S

I —py” + ) (n) N
P 00+ el
+
1
Theorem 6.9. The continued fraction (6.45) is stable to perturbations if there exist

positive constant €@ such that

W) <@k >1, (6.52)

where 5;@ are defined by (6.48), and there exists a constantn, 0 < n < 1, such that

p™) <y, 1<k<n n>1, and

n(1+ @)
(1+n)?
Moreover, for the relative error of the nth approximant of the continued fraction (6.45),
the following

< (6.53)

1
1

)< Lo V(1 +1n)? — (1 + @)

n 7 5 , n=>1, (6.54)
is valid, if (1 +n)? > 4n(1 + &), and
)] < % (@) fel@ -l n>1, (6.55)

if (1+n)%=4n(1 + @),

Proof. Using (6.51), we estimate the absolute value of the relative error of the quan-
tities P defined in (6.46).

Let {t,(w)}n>0 and {T},(w) },>0 be the sequence of linear fractional transfor-
mations

~n(d + £(@)
l+n+w’
To(w) =to(w), Th(w)=T,1(ty,(w)), n>1

tw) =14+n+w, t,(w)=

Let us establish the conditions under which 7},(w) > 0, n > 1. To do this, let

us set
p w
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and consider sequences {t/ (w')},>0 and {7 (w') },,>0 of linear fractional transfor-
mations
n(1+e)/(1+n)
to(w) = A +n)(1 + ), t,(w) = = 5o ,
Ty =t;,, T(W)=T,1(t (")), n>1

n n

With (6.53), we write

where

Now, we consider a periodic continued fraction
r(l—r
1— ( ). (6.56)
r(l—r)
1~ 7
1— .

Let h, = A,/ B, be the nth approximant of the continued fraction (6.56), n > 1.
According to [24, Theorem 3.2] the continued fraction (6.56) converges to the value
(1 —+/1—4r(1 —r))/2. In addition, it is easy to show that the approximants h,,
n > 1, form a monotonically decreasing sequence such that

1—/1—4r(1—r)

2 Y

1> h, >

n>1, (6.57)

and
n

B, = Zri(l —r)"" A, =B,1, n>1
i=0
Let n be an arbitrary natural number. Then

A, + WA, B, +W'B
T!(W) = (14 n) = 2nd — (1 4 ) =2 "
n(w ) ( + T’) Bn _|_ W/Bn_l ( + n) Bn + w/Bn—l
Hence T} (w') > 0, if
B, B,
—w' < le or —w > le, n>1
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It follows from (6.57) that 7}, (w’) > 0, if

1 —+/1—4r(1 —
—u' < \/ 27’( T) or —w >1.

We choose w = —7. Then w’ = — ¢ and T} (w') > 0, if

.1 4n(1 + (@)
w <§<1\/1W>.

Note that the last inequality holds for all 0 < n < 1.
Using (6.50), by induction on k, we show that

len ] < 0162 , k=n—-1n-2,...,0, (6.58)
B d1—|—
d2+...+cn_k
dn—k
where
cm:—n(l—i—e(“)), 1<m<n-—k,
dp=1+mn, 1<m<n—k—1, d, =1
Note that
1 / n
14+n+ =T, —— ] >0
LA e o 1( 1+77>
d2+"'+cn_k
dn—k
if 0 < 1 < 1 and hence the condition (6.53) holds.
For kK = n — 1 we have
e = 1= P 4 p (1 + D) < [p]eD] < nel@ = —p+ (1 + ).

Let (6.58) holds for k =m + 1,0 < m < n — 2. Then, for k = m,

(n) (a) (a)
m,n m~+1 1 (P) m-+1 1 (P)
+_€wv%1n +_8nr%Ln
<‘ H€m+1y+|5m+1n|<: < 1%_5m) 1) _
m+1 -
1__| m+1n| 1'_‘€m+1n‘
14 &@ 14 ¢&@
g 11+
1'_|8n%+Ln| 1 +n+ Co
di +
d2 + .. Cn—m—1
-+

dn—n%&
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dn—m

Setting £ = 0 in (6.58), for the relative error of the nth approximant of the
continued fraction (6.45), we obtain the following

e < —n— = & (6.59)
di +
! d2 + .. n Cp,
d,
Now, we find the value of the right-hand side of (6.59). It is sufficient to find
) C1
hrJlrrl 5
! dg + I Cp,
d,
The transformation @
1 a
Huw) = (A +e")
I+n+w

is a linear fractional transformation with fixed points

(1—n)(1+e@) N V(1 +n)% —4n(1 + @)

w1 = - 17
2 2

L (L=m)( +e@) /(1 +n)?2—4n(1 4 @) .

2 = - )
2 2

herewith w; is an attractive point.
Let (14 1)? — 4n(1 4 @) > 0. Then w; # w». Since n # t~!(wy), then [24]

) &]
lim s = w
n—-+0o00 dl 4

dy + .. Cp

and, therefore,

1—n  /(1+n)?—4n(l +0)
2 2 |

Using the formula for the difference between compositions of linear fractional
transformations 7,11 (—n) — T,,(—n) [4], we have

n(1 4 @) o+ (@) -

Tn—i—l(_n) Tn(_n) 7

198

H




CURRENT TRENDS IN ANALYSIS, APPROXIMATION THEORY AND THEIR APPLICATIONS

that is, the sequence

€1
-n - Co N > 17

d
1+d2+.

Cn
gl
dn
is monotonically non-decreasing and the estimate (6.54) holds for the relative error
of the nth approximant of the continued fraction (6.45).
Next, we show that from (6.54) it follows that the conditions of definition 6.3
are fulfilled. Consider the function

1 — 1+ 1) —dn(1 4 @
(@) 2n_¢(+m 2n(+8)

Since lim_w_, o ¢(¢) = 0, then for any € > 0 there exists §. > 0 such that for
all £(%) such that 0 < (@ < §, the inequality gp(a(“)) < ¢ holds. If @ < §,, then
provide |5](€a)\ < el < §., k > 1, the inequality |5£lf )| < ¢ holds, which proves the
stability to perturbations of the continued fraction (6.45).
Finally, let
(1+n)? —4n(1 + <) = 0.
Then w; = w» and
C1

1 — (e
U Jg&%+_ & (),

do + .

+dn

where (@) = /(e®)2 4 £ — £l@_ Thus, the estimate (6.55) is valid and, as
in the previous case, we obtain the stability to perturbations of the continued frac-
tion (6.45). ]

We consider the stability to perturbations of the continued fraction expansion
of ratio of the Horn's confluent functions H-.
Recall than the Horn‘s confluent function H- is defined as follows

H7(Oz;’71,’YQ;Z) _ i (CY)ZH—S Z{ZS’ ‘Z1| < 1/4’ ’22| < +oo,
(Y1)r(72)s 7! 8!

r,s=0

where a,v1,7 € C, y1,72 € {0,—1,—2,...}, () is the Pochhammer‘s symbol,
z = (21,2) € C%
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In [1] it was established, in particular, that

Hi(os(a+1)/2.052) d121 L (6:60)
H7(a+1; (o + 3)/2, o; 2) 1+ da2
1+ b2
o
PR
| dgz2
T
where
1 1
d3jt1 = —4, dspi2 = T s okl d3p i3 = PRNEYRNEE kE>0. (6.61)

Theorem 6.10. The continued fraction (6.60) is stable to perturbations if the relative
errors of their elements satisfy the conditions (6.52), and z € ), ,, where

1 —
0y = {ze s ol < 2 < et p) |

0 < p < 3, Re(a) > —1, and forn = p/(1 — p), the inequality (6.53) holds.
Proof. For any z € (), , and & > 0, we have

la + 1p(1 — p)
o+ 2k + 1]

|d3k+322] < p(1—p).

|ds121] < p(1 = p), |dsei222| < < p(1—p),

Then it is easy to see that V = {w € C : |w| < p} is the value set corresponding
to the element set £ = {w € C : |w| < p(1 — p)} of the continued fraction (6.60)
(see, [6, Section 3.2]).

Let n be an arbitrary natural number. By setting

asp+1 = d3p+121, A3p+2 = d3p4222, A3p4+3 = d3p4322, k >0, (6.62)

we use the settings (6.46) and (6.47).
It follows from 0 € V and -%&. C V that [23]

1+V =
%%eu 1<k<n.
Pkn
For any 1 < k£ < n we rewrite pén) as
(n) ay ay 1
Pp = n n =1- a
PP ar_\ L+ —
Py
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Then,
p(n)el—; 1<k<n.
’ 1+v ==
Now, since 0 < p < 1/2,then 0 ¢ 1+ V and the function
1
t =1——
(@) 1+w

maps the set V' into the closed disk

1 p’ p
- —— =JweC: < .
1+V {w ‘w+1—p2|_1—p2}

Thus,

(n) p
Py |§1Tpa L<kE<n.
Finally, we set n = p/(1 — p). It follows from 0 < p < 1/2that0 < n < 1.
Thus, according to (6.53), we have the stability to perturbations of the continued

fraction (6.60). ]

Theorem 6.11. The continued fraction (6.60) is stable to perturbations if the rela-

tive errors of their elements satisfy the conditions (6.52), the parameter « is such that
Rea > —1 and fork > 0

|dsj+o| — Redsiro < r@sp1(1 — gsks2), |dsprs] — Redsp+s < rgsis2(1 — @sps),

where d3.12 and dsi.. 3 are defined by (6.61),  is a positive constant, {qy} is a sequence
of real numbers such that ) < q, < 1—109,0< 6 <1/2, and

8 < sqar(l — gspv1), k>0, (6.63)
where s is a positive constant, in addition, z € ngp, where
1 1
0 ={o € € s | < TEORER)), 1o OB ) g,
’ S r

(6.64)

and forn = max{ 2 L} inequality (6.53) holds.

5027 7[1+al62
Proof. 1t follows from (6.64) and (6.63) that for £ > 0
|dsit1] — Redsrrr < sqsi(1 — qsi+1),
where d3;. 1, k > 0, are defined by (6.61).
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We set 21 = |z1]e'?, 20 = |23|e’¥, and choose ¢, = c05(<p/2) k > 0. Then for
k>0
i s|z1|&sr(cos § — Eat1)
|d3k+121] — Re(dsky121€77) < < 2531@((308% — &3kt1)-

29
COS )

Similarly,

|ds229] — Re(dgpiozae™"?) < Egpra(cosh — Epsa), k>0,
|dsit322] — Re(dsgiigz0e™"%) < Egpqa(cos) — Egprs), k> 0.

Thus,
= {w e C: Re(we ¥?) > &), k>0,
is the sequence of value sets corresponding the the sequence of element sets
={weC: |w| - Re(we ™) < 2§-1(cos(p/2) — &)}, k=1,

of the continued fraction (6.60) (see, [6, Section 3.2]).
Setting as (6.46), (6.47), and (6.62), it follows from

d41
0V, and ——— CV,, k>0,
’ L+ Vi = : -
that .
—— eV and BVel+Vi, k>0
Peii
Next, since
0¢1+V,={weC: Re((w-— 1)e_i‘P/2) > —&a )
then
min |w| = cos(p/2) — &, = cos(¢/2)(1 — q1).
wel+Vy
Thus,
‘ | ‘d3k+1zl| < 4(1 + cos gp) _ 8
e ‘PSk; || P k:+1| scos*(0/2)(1 — q)(1 — gsr1)  86%
_ |d3k1222] 14 cosy 2/r
‘p3k+2‘ - S I 5 S 52’
‘P3I<:+1HP31<;+2‘ rla+2k+1| cos?(0/2)(1—qar)(1—qarr1) ~ o+ 1

and similarly

4] < )
SRS = p|a + 1)62
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Let
8 2

5627 r|1 4+ «a|d?

7 = max

Then, according to the Theorem 6.9, the continued fraction (6.60) is stable to per-
turbations. ]

Note that results similar to Theorems 6.10 and 6.11 can be obtained in the same

way for expansions

H7(a; /2, 5 2) 14 122
Hi(a+1;0/2,a +1;2) 14 02'222 ’
321
A p—
14 C529
1+ .

where c3;11 = —1/(a + 2k), capio = 1/(a + 2k), c3r03 = —4, k > 0, and

H7(a; (a+1)/2,a —1;2) |+ b1 2o
Hifos(at D2am) 0, e |
14 b322
1 i 6422
R
bs 22
R

1+ .

where b3k+1 = 1/(Oé + 2k — 1), b3k+2 = —4, b3k+3 = —1/(0& + 2k + 1), k Z 0.
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Victoria KRAVTSIV, Taras VASYLYSHYN, and Andriy ZAGORODNYUK

7 Various generalisations of symmetric functions on Banach
spaces

One of the most natural generalisations of symmetric functions to the case of in-
finitely many variables is the notion of a symmetric function on a sequence Banach
space with a symmetric Schauder basis, such as spaces of absolutely summable in a
power p € [1,4+00) sequences. A function on such a space is called symmetric if it is
invariant under the action on its argument of every linear continuous operator that
permutes coordinates of the argument. Such functions were first considered in [25].
The paper [25] also introduced a generalisation of the notion of symmetry to func-
tions on Lebesgue-integrable function spaces over an interval. Namely, a function
on such a space is called symmetric if it is invariant under the action on its argument
of every linear operator that composes the argument with a measurable automor-
phism of the interval. Symmetric functions in the two aforementioned senses were
used in [25], in particular, to study the possibility of approximating continuous
functions on a Hilbert space by smooth ones, especially by polynomials. Results
of [25] were generalised in [9], where symmetric continuous polynomials on real
separable rearrangement-invariant function spaces were used to analyse the exis-
tence of separating polynomials. The study of the spectrum of the Fréchet algebra
of entire symmetric functions of bounded type on the complex Banach space ¢; of
all absolutely summable sequences was initiated in [1], further developed in [4-7],
and ultimately completed with a full description in [8]. The non-separable case
was first considered in [10], where the spectrum of the Fréchet algebra of entire
symmetric functions of bounded type on the complex Banach space of Lebesgue
measurable essentially bounded functions on [0, 1] was described. In [12] this alge-
bra was represented as the algebra of analytic functions on its spectrum. Symmetric
functions on the non-separable sequence space /., were studied in [11]. The alge-
bras of symmetric polynomials and symmetric analytic functions of bounded type
on Cartesian products of Banach spaces ¢,, p € [1, +00) were studied in [20-23,40].
The algebras of symmetric continuous polynomials and symmetric analytic func-

Victoria KRAVTSIV ©, Vasyl Stefanyk Carpathian National University, 57 Shevchenka Str., 76018 Ivano-Frankivsk,
Ukraine, e-mail: viktoriia.kravtsiv@pnu.edu.ua
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tions on Cartesian products of Banach spaces of Lebesgue measurable functions
were studied in [3, 26,27,29-38].

Let X be a Banach space, and let P(X) be the algebra of all continuous poly-
nomials defined on X. Let Py(X) be a subalgebra of P(X). A sequence (Q;); of
polynomials is called an algebraic basis of Py(.X) if for every P € Py(X) there is a
unique polynomial ¢ € P(C") for some n such that P(x) = q(Q1(z),...,Qn(z)).
In other words, if () ismapping x € X ~ (Q1(x),...,Q,(x)) € C" then P = qoQ
and this representation is unique. Typical examples of such kind of algebras are al-
gebras of polynomials which are invariant with respect to a (semi)group S of oper-
ators on X. If X has an unconditional basis (e, ), we can consider the group S = Sy
of all permutations of natural numbers N acting on X by

00 00
o. T = E Tp€p ~ E $U(n)€n.
n=1 n=1

Sn-invariant polynomials on X are called symmetric.

Let P,(¢,) be the algebra of all symmetric polynomials on ¢,. In [25] Ne-
mirovskii and Semenov described algebraic bases of algebra of continuous symmet-
ric polynomials on real spaces £,,, where 1 < p < 0o. Their results were generalized
by Gonzalez et al. [9] for real separable rearrangement-invariant sequence spaces.
Also in [9] was proved that polynomials

Fy(z) = f:l‘f,
=1

k > [p] form an algebraic basis in P(¢,), where v = (z1,29,...) € {,, [p] is
the smallest integer, greater than p. Polynomials Fj(x) are called power symmetric
polynomials. In the case p = 1 we can consider another natural algebraic bases in
Ps(41) : the elementary symmetric polynomials basis, given by

oo

Gr(r) = Z Ti Ty - Ti (7.1)

11<i9<...<0p,

and the complete symmetric polynomial basis, defined as

These bases are connected through the well-known Newton identities [24]:

n

nGy = (=1)"'GyFy, neN, (7.2)
k=1
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nH, =Y H, F, neN (7.3)
k=1

Let Z. denote the set of all nonnegative integers, Z'! — the set of all vectors

A= (A1, ..., \,), where \; € Z, . We will use standard notations |[\|; = A; +2\o+
A A =AM A AL A = NN A = BN RS
Let we denote by 1M - 2% . . pM = 2) for 2, = (1,2,...,n). It is well known
that elementary and complete symmetric polynomials can be expressed in terms of
power symmetric polynomials using the Waring-Girard formulas [24] for A € Z, :

(=
IAl1=n nor
1 A
Hn_uz—: =y

Let we denote by z,,, = (p,...,n), Apw = (Np,o- s ), [Mpnlt = DA +
A s Pl = A A 2 = P e Al = A A
Ap,n
Fpn=(F,...,F,)and F,5" = (E,)* ... (F,).
In the case p > 1 we have no elementary symmetric polynomials, because the

series (7.1) does not converge for any k. But putting in the Newton formulas Fj, = 0
for £ < p, we can define elementary symmetric polynomials on ¢, by

n—[p]
GV =Y " (-1 FGrs.
k=[p]

It is easy to check that the sequence {Gﬁlp ) }n>p forms an algebraic basis in
Ps(¢,). In [13], the Waring-Girard formulas were extended to the Banach space

Cp,p>1:
(_1)”+|>‘p,n|

X, pn
Zpn )‘p,n!

Y

|/\p,n|1:”

~1
HY = A—,Fﬁ%’",

|Ap.nli=n “pn >\p,n-

where G and H" are elementary and complete symmetric polynomials on ¢,,.

7.1 Algebraic basis of algebra of block-symmetric polynomials on /,(C").
Letn € Nand p € [1,+00). Let us denote £,(C") the vector space of all sequences
r = (x1,29,...),
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where z; = (Y, ... ,a:én)) € C" for j € C, such that the series 3 /=, > 7, \x§5)|p

i Y
is convergent. The space ¢,(C") with norm

ol = (zzx )Up

j=1 s=1
is a Banach space.

A polynomial P on the space ¢,(C") is called block-symmetric (or vector-sym-
metric) if:

P(:Ul,xg, A ) = P(xa(l),xg(g), co oy Lg(m)y - - )
for every permutation o € Sy and z,,, € C". We denote by P,s(¢,(C")) the algebra
of all block-symmetric polynomials on £,(C").

The block-symmetric or the McMahon polynomials are natural generalizations
of symmetric polynomials and can be considered symmetric polynomials on linear
spaces of vector sequences. Combinatorial properties of such polynomials are de-
scribed in [24, 28,41]. In this section we construct an algebraic basis of the algebra
of all symmetric continuous complex-valued polynomials on the Cartesian power
of the complex Banach space ¢, for some fixed 1 < p < oo (see [18]). In the finite
case, we have algebraically dependent polynomials, and in [19] it is shown how to
find these algebraic dependencies. For more details on the real case, see [39]. Alge-
bras of continuous symmetric polynomials on Cartesian products ¢, x .../, for
different py, . . . p,, were considered in [2]. Block-symmetric polynomials on ¢; ® (.,
were considered in [15].

Power block-symmetric polynomials on ¢,(C"). For a multi-index k = (ki,
. kn) € Z7 let |k| = ki + ...+ k,. For every k € Z'} such that |k| > [p], where
[p] is a ceiling of p, let us define a mapping H* : £,(C") — C by

Z H )Yk (7.5)
s

Also we set H(O9)(z) = 1. Note that H¥ is a block-symmetric polynomial. Poly-

nomials H* are generalizations of so-called power symmetric polynomials F},.

Proposition 7.1. For p € [1,400) and for every k € Z' such that k| > [p],

polynomial H* on (,(C") is continuous and ||H¥|| < 1.

Proof. Let x € {,(C") such that ||z||, < 1. Note that

H¥(2) |<ZH|9:

k_>0
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Since \x ] < max |:z: | for every s € {1,...,n} and j € N, it follows that

1<m
K|
|||a: '§<max|a: )|>
1<m<n

k>0

for every j € N. Note that

k|
(maX |:r:( )|) = max |:r: ‘k| < Z|x \|k|
1<m<n 1<m<n
Therefore,

H @) <Y Ja M.
j=1 m=1
Since ||z|, < 1,it follows that |:L‘§m)\ < 1foreverym € {1,...,n} and j € N.
Therefore, ]x |‘kl < \x |p. Thus,

¢}
[HY () Z 1o = ey < 0
Therefore,
IH*| = sup |Hy(z)| < 1.
llp<1
Hence, H* is bounded and, consequently, it is continuous. ]

For m € N let c&?)(C”) be the space of all sequences v = (x1,...,Tm,0,...),
where z1,..., 2, € C"and 0 = (0 ,0) € C". Note that c(()gl)((C”) is isomorphic
to (C™")™. Let coo(C") = ;>4 COO ((C”) Note that ¢yo(C") is a dense subspace in
(,(C™). Also note that H* is well-defined on co(C") for every k € Z.

For arbitrary x = (z1,...,2,,0,...),y = (y1,...,¥s,0,...) € coo(C") we set

TDY = (xla"'axmayla'"7y8703"')'
For (V... 2" € coo(C") let

@x(j) — Vg, . gz,
j=1
Note that

p
=> [P, (7.6)

p I=1
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Also note that for every k € Z', such that |k| > 1,

H (é x(j)> — zr: H%(2W)). (7.7)
j=1 j=1

For every m € Nand j € {1,...,m} we set

1 ..
Omj = 7 exp(2mij/m). (7.8)

Also we set agy = 0. For 1= (ly,...,1,) € Z" let

I I
=P .. P 0u,5,).00,...,0),...), (7.9)

where l/j\ =max{1,/;} for j € {1,...,n}.
Let us define a partial order on Z' by the following way. For k,1 € Z7 we

set k = 1if and only if there exists m € Z! such that k, = m,l, for every s €
{1,...,n}. We writek > 1, ifk > land k # L.

Proposition 7.2. Fork € 7'} such that |k| > 1 and for arbitraryl € Z!

I H if k=l
HS(a) = { 5 l'“”
ks>0

0, otherwise.

where, by the definition, the product of an empty set of multipliers is equal to 1. In
particular, H*(ay) = 1.

Proof. By (7.7) and (7.9),
L B
Ha) =Y ... ) H*((ujy.- -5 00,5,),(0,...,0),...).

By the definition of HX,

H (i, -5 01,5,): (0,.-,0), ) = [T ()™

Therefore,
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= 11D ()™ =1 ()™ IT (7.10)

Let k = 1. Then there exists m € Z” such that k;, = myl, for every s €
{1,...,n}. For s € {1,...,n} such that k; > 0 we have that [; > 0 too. Conse-
quently, for such s we have [, = [, and, by (7.8),

~

ls lg mgl
1 A
>t = 3 (o ewizmiig)) -

l l
1 <& . 1 <& 1 1
— ZeXp(Qmjsms) o Z 1= el T R
jszl jS:1 5 S

Therefore, by (7.10),

n 1 n
k . ~
H¥(ay) = H /L1 s
s=1 s s=1
ks>0 k=0
In the case k = 1 we have
n 1 n
k _ A
H¥(a) = [ ] ke k1 s=1
s=1 'S s=1
k>0 k=0

Let k # 1. Then we have two cases.
Case 1: there exists s € {1,...,n} such that k; > [, = 0. Then

o~

L

D (a;)" = (an)* =0,

j5:1

therefore, H*(a;) = 0.
Case 2: there exists s € {1,...,n} such that [y > ks > 0. Then

~

ls ls k ls
1 . ) 1 .
Z(oqus)ks — Z (_ll/ls exp(27m]5/l8)> = lkT Zexp(Qmjs/ls)ks.

jszl jszl S S jS:]_

It is known that .

> exp(2mij/q)" =0

j=1
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forevery g € {2,3,...}andr € {1,...,q — 1}. Therefore,

ls
> " exp(2mijy/l1)F =0

Js=1
and, consequently, H k(al) = 0. N
Let us prove the following auxiliary proposition.

Proposition 7.3. A function g : (0,4+00) — R, g(z) = (& + ... + %)Y, where
m € Nandcy,...,c, > 0, is strictly decreasing.

Proof. Let us prove that ¢'(z) < 0 for every x € (0, 400). Note that

1
g(x) = exp (; In(e] + ...+ c%)) :
Therefore,

g =g 1 leflneg+...4 ¢ Inc
(@) CE)( 2 Infei +. Cfn)JFE Cf+...+cg )

gx)((cf+...+c)In(cf + ...+ c) —x(ciIney + ...+ ¢ Iney))

22(c] + ...+ )
g@)(cf(In(cf +...+¢c) —Inel) + ...+ (In(cf + ... +¢,) —Inch))
22(ci 4+ ...+ ) '

Since
g()
z2(cf + ...+ )

andIn(cf+...+c;,) > Incf forevery j € {1,...,m},itfollows that g'(z) < 0. [J

>0

Corollary 7.1. For every x € (,(C") and for every q > p
[ llp = ]lq-

For an arbitrary non-empty finite set M/ C 7, let us define a mapping 7/ :
coo(C") — CMI where | M| is the cardinality of M, by

m(x) = (H(%))xen, (7.11)

where (H%(x))kens is an |M|-dimensional vector of values of HX on z, indexed
by k € M. The space CM! we endow with norm ||¢||, = {{naﬁdgk\, where £ =
S

(fk)keM e CMI,
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Theorem 7.1. Let M be a finite non-empty subset of Z'} such that |k| > 1 for every
k € M. Then

(i) there exists m € N such that for every ¢ = (&)xenr € CIM | there exists
Te € c(()gl)((C”) such that my(xe) = &;

(ii) there exists a constant py; > 0 such that if ||| < 1, then ||z¢||, < par for
everyp € [1,400).

Proof. (i) Let & = (&)kenr € CMI. For every k € M let us define 1, € C and
bx € coo(C™) by the following way. For minimal elements k of the partially ordered
set (M, =) let nx = &« and by = K/nax, where ay is defined by (7.9) and

\Weiargnk/lkh if m#0,

|| =
\/n_k {0, if Nk = 0.

For k € M, which are not minimal elements of (M, <), we define 7y and by induc-
tively by
me =6 — > H<(b) (7.12)

leM
1<k

and

bk = “{Vn_kak. (7.13)

Te = @bl

leM

We set

Note that z¢ € c&?) (C"), where

m = Z min{j € N: ax € c(%)(C”)}.

keM
For k € M, by (7.7), H*(z¢) = Y. H¥(b). Since H* is a |k|-homogeneous poly-
leM
nomial,
H* () = (Ym™MH*(a). (7.14)

By Proposition 7.2, H¥(a;) is not equal to zero only for 1 € M such that 1 < k.
Therefore,

H"(x¢) = H (b)) + Y _ H (by).

le M
1<k

By Proposition 7.2, H*(ay) = 1, therefore, by (7.14), H*(by) = nx. Hence,

H¥(re) = e+ > H(b).

leM
1<k
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Taking into account (7.12), we have H*(x¢) = &. Hence, 7y (x¢) = €.
(ii) Let € = (& )kenr € CM I be such that [|€]|o < 1. For k € M let

(k) =max{s € N: W .. 1) ¢ M such that IV < ... <) =k}

Note that for minimal elements k € M we have (k) = 1.

Let
C = 1 . 7.15
maxi 1, max{|ak|[1} (7.15)
Let r = maxkens(k), and for every j € {1,...,7} let y; = gzl(l + my),
where

=H{ke M: (k)= s}
Also we set 119 = 1. Note that for every j € {1,...,r}

i = pia(L+my) = pjr + pjamy = pjoo + pjomjr + pjamy = ... =
= flo + poma + pume + ...+ prj_1m;. (7.16)

Let us prove that for every k € M
bkll1 < pgg-1C™ (7.17)

We proceed by induction on (k). In the case (k) = 1 we have 1, = &, therefore,
bl = '5/|&] ||| Since |&| < 1, it follows that ||by |1 < |jax]1 < C = pueC. If
r = 1, then (7.17) is proved. Let 7 > 2 and j € {2,...,r}. Suppose the inequality
(7.17) holds for every k € M such that (k) € {1,...,7 — 1}. Let us prove (7.17) for
k € M such that (k) = j. By (7.13) and (7.15),

1ol < 5/ Il llanel [y <5/ el C- (7.18)

By (7.12),
[l < L&l + > [H*(by)].

leM
1<k

Since H¥ is a |k|-homogeneous polynomial on the space /;(C") and || H¥|| < 1,
k k
[H O] < 1 < )

Therefore, taking into account || < 1, we have

d + T HR B < 1+ bl

leM le M
1<k 1<k
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Therefore,
1/k|
Vind < | 1+ Ial | (7.19)
leM
1<k
By Proposition 7.3,
1/]k|
k
LY bl | <1+ bl
leM leM
1<k 1<k

Note that if 1 < k, then (1) < (k). Therefore,

S ol < > bl

leM leM

1<k (H<(k)
Since (k) = 7,
j—1
Z [or]l1 = Z Z [on]]1-
le M s=1 leM

{h)<(k) (=s

By the induction hypothesis, if (1) = s, where s € {1,...,7 — 1}, then ||bj]|; <
tts—1C?. Therefore,

Z br][1 < Z ps—1C* = ps1C? Z 1 = ps—1msC”.
leM le M le M
(H=s (I=s (Iy=s

Since C' > 1, it follows that C* < C’~! for every s € {1,...,j — 1}, therefore,

Jj—1 J—1 J—1
eSO 14 07 < (1 5> um) o1

s=1 s=1 s=1

Since 9 = 1, by (7.16),

7—1
LY pe1my = iyt (7.20)
s=1
By (7.19) - (7.20), |
X/ [l < 11 C9L. (7.21)

By (7.18) and (7.21),
k € M.

bll1 < pj—1C7. Hence, the inequality (7.17) holds for every
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By (7.6) and by Proposition 7.3,

lzelli < ) llbill.

leM

By (7.17),
U SP IS ) ST SN SERS SE
leM j=11leM 7j=11leM 7=1 le M 7=1

{1)=j {1)=j (1)=j

< (Z ,ujlmj> C" < (,u() + Z,ujlmj) C" = uC".

j=1 j=1
Set par = p-C". We have that ||z¢||1 < pas if [|€]|oc < 1. By Corollary 7.1, ||z¢l|, <
|zell1 < par for every p € [1,400). O

Corollary 7.2. Let M = {kW ... k®} C Z" such that k9| > 1 for every
j € {1,...,s}. Then there exists m € N such that for every m' > m polynomi-
als H*" ..., H*" are algebraically independent on c(()gl )((C”).

Proof. By Theorem 7.1, there exists m € N such that for every £ = (&3,...,&) € C*
there exists x¢ € c&n)(@”) such that

()
HY (1) = ¢ (7.22)
for every j € {1,...,s}. Let us show that H*", ... H*" are algebraically inde-
pendent on

cg?')(cn) for every m’ > m. Let ) : C* — C be a polynomial such that

QH*"(z),...,H" (z)) =0

for every z € c(()gll)((C"). Set ©+ = x¢. Taking into account (7.22), we have
Q(&, ..., &) = 0 for arbitrary &,...,& € C, i.e. Q = 0. Hence, Hk(l), e HEY
are algebraically independent. [

Algebraic basis of the algebra P,(¢,(C")).

Theorem 7.2. Every N-homogeneous polynomial P € 735(6(()781)(@”)), where m is an
arbitrary positive integer, can be represented as an algebraic combination of polyno-
mials H*, wherek € 7' such that1 < |k| < N.
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Proof. We proceed by induction on m. In the case m = 1 for z = (x1,0,...) €
c(%) (C") we have

= Z ak(xgl))kl e (:Ugn))k“ = Z Oéka(x)

keZny keZ’

k|=N k|=N
where oy 6 C". Suppose the statement holds for m — 1 and prove it for m. Let
P e P (COO (C") and x = (21,...,2n,0,...) € COO (C”) Then P(z) can be
represented as a sum of terms

Bic(xG)F - (@) fi((1, - 21, 0,..0)),

where i € C,k = (ki,...,k,) € Z'} suchthat1 < |k| < N, and fxisan (N —|k|)-
homogeneous polynomial. Note that fi € Ps(céron_l)((:")), therefore, by the induc-
tion hypothesis,

fx((z1,...,2m-1,0,...)) can be represented as an algebraic combination of
H'((x1,...,Tm-1,0,...)), where ] € Z" such that 1 < [I| < N — |k|. Note that

HY((z1, ..., %pn_1,0,...)) = H\(z) — ()b ... (2,

m

Therefore, P(z) can be represented as an algebraic combination of H'(x) and x%),

. :1:53;‘ ). Since P and H! are symmetric, it follows that together with term

Vrrsarnstrets (@) ) (@) (Y () (Y ()",

where v, o0, € Coly, oo o€ Z and .. 1, b, ., ts € Zg, the sum

must contain terms

Trasostmstits @) (@Y (HY ()0 (HY (),

where j € {1,...,m — 1}. Therefore, P(x) can be represented as a sum of terms
1 = 1 n
7”“1 Tt (E Z ) )) ) (Hll( )) o (Hls (x>)ts'
7=1

Since Z(xg-l))’"l e (;Ug-n))r" = H"(z), wherer = (ry,...,7,), it follows that P is

an algebraic combination of polynomials H*, where k € Z such that 1 < [k| <
N. []

Theorem 7.3. Let P : coo(C") — C be a symmetric N-homogeneous polynomial.
Let My = {k € Z" : 1 < |[k| < N}. There exists a polynomial g : CM~l — C such
that P = q o myy,,, where the mapping 7y, is defined by (7.11).
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Proof. By Corollary 7.2, there exists m € N such that for every m’ > m polynomials
H¥, where k € M, are algebraically independent. Therefore, the representation,
given by Theorem 7.2 for the restriction of P to cggll)(C”), is unique. Thus, for
every m/ > m there exists a unique polynomial ¢, : CM¥| — C such that P(x) =
(G © Tary ) () for every x € c(()gl/)(C”). Since cé%n/)(C”) D c&n)(C”), it follows that
¢m is the restriction of ¢, to WMN(C(%L)(C”)). By Theorem 7.1, WMN(C(()?)I)(Cn)) =
CM~l| therefore, ¢y = qn. Let ¢ = @, Then P(x) = (q o my,)(z) for every
T e Coo(Cn). []

Theorem 7.4. Polynomials H¥, wherek € Z', form an algebraic basis of the algebra
P (42(C")).

Proof. Let us prove that every symmetric continuous polynomial on ¢;(C") can be
uniquely represented as an algebraic combination of polynomials H¥. It suffices
to prove the statement only for homogeneous polynomials. Let P : (;(C") —
C be a symmetric continuous N-homogeneous polynomial. By Theorem 7.3, the
restriction of P to cyo(C") can be uniquely represented as an algebraic combination
of polynomials H*, where k € Z" such that 1 < |k| < N. Since cyo(C") is dense in
¢1(C") and polynomials H* are well-defined and continuous on ¢;(C"), it follows
that given representation can be extended to ¢;(C"). O]

Algebraic basis of the algebra P;(/,(C")). Letp € (1,400). Now we describe
an algebraic basis of the algebra P;(¢,(C")). Let us prove a complex analog of [25,
Lemma 2].

Lemma 7.1. Let K C C™, sc: K — C™ ! be an orthogonal projection:

(1,20, . ) = (To, ..o, T).

Let K| = »(K), int Ki # () and for every open set U C K a set 3 *(U) is un-
bounded. If polynomial Q(x1, ..., x.,) is bounded on K, then () does not depend on
xI.

Proof. Suppose () depends on ;. Then

Qj(x% cee nxm)${7

M-

Q(z1,...,xy) =

Jj=0

where 1 < k < deg ) and ¢;; #Z 0. Note that ¢, = 0 onint K, therefore, there exists
point a € int K such that gx(a) # 0. Since int K; is open and ¢ is continuous,
there exists 7 > 0 such that B(a,r) C int K; and infycp(q,) |qr(b)| > 0, where
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B(a,r) is an open ball with center a and radius r in the space C™~!. Note that for
(z1,...,2m) € 5 (Bla,r)),

k—1
Qs )| 2 lai(aa, )l = 3 gy, )l >
j=0

k—1
> clag[F =) djlal, (7.23)
§=0

where ¢ = infycp(ar) [qx(b)| and d; = supyep(q, |q;(b)| for j € {0,..., k—1}. Note
that for the polynomial cx¥ + Z?;é d;jx] there exists R > 0 such that if |21 > R,
then c|zy|* > 23 djlaal, i e 32570 djlaa)’ < Sefa1|F. Therefore, if 1| > R,
then

k-1
: 1 1
el | — Zdjmv > clay|F — §cyx1|’f = §c|m1\k. (7.24)
7=0
Since » 1(B(a,)) is unbounded, there exists a sequence ((:cgn), . ,x%l)))neN C

s Y(B(a,r)) such that a:in) — 00 as n — —+oo. Taking into account (7.23) and
(7.24), we have

n 1 n
QY 2l > gelat|F = oo
as n — +00, which contradicts the boundedness of () on K. ]

Fork = (ki,...,ky,) € Z} let V(k) = {s € {1,...,n} : k; # 0} and
v(k) = [V(k)|.

Lemma 7.2. Fork,1 € Z if1 = k and v(1) > v(k), then |1] > |k|.

Proof. Since 1 > k, there exists m € Z such that (I1,...,1,) = (miky,...,myk,),
and 1 # k. Therefore, if k; = 0 for some s € {1,...,n}, then [; = 0 too. It means
that V(1) C V(k). On the other hand, v(1) > v(k). Therefore, V(1) = V(k), i. e.
for s € {1,...,n} we have that [; # 0 if and only if ks # 0. Therefore, for every
s € V(1) we have that mg > 1. Since | # k, there exists s5 € V(1) such that
ms, > 2. Therefore,

1| =miks + ... +muk, > ki + ...+ k, = K|

For N € Nand J € {1,...,n} let

MY ={1ezr: 1< <[pl.v() >J}u{leZ": [p] <] <N}
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By Theorem 7.1, for M = M](\}) there exists p = par > 0 such that 7,,(V/,) contains
the open unit ball of the space C™! with norm || - ||oo, Where

Vo ={z € coo(C") : [[zll, < p}. (7.25)

be a polynomial on CMv’
leM}(vﬂ) e a polynomial on :

V), then q does not depend on & such that v(k) = J and

Proposition 7.4. For J € {1,..., N} let ¢((&)
If q is bounded on 7
1< [k < [p].

Proof. Let k € Z such that v(k) = Jand 1 < k| < [p]. Let K = 7,0 (
K, = WM(J)\{k}(Vp) and » : K — K be an orthogonal projection, defined by

M}VJ)(

V),

2 (i) = Ehen gy

Let us show that for every ball
B(u,r) = {¢ € CM I 1 — |, < 7}

with center u = (UI)IGMI(VJ)\{I(} e CMY\KH and radius 7 > 0 such that B(u,r) C
WM]%z)\{k}(V},), a set ¢ }(B(u,r)) is unbounded. Since u € WM](VJ)\{k}(Vp), there ex-
ists Ty € V, such that
7TM(J>\{k}(:I;u) = u. For m € N we set

m

1
Ty = @ WG;k,

j=1
where ay is defined by (7.9). Choose ¢ such that

. P — llzully r }
0 <e < min {1, , ;
laxcll,C(p/ [kDYP flaxe |1 C(1 + 1/[K])

where ((-) is a Riemann zeta-function. Let x,,. = (¢x,,,) ® x,. Let us show that
Tme € V,. By (7.6),

1 &1 1
p_ — P P p
meHp - Z j1/|k‘ ak|| = Z jp/‘k| Haka - HakaZ jp/‘k| < HCLkaC(p/‘kl)
j=1 p 7=1 j=1
Therefore, ||z,,]|, < |lax|/,¢(p/|k|)/?. By the triangle inequality,
|zmellp < ellzmlly + laully < ellaxlp¢ o/ KDY + llull,.
Since 1zl
P — [[Tullp
£ < ,
lax[l,C (p/ [k
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it follows that ||z, ||, < p. Hence, z,,, . € V.
Note that for arbitrary 1 € Z'} such that |I| > 1, by (7.7),

m m

1 1
1 _ 1 _ gl
H{am) = Z 1 i 11 () = H {aw) Z G
J= J=

and

HY(x,,.) = eV HY(2,,) + H'(2,) = " H(ay Z Ill/\kl + H'(2). (7.26)
j= 1

Let us show that WM(.])\{k}(xm’g) € B(u,r).Forl e M \ {k} such thatl }¥ k, by

Proposition 7.2, H!(ay) = 0, therefore, by (7.26),
HY 2. = H'(z,) = .
Letl € M \{k} be such that 1 > k. If [p] < [l] < N, then |I] > |k|, since

k| < [p]. Ifl < [1] < [p]| and v(1) > J, then |1] > |k| by Lemma 7.2. Hence,
1| > |k| in both cases. By (7.26),

GO
] _ ) !
[H (2me) — | < eT[H (“k)‘z;juvw
j:

Since ¢ < 1, it follows that !l < ¢. Since ||H!|| < 1, it follows that |H'(ay)|
HakH‘ln. Taking into account |jak||, > 1 and |l < N, we have that |H'(ay)|
|ax . Since |1| and |k| are integer numbers and [I| > |Kk|, it follows that |1|
k| + 1, therefore,

IV IACIA

m

Z J|1|/|k| Z 1+1/\k| + 1/[k]).

Hence,
|H(2,0) — ] < eflax[{¢(1+ 1/K]).

Since
r

< :
lax[I¢(L + 1/]K])
it follows that | H'(z,,.) — w| < 7, therefore, WM(J)\{k}(Q?m75) € B(u,r).
N
By Proposition 7.2, H¥(ay) = 1, therefore, by (7.26),

H*(2.2) —8'”2 + H*(z,,) — o0
j= 1

as'm — +oo. Hence, 5 1(B(u,r)) is unbounded. By Lemma 7.1, ¢ does not depend
on &. [
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Theorem 7.5. Let P € P({,(C")) be an N-homogeneous polynomial. If N < [p],
then P = 0. Otherwise, there exists a unique polynomial q : CM»Nl — C such that

P=gqo W](\Z;N, where M, v = {k € Z} : [p] < |k| < N} and ’/TE\Z)N : 0,(C") —
CMonl s defined by 7'('](\2’]\[(.%) = (H*(x))xen, y-

Proof. Let P, be the restriction of P to ¢oo(C"). Note that F, is a continuous sym-
metric

N-homogeneous polynomial. By Theorem 7.3, there exists a unique polynomial
q: CMyl 5 C, where My = MJ(\}) such that Fy = q oy, . Since F, is continuous,
Py is bounded on V,, defined by (7.25). Therefore, ¢ is bounded on 7y, (V},).

Let us prove that ¢ does not depend on arguments & such that 1 < |k| < [p]
by induction on v(k). By Proposition 7.4, for J = 1 we have that ¢((&x)kenr, ) does
not depend on arguments & such that v(k) = 1 and 1 < |k| < [p]. Suppose the
statement holds for v(k) € {1,...,J — 1}, where J € {2,... ,n}, i e q((&)xery)
does not depend on arguments & such that 1 < v(k) < J—1land1 < |k| < [p].
Then the restriction of ¢ to cIMy )|, by Proposition 7.4, does not depend on & such
that v(k) = J and 1 < |k| < [p]. Hence, ¢ does not depend on & such that
1 < [k| < [p].

Since polynomials H¥, where k € M, y, are well-defined and continuous on
¢,(C"™), and cyp(C") is dense in £,(C"), it follows that P = g o W](\Z) .- Note that in
the case N < [p| we have M, y = () and, therefore, P = 0. " H

Corollary 7.3. Polynomials H*, wherek € {1 € Z" : |1] > [p]} U {0}, form an
algebraic basis of the algebra P ({,(C")).

The finite-dimensional case and algebraic dependencies. Letusconsider more
detailed the case (]'(C") = ¢1(N,,,C"), where N,,, = {1,..., m}. In other words,
(7' (C™) is an sm-dimensional complex space consisting of sequences of length m
of vectors in C".

Note that every function on ¢]’(C") depends on nm independent variables.
to all possible permutations of these variables. Clearly that every totally symmetric
function is block-symmetric. There are exactly nm totally symmetric algebraically
independent polynomials ¢]"(C"). If we restrict the basis (7.5) to ¢]"(C"), we obtain

1+ +2)-(l+n—1
;( + 1)( +(n)_ 1)(! + )

generators of P,s(¢{"(C")). From classic results of invariant theory (see Lemma 5
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of [41]) there are at least [V algebraic dependencies between these generators, where

(T 1)( l+n—1
Vo n_1)< )

— nm.
=1

Thus, in the finite-dimensional case, generating elements of the algebra of block-
symmetric polynomials on ¢{'(C") are always algebraically dependent if n > 1.
We say that a system of generators 7,5(¢]"(C")) of P,s(¢]"(C")) is reasonable
if it contains nm totally symmetric algebraically independent polynomials.
The following theorem provides algebraic dependencies between the generat-
ing elements of P, ({]"(C")) .

Theorem 7.6. Let 7,(¢]"(C")) be a reasonable system of the generating elements of
Pus (L7'(C™)) . Then for every nonsymmetric polynomials € in 7,s((]"(C")) of the form
(7.5) there are symmetric polynomials as such that

g(m!)T_l - alg(m!)r_l_l + ...+ (_1)(m!)r_1_1a(m!)’”*171€ + (_1)(m!)r_1a(m!)’”*1 = 07
where r is the number of nonzero elements k;,;© = 1,...,n in the multi-index k of
(7.5).

Proof. Let & = &(x) be some nonsymmetric generating elements of 7,4(¢}"(C")).

Let us fix (1) = (xgl), xgl), . ,x%)). For other elements z(!) = (xgi), a:g), . ,a:ﬁ,?),

2 < i < n we apply all possible permutations. The number of such permutations
equals (m!)"~!, where r is the number of nonzero elements k;,7 = 1,...,n in the
multi-index k in the representation (7.5) of £ = £(x). Then we get new polynomials
§2, -+, &myr—1. It is easy to see that these polynomials satisfy the identity

(€ —=&)(E— &) (= Euy—1) =
= ¢ — T L ()T gy a4 (D) gy = 0,

According to Vieta’s formulas we can find ay, az, . . . , (-1 by

(m!)r—t

(m!)rfl
a= Y &Ga= Y & ... gy =& Emy
=1

ij=1
Thus the coefficients a;, 1 <4 < (m!)"~! are symmetric polynomials. O

In the case (?(C?) we have next algebraic dependencies.

xgl) 33%1) 2 (2
2 || © € 1(C).
L Lo
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For the generating elements H¥(x) the following identity holds (see [19]):

1

1
5 — mians + 5773773 + 5774?7? — n3ms = 0,

where

m —Hlo—xg)—kxg), ny = H% —xg)—i—xg), ns = H* = (v gl))2+(x§1))2,
m=H" = @)+ @), ns=H" =alVal? +aial?).

7.2 Analogues of the Newton formulas for the block-symmetric polyno-
mials on /,(C*)

In the case of the space ¢1(C?) there exist another important algebraic basis (see
[22,28,41]):

R¥(x) = RFvkees Z szl y (7.27)

z<<z£]1
1§j§s

In [28] these polynomials are referred to as the Elementary McMahon Symmetric
Functions.

Let H(z)(t) and R(x)(t) be the generating functions for H*(x) and R¥(x)
according (see [28])

=S [[tE%@). R =Y [[R ). R =1.

|k|=1 i=1 k|=0 i=1

As shown in [22] and [28],

o

ZHt Ri(z) = [+ 2t + -+ 2Vt).

|k|=0 =1 i=1

For the generating function R(x)(¢) we have the following relation:

R()(t) = exp —ZH ‘k‘_l'H( 7). (7.28)

k[=1 i=1

where v = (z(V, ... 20)) € £1(C*) and t = (t1,...,t,).
Furthermore, from [28], another algebraic basis of homogeneous polynomials
E¥(z) is derived from the generating function:
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= 1
ZHt Eox) =] m, o E°=1.

k|=0 i=1 im L=zt =

These polynomials are known as the Complete Homogeneous MacMahon Symmet-
ric Functions.

For R(x)(t) and £(x)(t) we have
1
E(—x)(t)

Conversely, each polynomial F, (t;z™") + ty2®) + .. +t,2)) and G, (t;2M) +
tox® + ... +t,20)) can be expressed as a linear combination of block-symmetric

R(z)(t) = (7.29)

polynomials H¥(z) and R¥(x), respectively. This follows directly from explicit cal-

culations,
Gu(tix 4+ tpz® - 12y = > 4l B R () (7.30)
k|=n
E,(tixM + tyx® oot 2 Z‘ ‘t]flt ot iR (), (7.31)
k|=n
where z = (), ... 2(¥).

Combining (7.5) and (7.27), we can get an analog of Newton’s formula for
block-symmetric polynomials on ¢1(C*) (see [14,16])

Theorem 7.7. The following formula is true for the algebraic bases of block-symmetric
polynomials on {1 (C?).

nRFvk2 ks — E 082505 RR1=q1.k2=G2,. ks —qs _

lal=1
kr>qy
_ Z H(thlz ,Qstl q1,k2 =gz, ks — s 4+
C.ll q@! .
k >qr
” 2 Z H(h 425-,0s RR1—q1,k2—q2,..., ks*qs+
=1 q1lgo! .
kr>gy
+(_1)n—1 n' Hkhkg ..... ks’ (732)
kilks!. . k!
where k| = ki + ...+ ks =n,9 = (q1,¢,...,q), R =1 and ifk, < q, for
somer = 1,...,s, then RM—aF2gehs=ds = (),
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Proof. Let us consider the polynomial P(t;z(1) + ty2® 4 ... 4 t,2(9)), which is
symmetric on the space ¢; with respect to simultaneously permutations of tlxgl) +
tza:Z@) + ...+ tsxl(-s), 1 2~1. Let us dgnote by tr = trx® + 2@ + 4t For
the algebraic bases Fj(tz) and G (tx) of this polynomial the Newton formula (7.2)
holds

nGy(tz) = Fi(tx)Go_1(tz) — Fy(tx)G_s(tz)+
+E3(t2)Gys(tz) — .. 4 (=1)" 2F,_1(tx)Gy(tx) + (—=1)" ' E,(tx).  (7.33)

According to (7.30) and (7.31) each of polynomials F},(tz) and G,,(tx) can be rep-
resented as a linear combination of polynomials H*1#2%s (1) and RF1-~2:s (1) re-
spectively. So each term from (7.33) can be represented by polynomials H*i-#2:-Fs
and RPvP2Ps Then we obtain

~ ~ 1!
Fl(tZC)Gn_l(tCC) = ( Z mtlflt . .tisﬂkl’k%""k‘s(x)) X

ki1+ko+...+ks=1

X ( > tf;sthp%---’ps(x)> =

p1+pet...+ps=n—1

1! i
— t1+p1t 2+p2 tk +psHkl7k2; ) ( )Rp17p27 7p8(x)
kylko!. . k! ’
ki+ko+...+ks=1
p1+p2+...+ps=n—1

etc.,

~ ~ !
Fr(tx)Gn_r(tx) = ( Z mtiﬁt . .t?sHkl’kZ’m’ks(CC)> X

ki+ko+.. . +ks=r

(5 o)

p1t+p2t..+ps=n—r

r!
— Z mtl1+p1tkz+pz Rt prkuke ks (0) Q1P bs (1),
ley kot Akg=p LTVEec st
p1+pa2t...+ps=n—r
If we substitute this equalities and equalities (7.30), (7.31) into (7.33) and equate

multipliers at the all powers of ¢;,7 = 1,..., s we obtain the required formula. [

Note that equation (7.32) is invertible and so we have

n! n—1
WHkl7...aks — Z (—)'th 7quk1 q1,-- J{j —(s + +
1¢ - S- |q|:n 1q1 q
ky>qy

226



CURRENT TRENDS IN ANALYSIS, APPROXIMATION THEORY AND THEIR APPLICATIONS

+<_1)n—1 Z 2! s RRi—ause-s, kis—qs_|_

| |
1'...Qqs!
kr>q,
+(_1)TL Z qua"'aqsRklfqlv"'vksqu _I_ (_1)n+1anlaaks
lq|=1
kr>qr

Let us rewrite formula (7.32) using multi-index notations. We denote by k! =
kilko! .. kland by k —q = (k1 — q1, ko — @0, . . . ks — qs). Also, we say that k > ¢
if and only if k1 > q1, k2 > qo, ... ks > gs. Then (7.32) can be expressed by

ZHqu q Z ‘q"Hqu q+ n 2 Z |q| Hqu q+
s a2 R
>q >q =4
D el
HETIRHE =D (CE Y S PR, where =k (734
i—1 =
f i

Comparing formula (7.32) with the classical Newton formula, we can see that
they coincide if s = 1.

Let us turn out to the space ¢,(C*). Taking into account formula (7.5) we can
see that by definition, H¥ = 0 in P,(£,(C*)) if |k| < [p]. So, using (7.34), we can
define elementary block-symmetric polynomials on £,(C*®) by

”_[M |
i = S0 (-1 S B agiea here =Kz (2.39)
i=Ipl la=j

k>q

Theorem 7.8. Elementary block-symmetric polynomials on £,(C*®) defined by (7.35)
form an algebraic basis of n-homogeneous polynomials n > [p] in Py,s(£,(C?)).

Proof. 1t is easy to see that equation (7.35) is invertible. So we have a bijection be-
tween polynomials //9and R9. Since { H9},q>,) is an algebraic basis in P, (£,(C?)),
so the set { R}, >, is an algebraic basis in P,,(£,(C*)) too. O

Let w be the isomorphism of P,(¢;(C*)) to itself defined so that w(H¥) =
— H* for every multi-index k. In other words, if P € P,,(¢1(C?*)) is of the form

P(z) = Q(H*, H™, ... H")
for some polynomial () of several variables, then
w(P)(x) = Q(w(H ), w(H™),...,w(H")).
Clearly that w(H¥)(x) = (—1)*+1(H¥%)(—z) for every multi-index k, and w?(P) =
P for every P € P,,(¢1(C?)).
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Proposition 7.5. For every multi-index k,
w(R*) = E¥ and w(E*)= RX.

Proof. According to relations (7.28) and (7.29) we have

R(x)(t) = exp ZHt ‘k‘_l'H( 7) —

lk|=1 i=1

1|k|+1Hk$
~ exp ZHt (k!> (z) | _

|k|=1 i=1

([k| — 1w (H*) (x)

= exp ZHt o =w(&)(z)(t).

|k|=1 i=1

By the definition of E¥, we can see that w(EX) = RX. Thus, EX = w?(E¥) =
w(R¥). O

Using Proposition 7.5 and equation (7.34), we can prove an analog of Newton’s
formula (7.3).

Theorem 7.9. For every multi-index k,

|

Z Z q|! 9" fapk-a
J=1|a|=j q
k>q

Proof. Applying the isomorphism w to equation (7.34), we have

K|
nEX — nw(Rk) _ Z(_l)j—l Z |3_!!w<Hqu—Q) =

lal=j
k>q
k|
Z Z |C1| | [+1 k—
_ ( ] 1 q HQE q __
j=1 lal=j q'
k>q
- q]! u q]!
_ _1)\2) “rrark—q _ qrk—q
=D (VUYL PHUER =SS PHE
J=1 lal=j J=1|q|=j
k>q k>q
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7.3 Analogues of Waring-Girard formulas for the block-symmetric poly-
nomials

Let we denote by 9™ = (¢{", ¢4, . . ., ¢7") the multi-index with non-negative integer
entries
m|

', a5, g A" =gt gyt -+ @ g =Myt gt

D O P P SV P AT N N

|q’|=i J=1|d’|=j J=p |d’|=j

|AY

The analogues of Waring-Girard formulas for the block-symmetric polynomi-
als was constructed in [17]. The next theorem will be true:

Theorem 7.10. For every /\i,/\?i,kj,q;- € Zy,i € {l,...,n},j € {1,...,s} we

have
K (—1)"* 1 [|q']! G\ N
pe s GO s I () () s
k4 , s A q-
Ali=n A2 1=, 1<i<n S Ia=E T
(I ||o=F;, 1<r<s
and

q

SRR 816 CHNCY)

r 111
=m0 et =x, 1<i<n S 0=
1 lo=hr, 1<r<s

Proof. From formulas (7.30) and (7.31) we have that

[¢]

@l nogn n n
EFo(tizW 4+ tpz® + . 4ty = Z nl'tclh t S HY (11,29, ..., 1)

lq"|=n

and

Gn(tlx(l) +tox® + .+ tsq;(s)) = Z tlflté“? . t];SRk(:Ul, To,...,xs) (7.37)
k|=n

From direct calculations we obtain

An
(Fn(tlx(l) + P+ .+ tsx(s))> =
An
_ |qn | ' tq?tqg tq;‘ Hq" _
= Zwl 9 ..Uy (33'1,1'2,...,1:5) =

lq"|=n
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> ogpad” >ograd” Ag”

n | n\ An g
= Z g e HA vy H (lq |'> (Hq")A" . (7.38)
q

n|
IAan 1=, wep N 9

9" |=n
If we put (7.37) and (7.38) to the formula (7.4) we obtain

Dty RNy my, . w) =

[k|=n
— 1) tIAl A An
_ v ! A)A' (Fl(tlx()—l- +tsx(5))> (Fn(tlx(1)+ +ta;<>)) -
Z
|>\|1:TL n
(_1)n+\>\|
- Z YV
|>\|1:TL n

ql 1 )\ql ql
lal|= 1 lql|=1 = )\1' | " ! ql Al
IT A :

11
q
1 =1
Ixa fl1=M o=t la!|
> gpad >l R Pl A" "
la™|=n la™|=n : q"\ _
X ty ot (HT) =
A9 |1 =Xy, | =n
lq"|=n
(— 1)+ DEDIILPE D VD DRt
_ tr:l la”|=r tr_l l[a”|=r %
prm—y —Z)\A' 1 ... lg
not i
A=n I 1=
1<i<n
n 1

i\ A q'
1‘ Iq’|! (qu)Ai _
~ AT\ g
o (= Pl sl " A A
S Y U e T () ()

H)\qul: i=1|g'[=i
1<i<n

(7.39)

If equate multipliers at the all powers of ¢;,1 < 7 < s we obtain the required
formula (7.36).

By applying the isomorphism w to equation (7.36), we have
E¥ = w(R*) =

o
+| |

DI D S 1§}

Al=n X 1=y, 1<i<n =L 1¢'1=
A9 ||o= kr, 1<r<s

%

v ( ; )AZ (w(Hqi)y? _
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7 )
i

= Z 1)+ Z ﬁ H ;r (]qZ!|> (_1)Iqi\A?i (Hqi>/\? _

7 1A'= A 1<icn =L =i
(I ||o=k,, 1<r<s
n—|-|/\| ‘ || N\ N
_ Z Z (—1)2H3ret bt DA, H H q _
4 /\q Zl
[Ali=n ” A 1=, 1<i<n i=1 |¢'|=i

1A ||a=k,, 1<r<s

i

Ly CTR 11<\q|'> ()" -

Ala=n ! 1A 1=, 1<i<n =L lg=i 7
||>\qTH2 kra 1<T<S

i .
qt

Loy () e

Ah=n et =),, 1<i<n L 1=
||)\°”"||2—k,7 1<r<s

[]

Formula (7.4) is useful in combinatorics. It is well-known combinatorial iden-

(_1)n+|/\| B
> o O

[Al1=n ne

tity

It can be obtained if we compute G,,(e1) using (7.4), where e; = (1,0,0,...). In the
case /1(C?) we obtained some new combinatorial identity

z'

> U > I (el L=

[Al1=n n ||)\q h=\i, 1<i<n =1 |¢t|=i
AV ||2=k;, 7=1,2

In the case ¢1(C®) let e; = (1,0,...,0,...), where 1 = (1,...,1) and 0 =
——

S

(0,...,0). Then H*(e;) = 1 and R¥(e;) = 0. By the similar way we obtain next

S
combinatorial identity:

i

DI DR 11 -1 €

Mi=n = X, 1<i<n =1 lgil=i 7
A [la=ky, 1<r<s
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In the case of spaces £,(C?), where p is a positive integer number we can obtain
an analogy of the Waring-Girard formulas. If p is not integer, then we can take [p]

instead of p.

Proposition 7.6. For every \;, )\?i, kj, qj- €Zi,i €{p,...,n}k,je{l,... s} we

have
A N Vi 91N ()
R = Y S HHAq o ()"
e T A pisn ¢ =P l¢'|=i

[A3n [l2=ky, 1<r<s

(7.40)

{ .
q7’

A Nt
N ( ”') (Hq) (7.41)

Proof. If we put F; = 0, for all 1 < ¢ < p to the formulas (7.39) we obtain

D DI SRR 1§ ||

Ppanli=n “PI 0\l =, picn 1P 101=0
||)‘an2 kra 1<r<s

Z tkltkz tkst( o (_1)n+|/\p7n|
1 lg" el 5131,1'2,...,a75)— Z T'X
lk|=n ‘/\p,n|1=n Zp,n )‘p,n-
Ap A,
x (Fp(tlx(u +...+t5x(s))) v (Fn(tlx(” +...+tsx(8))) _
-1 n+|Ap.nl
= 2. (Ap,)n—|><
‘)\p_’nh:n Zp7n )\p,n-
2 Py A
X Z t|qu|_17q1 b \q%:pq >\p| H |qp|'qu P % %
1 -+ Ugs H )\qp qp! e .
[A9” || =" o P \qpl=p
> > A\ q"! Ad” n
lq™|=n la™[=n n: q | q g B
o D D T Wn(qn!) (o | =
AQ" || =2a" n " |=n
A AL A
xli
- t TI
D TS 111 (s
[ Ap,nl1=n prn ||>\qn||1:)\i7 p<i<n i=p |qi|=i )\

If equate multipliers at the all powers of ¢;,1 < 7 < s we obtain the required
formula (7.40). By applying the isomorphism w to equation (7.40) as in Theorem
7.10 we obtain (7.41). ]
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Anatolii ROMANYUK, Kateryna POZHARSKA, and Sergii YANCHENKO

8 Characteristics of linear and nonlinear approximation
of classes of periodic functions of many variables
in Lebesgue subspaces

In this chapter, we present some important results that were obtained during recent
years of research on approximation characteristics of classes of periodic functions
of many variables, determined by certain restrictions on a dominant mixed smooth-
ness (derivative): the Nikol’skii classes H (T?), the Besov classes Bgﬁ(Td) and the
Sobolev classes W, (T?) in the metric of the Lebesgue subspaces B, 1(T*). Besides,
we mention also a number of other previously obtained results in the Lebesgue
spaces L,(T?). The considered classes of functions are analogues of function classes
from the well-known spaces of S. L. Sobolev (W-spaces), S. M. Nikol’skii (H-spaces)
and O. V. Besov (B-spaces).

Spaces of differentiable functions of many variables became the object of com-
prehensive mathematical study in the early 1930s, when S. L. Sobolev, while solving
problems of mathematical physics, laid the foundations of the theory of embeddings
of these spaces as a separate direction of function analysis and function theory. The
next important contribution to the theory of function spaces was made in the 1950s
by S. M. Nikols’kii, who proposed a new classification of functions of many vari-
ables, the key role in which plays the condition of belonging of the function (or its
derivatives) to the well-known Hoélder-Zygmund spaces. As a result of this classi-
fication, the spaces appeared that were later called the H-spaces. In the late 1950s,
O. V. Besov introduced into consideration the B-spaces, a definition of which in-
volves an additional, in comparison with the H-spaces, parameter, with which it
is possible to finely take into account the differential-difference properties of func-
tions.

From the point of view of approximation theory, interest in the mentioned
function spaces (more precisely, classes from these spaces) began to grow since the
1960s. The foundation of systematic research was laid in Babenko’s papers [4, 5],
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in which an approach to optimal approximation of classes of functions from the
Sobolev W-spaces was proposed. K.I. Babenko showed that the finite-dimensional
aggregates of the best (in a certain sense) approximation of the classes W3, in the
space Lo are trigonometric polynomials with “numbers” of harmonics from a so-
called “hyperbolic cross”. This fact gave a powerful impact on the study of approx-
imation properties of the classes of periodic functions of many variables H (T%)
and W .(T%) in the works of many well-known specialists in the field of function
theory, such as B.S. Mityagin, S.O. Telyakovs’kii, Ya.S. Bugrov, N.S. Nikol’ska,
V.E. Mayorov, V. N. Temlyakov, E. M. Galeev, E. S. Belins’kii, Dinh Dung, etc.

Summarizing the above, let us pay attention to two circumstances that initially
motivated the study of the approximation characteristics of the classes BI’;Q(Td).
First, as a result of studies related to the approximation problems of the classes
W (T%) and H] (T?), it was found that in the case of functions of many variables,
trigonometric polynomials with “numbers” of harmonics from hyperbolic crosses
have the same approximation capabilities as ordinary trigonometric polynomials
in the case of approximation of functions of one variable. Secondly, and this is
probably very important, it was found that in the multidimensional case the classes
Wy (T and H ’ (T?) differ in terms of order estimates of their approximation by
certain approximation aggregates. Moreover, it was found that in some cases, when
the best, in the sense of order values, approximation of the classes W; Q(Td) is
provided by trigonometric polynomials with “numbers” of harmonics from hyper-
bolic crosses, the best, in the same sense, approximation for the (T?) classes is
provided already by trigonometric polynomials with “numbers” of harmonics from
modified, in a certain way, hyperbolic crosses.

In addition, let us justify a choice of the metric in which the investigated ap-
proximation characteristics are estimated, namely Bq,l(Td), 1 < g < oco. In some
cases, the questions regarding values and, accordingly, methods for finding exact-
order estimates remain open for the number of important approximation character-
istics in the so-called “limiting” cases (for extreme values 1 and oo of the parameters
from the definition of the classes of functions or the metric in which the approxima-
tion error is estimated). Besides, it was shown that in the vast majority of situations
in the multidimensional case, in contrast to the one-dimensional, the correspond-
ing approximation characteristics in the spaces B, 1(T%) and L,(T?), ¢ € {1, ¢},
have different orders. Also, significant progress was made in finding estimates of
the approximation characteristics of the mentioned Sobolev and Nikol’skii-Besov
classes of functions in comparison with the corresponding estimates known at that
time in the L, -space.

Note that a prominent role among the extreme problems of the theory of ap-
proximation of functions have problems related to linear and nonlinear approxi-

237

H



CURRENT TRENDS IN ANALYSIS, APPROXIMATION THEORY AND THEIR APPLICATIONS

mation of function classes. An increasing interest in nonlinear approximation in
recent decades (in particular, in the best orthogonal trigonometric approximations
and the best M -term trigonometric approximations) is due, first of all, to the fact
that in many cases nonlinear approximation methods turned out to be more effec-
tive compared to linear ones.

Thus, in view of the above, there is a natural interest in studying the approx-
imation characteristics of the classes B;ﬁ(Td), H7(T) and W (T?) in the space
B,1(T?) for 1 < ¢,p < oo.

The statements below cover some results of the works [32,34,35,51,53] and pro-
vide answers to a number of questions caused by the above circumstances, which
naturally arose in the studies of approximation characteristics of the mentioned
classes of functions. It is also important that when solving individual approxima-
tion problems on the Besov classes, a number of effects were discovered that did
not appear on the Nikol’skii and Sobolev classes, as well as those that are associ-
ated with the metric of the space B, 1(T%).

8.1 Definition of function classes and spaces B, ;

Let R? be a d-dimensional space with elements © = (z1,...,24) and (z,y) =
21y + ... + 2ays By Ly(TY), T¢ = H?zl [0, 27), we denote the space of 27-
periodic in each variable functions f (), for which

1/p
1l = 11l = | (2m) / f@lPde| . 1<p<os,
Td

1 lloo := f |z (ze) := esssup [f()].

xcTd

We put

2m
L)(T?) = {f € L,(T%: f(x)dx; = 0 almost everywhere, j =1,..., d} :

0

For a function f € Lg(Td), 1 < p < o0, we consider its first difference in the
jth variable with step h € R:

Apif(x) = flzr,..., x5+ h,xjp, ... xq) — f(x)
and define its [th difference, [ € N, by

l
—f—

A f(@) =D Ay ().
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Assume that the vectors k € N? and h € R? are given. Then the mixed
difference of order k with a vector step h is defined by the equality

ARf(m) = AP AR, A f().

The spaces Brg(Td) 1 < p,0 < oo, where » € R? is a given vector with the
elements r; > 0, j = 1,...,d, are defined as follows:

(Td) = {f € Ly(T): | fllz;, < oo},

and the respective norm is specified by

1/6

Il v = / N fWH ) ige<co @)

1118y o rey = W b rey = SHPHA f\lth i (8.2)

Here we assume that the components of the vectors k and r satisfy the condi-
tions k; > 7, j = 1,...,d. Note that the values of (8.1) and (8.2) are independent
of k.

In this form, the definition of the spaces B;’G(Td), 1 < 0 < o0, was given by
V.N. Temlyakov [58] and, for H}(T%) = By _(T), by S. M. Nikol’skii and P.I. Li-
zorkin [25]. These spaces belong to the scale of spaces of mixed smoothness, intro-
duced by S. M. Nikol’skii [30] and T.I. Amanov [3]. In addition, they are generaliza-
tions of the well-known isotropic Besov spaces [12], and the Nikol’skii spaces [31]
for the case 6 = oo

In the following considerations, we will use the definition of the norm of func-
tions from the Nikol’skii-Besov spaces B;ﬁ(Td) in another forms, that are equiva-
lent to (8.1) and (8.2), namely, indirectly through the so-called decomposition repre-
sentation of the elements of these spaces. The decomposition representation and the
corresponding rationing of functions from the Nikol’skii-Besov spaces were first
obtained by V.N. Temlyakov [58, Ch.2, §1], S. M. Nikol’skii and P.I. Lizorkin [25].
This norm is more convenient for calculations.

For all vectors s € NY, we set

p(s)i={kecz® 257 <|kj|<2% j=1,...,d}. (8.3)
For f € Lg(Td), let

0s(f) = = > [k (8.4)

kep(s)
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where

~

flk) = (2m)~" f()_”” dt

are the Fourier coefficients of the funct10n f.
First, let 1 < p < oo. Then we can define the norm of the spaces Bl’;ﬂ(Td),
r € RY, r; >0,7=1,...,d, as follows (see, e.g., [25]):

1
0
HfHB;;Q(Td = (Z 2 s:7) H(S |9> ) 1 < 0 < 00, (85)
seNd
11y oay = 1 ey cnay = sup 2657185 (f) [, (8.6)
seN

Here and in what follows, for positive quantities a and b we will use the nota-
tion a < b (the order equality), that means that there exist positive constants C'; and
(s, which do not depend on one essential parameter in the quantities a and b, such
that Cia < b (we write a < D, i.e., order inequality) and Csa > b (we write a > b).
The main results of this chapter will be formulated in terms of the order relations.
All of the constants C;, ¢ = 1,2, ..., appearing in the chapter, could depend only
on the parameters from the definition of the class, metrics where we measure the
approximation error, and from the dimension of the space R?. In some cases this
dependence will be indicated in an explicit way, sometimes it will be clear from the
context.

Note that after the corresponding modification of the “blocks” d5( f), the given
above norm representation for the spaces B’"H(Td) can also be generalized to the
extreme values p = 1 and p = oo (see, e.g., [25 Remark 2.1]).

Let Vi(t),t € R, [ € N, denotes the de la Vallée-Poussin kernel of the form

2l-1

Vi(t) —1+2Zcoskt+2 Z (1—#) cos kt ,

k=1 k=l+1

where for [ = 1 we assume that the third term equals to zero.
We associate each vector s € N? with the polynomial

d
H ‘/25 'I] 1(37]))7
j=1

and for [ € Lg(']I‘d), 1 <p< oo, set

As(f) = As(f: :B) = (f * AS)($)7
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where * denotes the operation of convolution. Thus, for 1 < p < oo, the norm of
the spaces B;,Q(Td), r € R r; >0,7=1,...,d, can be defined as follows:

[
1|57, (rey =< (Z 2(8”’)9|As(f)|§> , 1<0 <00, (8.7)
seNd
1f 1By ray = || fll 2y ey = Sup 26| Ag(£)]l,- (8.8)
se

We will keep the notation B , (T?) also for the respective classes (the unit balls
in the spaces B;ﬁ(’]l’d)). For the classes, we will use the respective definition of the
norm from either (8.5), (8.6) or (8.7), (8.8) depending on the value of the parameter p.
This should not create any confusion, since we study the asymptotic characteristics
of the classes of functions. These definitions of the norm, as noted, are equivalent
to (8.1) and (8.2).

Further we formulate a definition of the Sobolev classes W], (T?), that are also
investigated in this chapter.

Let F.(x, ) are multivariate analogs of the Bernoulli kernels, i.e.,

d
Frlz,a) = QdZ ij—rj cos </<;ja:j — %) , 7;>0,a; € R,
ko j=1

and we sum over the vectors k = (ky, ..., kq), suchthatk; > 0,5 =1,...,d. Then
by W} o (T%) we denote the class of functions f of the form

f(@) = (@) * F(w, a) = (2m) / oY) Fy( — y, )y,

p € Ly(TY), e, <1.

For forerunners in the investigation of different approximation characteristics
of the classes W} ,(T?), H}(T) and B}, ,(T), we refer to [18,37,58,60,66,70], and
the references therein. Also we recall that for the introduced classes the following
embeddings hold:

By ,(T?) € Wy o(T%) C Bpo(T), 1<p<2;
By, (T%) c Wy o(T% C By (TY), 2 <p < oc; (8.9)
W;Q(Td) C B;:OO(Td) = H;(Td), 1 <p<oo.
In particular, in the case p = 2 we have W7 (T%) C B} ,(T?) C Wy ,(T%).
Note that with the growth of the parameter 6, the classes B;,Q(Td) expand, i.e.,
By (T C By, (T%) C Bl (T%) C B (T%) = Hy(T?), 1<6; <6, < oo.
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Further, for simplicity, in place of W ,(T%), H7(T") and B; o(T?) we will use
the notation W, H and B ,. This should not lead to misunderstanding because
only these classes of functions are considered in the current chapter. Also we write

L, and L} in place of L,(T%) and Lg(Td), respectively.

We assume that coordinates of the vector » € R?, as the parameter of the
defined classes, are ordered such that 0 <71 =ro=---=7r, <r,;1 < --- <1y,
and also that v € R? is a vector with the coordinates v =mri/r, g =1,...,d
Besides, v/ € RY, where v, =y =1ifj=1,...,vand 1 <7} < ;ifj =
v+1,...,d.

In what follows, we define the norm || - ||,, := || - || 3, ,(r¢) in the subspaces
quchg,lgqgoo.

For trigonometric polynomials ¢ with respect to the trigonometric system

{ei(kﬂ:) }kEZd7

the norm ||t||5, , is defined by the formula

1|3, = Z [As(®)]lgy 1< g <00

seNd

(the sum contains a finite number of terms).
We define the norm for the functions f € L such that Y ||As(f)llq is
convergent:

£z, =D 1A(Hlley 1< g < o0

seNd
Note, that in the case 1 < ¢ < oo it holds
1AlB,, =D 16s()llq. (8.10)
seNd
For f € B,1,1 < g < oo, it holds
I lle < s Il < B, < B (8.11)

The space B, is sometimes called the “zero” Besov space (when the smooth-
ness parameter r equals 0 = (0,...,0) € RY). Besides, it was shown in [14] that
the space B, can replace the space L., without changing the associated approx-
imation numbers for the embeddings of the periodic isotropic Sobolev spaces and
Sobolev spaces of functions with dominating mixed smoothness.

Remark 8.1. Such spaces and, respectively, norms, can be considered in a more general
case, namely Bp,q(Td), 1 <p,q < oo (see eg., [24]).
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8.2 Approximations by step hyperbolic Fourier sums and best approxima-
tions

First, we give definitions of the approximation characteristics, which are in-
vestigated in this section.
Forn e N, s ENdand'y ERd,'yj >0,7=1,...,d, we put

Q1= J »nls),
(8,7)<n

where p(s) is defined by (8.3). The set ()7 is called the step hyperbolic cross. In the
case v = (1,...,1) := 1 € N9, we use the notation Q1.
We consider the set of trigonometric polynomials

T(Q)) =< t:t(x) = Z cpe'®®) ¢ € C, x € RY
keQ

and for f € LY define

Sor(f) == Spa(f, x) = Zf (k@) e R

kecQy

where, recall, f(k) are the Fourier coefficients of the function f.
The polynomial Sy (f) is called the step hyperbolic Fourier sum of the func-
tion f. According to (8.4), it can be written in the form

Sou(£) =D 8s(f). (8.12)

In connection to the above defined sets of polynomials, we will consider the
following approximation characteristics.

Let 2 be a d-dimensional, d > 1, function space defined on T? equipped with
the norm || - || 2. Then, for f € 2, by

EQz(f)%iz mf ||f—t\|%

we define a quantity of the best approximation of the function f by polynomials

from the set T(Q7).
Respectively, for the function class F' C 2, we set
EQ;V(F)% := sup EQZ(f)% (8.13)
feF
243



CURRENT TRENDS IN ANALYSIS, APPROXIMATION THEORY AND THEIR APPLICATIONS

Along with the quantity (8.13), we investigate the approximation characteristic
Squ(F) o = sup 1f =S (]2 (8.14)
S

An investigation of the approximation properties of (8.13) and (8.14) on the
Sobolev classes W, and Nikol’skii-Besov classes B, in the case 2" = L, has a
rich history. We refer to the monographs [18,37,58, 60, 66].

The aim of this section is to get estimates for the quantities (8.13) and (8.14) in
the case when F'is the class B) y or W, and 2" = B .

First, we note the existing connection between the quantities Egy(f)n
é01(f)B,,» namely, the following relation:

EWQ;LY(][I)BQ’1 = g@l (f)Bq,N 1< q < OQ. (815)

In comments to the obtained results we will refer to the uni-variate case. Let
us provide respective modifications of the quantities (8.13) and (8.14).
For ' C Z we set

Eon(F)g :=sup inf ||f —t] 2,
fg tGT(Qn

T(2") := {t: tx)= ) ™, ¢ eC, xe R}.
According to the definition (8.14), we put
En(F) g =sup [|f — Son ()],
feFr

. and
q,

where

n

Son(f) := Son(f, ) Z flk)e™ =3 "6,(f.2), z€eR. (8.16)

k=-2n s5=1

Let us formulate an auxiliary statement that we will use multiple times in the
proofs.

Lemma A ([58], Lemma B, p. 11). Let s € N%, v € RY, v > 0,7 = ,d. Then
forao > 0, the following estimate holds:

Z 2 2 alld 1
(,'y>l

If v € R? is such that y; = v, =1forj=1,...,vand1 < v; < v forj =
v+1,...,d, then for o > 0, it holds:

22 ,7A2allu1
>

(s,y)>l
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Theorem A. Let

wherex € RL k € 7% n € N ¢, € C. Then for 1 < p < q < oo the following
inequality holds:

|=
|=

[£]]q < Qdan Ntllp- (8.17)

Inequality (8.17) was obtained by S. M. Nikol’skii [31] and is referred to as the
inequality for different metrics.

Now we move to a step-by-step proof of the results. For the details on param-
eters contained in the definitions of the function classes (e.g., 7,7, 7', ) we refer
to Section 8.1.

We begin with estimates for the Nikol'skii-Besov classes B/ , from [32] (see
Remark 8.10 for the general statement). First, let us get the exact order estimates

for the quantities &4y (B; 4)5,, and Egy (B} ) p,, in the case 1 < p < g < cc.

Theorem 8.1. Letd > 2,1 < p< qg<o0,1 <0< 0. Then forr; > 1/p—1/q
the following estimates hold

S Br)s, = Boy(Blos, <2 "5 ) 005) - (g1g)

Proof. To get the upper estimates in (8.18), it is sufficient, due to (8.15), to respec-
tively estimate the quantity &z (B} )5, -

Let f be a function from the class B’ ,. Then, from the equivalent representa-
tion (8.10) of the norm in the space B, ;, we have

— ) (S

(s,7)<n

oy (f) B, =

> 5(f)

(8,7)>n

Bq71 By

= 16| Do SO [ £ D N8s(Hllg = . (8.19)

seNd s’eNd (s,y)>n
\(#'m)2n

q
To further estimate the quantity .J;, let us distinguish three cases depending
on the value of the parameter 6.
Case 0 = 1. Then, taking into account Theorem A and the fact that (s,1) <
(s,7), we can write

_ (51)(1—1)
Ji< Yo 27Tl 5,( 1), <
(8,7)=n
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< 3 2l ), <

(2
1.1 1
<205 S 9l < 2 O D gy, < 2705,
(s,y)=n

Case 1 < 0 < oo. Using the Holder inequality with the power 0 to J;, we get

H(it
ns Y0 o (e nGmn))gensy ), <
(s,y)>n
1 1
’ 11 o
< Z 2(S7T)9"58(f)’|]9) Z o~ \(&7) Sl(p q)>9 <
(8,7)>n (s,y)>n
1 1
1(L41))o g Ly,
<Ifllsr, | > 27 (r1(3)) < Y 2 A1) ) (s.20)
(s,y)=>n (s,7)>n

where ¥ € R?is such thaty; = (r; — 1/p+1/q)/(ri — 1/p+1/q), i =1,...,d.
One can easily check that 7; = 7; = 1forj = 1,...,vand 1 < 7; < 7; for
j=v+1,...,d. From this, using Lemma A for the last sum in (8.20), we obtain

1.1
Jo< 2" n(r- p*q)n(v—ﬂ(l—%),

Case 6 = oo. Taking into account that for f € B 1 < p < o0, it holds (see

(8.6))

poo’

16s(F)ll, <277, s eN, (8.21)

using Lemma A, we have that

J1<< Z 9~ sr) (sl Z 9~ sr 1 —|—1)):

(8,7)>n (s,y)>n
11
= > 2 (53 (n=3+3) P ) B (8.22)
(s,y)>n

Combining (8.19)—(8.22), we obtain the upper estimate for eg"Q;{(B;ﬂ) B,.» and
hence for Egy (B} )5, ,-

It is sufficient to get the lower estimate in (8.18) for the case v = d. Below we
construct a function that realizes the obtained upper order estimate.

Let

d—1

1
g(x) = Cs 2‘”<”“‘p>n—edn(m), Csy >0, (8.23)

246

H



CURRENT TRENDS IN ANALYSIS, APPROXIMATION THEORY AND THEIR APPLICATIONS

where

do(m)= ) Y ®

(s,1)=n kep(s)

Let us show that g € B} , for certain choice of the constant C3, r=(ry, . ...

RYr; >0,1<p<oo1<6<o0.
Let first 1 < 6 < oo. Then we can write

=

lgllsy, = | > 257N6s(o)ly | =
(s,1)=n

=

1 1
- 2771(7“1+1—p)n_dT Z Q(S’T)QHCSS(CZn)Hz _
(s,1)=n

| :
e I Dl XCAI-
(s,1)=n
Then we use the known relation
m 1
Zeikx =m' P, l<p<oo, z€R
k=—m D

(see, e.g., [60, Ch. 1, §1]), and get

1
165(d)l, = 25,

7T1) S

(8.24)

(8.25)

Substituting (8.25) into (8.24), we continue the estimation of ||¢/| pr, as follows

1

0

lollsg, =200 [ 30 20 05)7 ) 2
(s,1)=n

0
_d-1 _d—1 41
=n ¢ g 1 =n 'n 0 =1.
(s,1)=n

Let further § = oo. Then the function g takes the form

g(x) = Cy4 2_n<rl+1_%)dn(w)
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and therefore, in view of (8.5) and (8.25), we get

1
—n|lr+1—=
by = sup 2676, (g)l, = sup 2072 U (d) ), < 1.

seNd s:(s,1)=n

lg]

We make a conclusion that for an appropriate choice of the constant C;y > 0, the
function g € By
Then, taking into account that Sg: (g) = 0 and the relation (8.25), we can write

1
—n|ri+1—= _d-1
Eor(@)s,, = Ear@)n = lolls, =270 D)0 ST 16a(d)l, <

(s,1)=n
= 2—n(r1+1—%)n7% Z 2(5’1)(1_%) = 2_n(rl_%+%)n(d_l)(l_%)_
(s,1)=

Theorem 8.1 is proved. []

=N

In what follows, we separately consider the case p = ¢, since in this situation
the orders of the corresponding approximation quantities for Q7 and Q7' with v =
vy=1lifj=1,...,vand1 <~ <y;if j=v+1,...,d, differ.

Theorem 8.2. Letd > 2,1 < p < 00,1 <0 < 0. Then forry > 0 it holds

1
] r - O—Nnri v=1)(1-3
édQ:{/ (B;;G)Bp,l —~~ EQ’TZ/ (Bp,e)Bp,l —~~ 2 n( ( 0) .

Proof. We will argue similarly to that in Theorem 8.1. For f € B] y, we obtain

Sy Ny < D 1186(F)llp = Ja.
(8,7)2n

Further, as above, we distinguish three cases.
For the case # = 1, we note that 2= (&7 < 278771 and write

J2 — Z 2*(8,’)’)7’12(877')Hé‘s(f)Hp S 27”T1||f||B}’;1 S 2,7”"1.
(87')=n
In the case 1 < 6 < 0o, by Lemma A, in view of v = r/r1, we obtain

1 1
0 7
1

JQ < HfHB;ﬁ Z 2*(877')0’ < Z 2—(3,7)7’1 9’ < 2*7”1”(’/_1) (1_9).
( '7)>n (37,7/)>n

Case f = oo. In view of (8.21), Lemma A yields

Jo < Z 2—(s,r)<<2—nr1nz/—1.

(5,7)>n
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For the respective lower estimate, it is sufficient to consider the function g &
B 4 from the proof of Theorem 8.1.
Theorem 8.2 is proved. []

Remark 8.2. Under the conditions of Theorem 8.2, for the quantities &y (B} )5, ,
and Eqgy (B} ) p,, it holds

p,1

1
E01(BL o), = Eg1(Bl )5, — gy (15) (8.26)

To comment on the obtained results in Theorems 8.1 and 8.2, first, let us note
that the corresponding statements, where the error is measured in the norm of L,
are known. We formulate them for convenience.

Theorem B. Let d > 2. Then forr; > 0 it holds

X l<p<2 p<b<oo,
& ;{’( ! ) = EQg’(B;,G)p =

1

Q—nr n(y_l) (5

p,0/p 1
2

1
0
_ (1/—1)( l)
27" 0), 2<p<oo, 2<6<o0.
In the cases either 1 <p <2andl1 <0 <p,or2<p<ooandl <0 <2, itholds
E0r(Bha)p =< Eqp(Bjg)p =< 27"

In the case § = oo, Theorem B was proved in [13] for p = 2 and in [29] for
1 < p < 0. In the case 1 < 6 < o0, the corresponding estimates were obtained
n [40].

Theorem C. Letd > 2,1 < p< g < oo,1 <60 < oo. Then forry > 1/p — 1/q the
following relations hold

1.1y (i1
5@%( )q -~ EQ"(B )q =2 (Tl_p+q>n( 1)<q 9)+,
where a, = max{a, 0}.

In the case § = oo, Theorem C was proved in [59] for 1 < p < ¢ < 2 and
in [58] for 1 < p < g < 00, ¢ > 2, respectively. In the case 1 < 6 < oo, the
corresponding estimates were obtained in [40].

Remark 8.3. Comparing the results of Theorems 8.1 and 8.2 (see also (8.26)) and The-
orems B and C, we make the conclusion: only in the cases) = 1 orv =1 (d =1
respectively) the corresponding approximation characteristics of the classes B} , in the
spaces B, 1 and Ly, 1 < p < q < 00, coincide in order and, if additionally p = q, they
do not depend on the parameter p. In all other cases, their orders differ.
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Returning to Theorem 8.2, we note that it does not cover the limiting cases
p € {1,00}. The next statement concerns these limiting cases, but only for the

quantity £ (Byg)s,, [32].

Theorem 8.3. Letd > 2,p € {1,00}, 1 < 6 < co. Then forry > 0 it holds

1
T —nry, (v=1){1-73
Ey(Byg)p,, =< 270! (1-3). (8.27)

Remark 8.4. One can show that under the conditions of Theorem 8.3 it holds

1
Eqy(By)s,, = 20 (0), (8.28)

To compare the estimate (8.27) with the corresponding results in the space L,,
p € {1, 00}, let us formulate the known statements.

Theorem D. Letd > 2,1 < 0 < oo. Then forry > 0 it holds

1
Ev (Bl g = g (1-5) (8.29)

The estimate (8.29) in the case § = oo was obtained in [61], and in the case
1 <6 < ooin[36].

Theorem E. Letd = 2,1 < 0 < co. Then forr = (ry,11), 71 > 0, it holds

1
Egy (Bl g)eo <2700, (8.30)

The estimate (8.30) in the case § = oo was proved in [61], and in the case
1 <0 < ocoin [46].

Remark 8.5. A question concerning the orders of the quantity Ey(B?, ) ford > 2
remains open. In particular, for the classes H’_ see [18, Open Problem 4.7].

Remark 8.6. Comparing Theorem 8.3 for p = 1 with Theorem D we conclude that for
d>21<6<o0andr; > 0 it holds

1
r - T - o—nri (v=1)(1-3
E (Bl g)p,, =< Eqyy(Big) = 27""n (1--3),

Similarly, comparing Theorem 8.3 for p = oo (see also (8.28)) with Theorem E we see
that ford =2,1 < 0 < oo andr = (ry,71), 71 > 0, it holds

Egi(Blg)Bay = Eg1(Blg)ee <270 70,

Remark 8.7. The orders of the quantities &, (B} 4),, and & (B g)ps 0 € {1,001},
1 <60 <o00,r; >0 in the case d > 2 remain unknown.
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In view of (8.27), (8.28) and (8.30), we formulate the conjecture.

Conjecture 8.1. Letd > 2,1 < 0 < oo. Then forry > 0 it holds
1
T — o-nr, (w=1){1-75
EQZ,( oo,G)OO = 2 n( )( 9)7
1
g (d=1)(1-7
Egy(Bl g)oo = 270 (-3).

To conclude, we consider one more relation between the parameters p and ¢ [32].

Theorem 8.4. Letd > 2,1 < g <p < o0,1 <60 < o0. Then forry > 0 it holds
T r —nry (’/_1)<1_%)
éa@;{’(Bp,H)qu = EQZ/(Bpﬁ)BqJ =2 n . (8.31)
Let us recall the known statements for the corresponding approximation char-

acteristics in the space L,.

Theorem F. Let d > 2,1 < ¢ < p < oo, p* = min{2,p}, r1 > 0. Then for
p* < 0 < oo it holds

), (8.32)

S

T - LLEP (v— 1)(%
(g)Qg/(Bp,(‘))q - EQ ( pﬁ)q =27 P

In the case 1 < 6 < p*, it holds
g@'r( )q = EQ’Y(BT ) = 27",

For the classes B)  in the case 2 < ¢ < p < oo the corresponding upper
estimates follow from the upper estimates for the case 1 < ¢ = p < oo (see Theo-
rem B) and the lower estimates follow from [67]. Inthe case 1 < ¢ < 2 < p < o0,
Theorem F was proved in [16,22]. In the case 1 < ¢ < p < 2, the proof of the lower
estimates required a new technique, see [63]. For 1 < 6 < oo, the corresponding
statement was obtained in [40].

Theorem G. Letd > 2,1 <p < o0,1 <60 < o0. Then forry > 0 it holds

r m"1 (V 1)(% é)
ngl(Bpﬂ)l = Q%’(Bp 0)1 =2 P t. (8'33)

In the case 1 < p < 2, Theorem G was proved in [63] for § = oo, and in [21,41]
forl <0 < oo.

For 2 < p < oo and 6 = oo, the upper estimates in Theorem G follow from
the upper estimates for £’Q:{/(H§' )2, see [13]. The lower estimates are nontrivial.
They follow from the corresponding lower estimates for the Kolmogorov widths
dy(HY,, L1), which, as it was observed in [9], are derived from the lower estimates
for the entropy numbers e,,(H’,, L1) from [65].
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If2 < p<ooand 1 <6 < oo, the upper estimate for the quantity é" ( o)1
follows from Theorem Bas p = 2. Itis due to the relation &, +(Bpgh < é" ( 50)2>
2 <p< oo

The lower estimates for the quantity EQ (Bg)1, 2 < p < oo, in the case
1 < 6 < 2 were obtained in [41], and for 2 < 6 < oo they follow from the estimate

for the Kolmogorov width d,;(B”_,, L1), see [49].

00,0

Remark 8.8. Comparing the estimates (8.31) with (8.32) and (8.33), we conclude
that the corresponding approximation characteristics for the classes B} ,, r1 > 0,
1 <60 < oo in the spaces By and L, for1 < ¢ < p < oo andd > 2 coincide in
order only either in the case = 1 orv = 1.

Remark 8.9. It is worth noting, that in the univariate case these approximation char-
acteristics in the spaces B, 1 and L, coincide in order for all values of the parameters
p, q and 0, see [52].

Remark 8.10. Summing up the results from Section 8.2, regarding the classes of B
we get the following statement.
Letd > 2,1 <60 < oco. Then forr > (1/p — 1/q) it holds

D,0°

EQ;{*(B;,@)BM = gQZ*(B;,G)Bq,l - 2—n<r1—<5—5)+> n(u —1)(1—é)
where
e inthecasel < p < q < oo weputy* =~, " =v;
e inthecasesl <p=q<ooandl < q<p < oo weputeithery* =~', u* =v
ory* ==, u* =d.
Ifp=q € {1,00}, then

1
r —nrq —1)(1-3
Eqy(Bpo)B,, =<2 n'" )(1-3)
with either¥* = ~/, u”* = v ory* =~, u* = d.
In what follows, we formulate the obtained results for the Sobolev classes [34].
Theorem 8.5. Letd > 2,1 < p < 0o, r; > 0, o« € R?. Then it holds
B (Wha)B, = &t (Wya)p,, =< 27"l (8.34)

where £ := max{1/2,1/p'}, 1/p+1/p' = 1.

Remark 8.11. One can easily check that under the conditions of Theorem 8.5 the
following relations hold:

EQ:{(W;Q)B;)J = gQZ(W];a)Bp,l = 2—nr1n(d—l)§’ (8-35)
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To complement Theorem 8.5, let us formulate the statement that concerns the
univariate case.

Theorem 8.6. Letd = 1,1 < p < 00,1 > 0, a € R. Then it holds

Epn(WiL)B,, X En(W))p,, < 27",

b, p,1

As a result of the obtained result, we can make a conclusion that in the uni-
variate case the corresponding approximation characteristics of the classes W}, in
the spaces B, ; and L,, coincide in order.

In the case d > 2, the situation is different. Let us formulate the statement for
the space L, that corresponds to Theorem 8.5.

Theorem H. Letd > 2,1 < p < oo, > 0. Then for o € R< it holds
Eqi(Wyalp = 6qz(Wya)p =27 (8.36)

Recall that in the case where 7 is a vector with integer coordinates, the esti-
mates (8.36) were established in [26], and for an arbitrary vector 7 in [29].
In connection with the estimate (8.36), we also note the following relations:

b,

By Woaly = &y Wpady <27 (8.37)

Thus, comparing (8.34) and (8.35) with (8.37) and (8.36), we see that for d > 2
the orders of the corresponding approximation characteristics of the classes W,
are the same only for v = 1. In addition, in the space B, ; there is a dependence of
the estimates of these characteristics both on the dimensionality indices v or d, and
on the value of the parameter p. Moreover, for v # d the orders of approximations
by polynomials from the sets 7(Q7) and T/(Q7') in the space B, ; are different in
contrast to the approximations in the L,-space.

In the following statement, similarly to Theorem 8.3, we complement the es-
timates (8.34) by considering the case p = 1, but only for the best approximations

EQ;{' (W )Bi,-

Theorem 8.7. Letd > 2,7, > 0 and o € R?. Then it holds
E . (Wia)B,, < 2 "pr L

Remark 8.12. Under the conditions of Theorem 8.7, the following estimate holds:
Egy(Wi ), <27 n"

We now present the statement of Theorem 8.7 for the one-dimensional case.
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Theorem 8.8. Letd = 1,r; > 0 and o € R. Then it holds
EQ”(W{,IOL)BIJ =27,

By analyzing the results of Theorems 8.7 and 8.8, we conclude that, for all
dimensions d > 1, the best approximations to the classes W7, in the spaces B
and L, have the same order.

Further, we establish estimates for the quantities (8.13) and (8.14) in the cases
where the parameters p and ¢ are different in the investigated classes and spaces,
whose metric is used to estimate the error of approximation.

Theorem 8.9. Letd > 2,2 < p < q < 00,71 > 1/p—1/q. Then for o € R? it holds

11y (i1
EQz(WI:Oé)Bq,l = @@Q;{(W}:(I)Bq,l = 2*”<7’1*p+q)n( 1)(1 p). (8.38)
A corresponding to Theorem 8.9 statement for the space L, is the following.

Theorem I ([20]). Letd > 2,1 <p < q < oo, 7, > 1/p—1/q. Then fora € RY it
holds
1.1
By (W) = 6qp(Wia)y = 27070, (8.39)

Hence, comparing the estimates (8.38) and (8.39) for 2 < p < ¢ < o0, we
conclude that the corresponding approximation characteristics of the classes W,
in the space L, have different orders (except the case v = 1). Moreover, in the space
B, 1, the obtained estimates depend on the dimension v. In the one-dimensional
case, the situation is different.

The following assertion is true.

Theorem 8.10. Letd =1,1 <p < g < oo, > 1/p—1/q, « € R. Then it holds

T17_+_

1 1
By (W5 = En(WI) 5 =2 "07540),

Note that for d = 1 the considered characteristics of the classes W, in the
spaces B, 1 and L, coincide in order.

To conclude this part, let us consider one more relation between the parameters
p and gq.

Theorem 8.11. Letd > 2,1 < ¢ <2,qg <p < oo, > 0. Then fora € R< it holds
v—1

By (Wya)B,, = 6y (Wya)p,, <270 2 (8.40)

A statement that corresponds to Theorem 8.11 in the space L, is as follows.
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Theorem J ([60], Ch.3,§3). Letd > 2,1 < ¢ < p < 00,71 > 0. Then for o € R? it
holds
EQZ/(W};:a)q = @@Q:{’(W};a)q = 27" (841)

Thus, comparing the relations (8.40) and (8.41), we see that the order estimates
of the corresponding quantities as v # 1 are different.

In addition to Theorem 8.11, we formulate a result for the one-dimensional
case.

Theorem 8.12. Letd = 1,1 < ¢ < p < 00,1 > 0. Then for a € R it holds

E2"(W];104)Bq,1 = (§2n(WI;1a)B = 27",

q,1

Thus, in the one-dimensional case, for 1 < ¢ < p < oo the corresponding
approximation characteristics of the classes W', in the spaces B, ; and L, have the
same order.

Remark 8.13. To conclude, we note that the upper estimates that were obtained for
the Sobolev classes W, in Theorems 8.5-8.12, in view of the embeddings (8.9) and
relations (8.11), are corollaries to the respective results for the Nikol’skii—Besov classes
B . So, in particular, the upper estimate in Theorem 8.5 follows from the estimates of
Theorem 8.2, and the estimate in Theorem 8.9, respectively, follows from Theorem 8.1.
To establish the lower estimates in both of these theorems, we use the function g, given
by the formula (8.23) as 6 = 2.

Remark 8.14. For the results concerning errors of approximation of functions from
the classes B , and W, by their step hyperbolic Fourier sums in the space B, see
Section 8.3 (Corollaries 8.1- 8.4 and 8.7).

8.3 Best orthogonal trigonometric approximations

Let us define the investigated below approximation characteristic and formu-
late auxiliary statements.

Let 2" be a normed space with the norm || - || 2~ and Oy, := {k', ..., k") be
a set of vectors k/ € Z%, j = 1,..., M. For the function f € 2 let us denote

d(f) =0 1 = e, ()2

where

Sou (f) = Se,(f, =) Zf (k)™ z e R,
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and

F(k) = @)~ | f#)e * Dt
’]I‘d

are the Fourier coefficients of the function f that correspond to the set of vectors
from O,,.
Respectively, for the function class F' C 2~ we set

exr(F) o = sup exr(f) . (8.42)

The quantity ey, (F') 4 is called the best orthogonal trigonometric approxima-
tion of the class F' in the space 2. The history of investigation of the quantity
(8.42) for the classes F' = W, and F' = B/ , in the spaces 2" = L,and 2" = By,
1 < q < o0, is described in the papers [10, 19, 38, 39, 43, 45, 54] and in the mono-
graph [37].

In this section we prove the results that concern the limiting case B, ;. For the
estimates of the best orthogonal trigonometric approximations of the Nikol’skii-
Besov and Sobolev classes in case of other parameter values see Section 8.4 (Theo-
rems T, 8.19, 8.20).

Let us formulate the statements that we will use in further argumentations.

Theorem K ([43]). Let 1 < p < 00,1 <0 < o0, > 1/p. Then ford > 1 it holds

i 1

exr(Bhg)oo = (M log” " M) " (log” " M) 9.

Theorem L ([60], Ch.1,§ 3). Letd = 1, & € R and ry > 1. Then it holds
é"n(Wﬁ;)oo — 9—n(rn-1)

Theorem M ([43]). Let 1 < p < 0o, a € R andry > 1/p. Then ford > 1 it holds

1 1
exr(Wr)oe < (M log"™ M) 7 (log" ™ M)' 7.
In what follows we consider first the uni-variate case.

Theorem 8.13. Letd = 1,1 < p < 00,1 <0 < oo andry > 1/p. Then it holds

1
ex(Bry)p., =M " (8.43)

Proof. Let us establish an upper estimate in (8.43). First, we note that due to the
embedding of B;}Q C H;l, 1 < 6 < o0, it suffices to obtain it for 8 = oo, i.e. for the
classes H,'.

So,let M € Nand f € Hgl. To approximate the function f, we will use a
polynomial of the form (8.16), where the number n is related to M as 2" < M <
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2"*t1 Then, according to the definition of the norm in the space B, 1, taking into
account the convolution property, we obtain

00 00 s+1
SDpey €1 = SulDlme, = | S 6| = 3 A 3 v
s=n+1 Boot s=n+1 s'=s5—1 00
s+1
< Z A1 ] D dw( = J. (8.44)
s=n+1 s'=s—1 00

To continue the estimation of the quantity .J3, we note that according to the
relation ||Vas||; < C5, C5 > 0 (see, e.g., [60, Ch. 1, § 1]) we have

[As]l1 = [[Var = Vasa[[1 < [[Vas

1+ H‘/Qs—lul < 067 Cs > 0. (8.45)

Next, we consider two cases depending on the values of the parameter p. Let
p = 1 first. Then for the quantity .Js, taking into account (8.45), we obtain the
estimate

00 s+1 s+1
< > Zé <Z > 16e(Hlls
s=n-+1 00 s=n+1 s'=s—1

<<ZH5 Hoo—Z

S=nNn

= Ju.

iy

Next, taking into account that the norm of the operator ds: dsf = d5(f), as an
operator from L, to L., does not exceed 2° in order, we continue to estimate the
quantity Jy:

(@]

s5+1 00 s+1
Jy < Zzs AN D2 D A =5
s'=s5—1 1 s=n  s'=s5-1

Taking into account that for the function f € H{' the relation (8.8) holds as p = 1,

ie., ||Ag(f)]1 < 27", we can write
00 s+1 00 00
J5 < Z 25 Z 2—5’7“1 < Z 252—87‘1 — Z 2—S(T1—1) < 2—n(r1—1)' (846)
s=n s'=s—1 s=n s=n

Now consider the case 1 < p < oo. Using the inequality of different met-
rics, and also taking into account that for f € H)' according to (8.6) the condition
104 (f)]l, < 27" is satisfied, we obtain

s+1

> balf

s'=s—1

s+1 s s+1 s

1
< ) 2p\]5 W< Y 2p2m 97 ). (8.47)

s'=s—1 s'=s—1
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Accordingly, for J3, using (8.47), we can write the estimate

Jz < Z oo p) = 9 y), (8.48)

s=n+1

So, taking into account (8.44), (8.46), (8.48), as well as the relationship between
the numbers M and n, we obtain the estimate

1
ej_4<B;39)Bm,1 <M 7"1+p.
The estimate above is proved.
Regarding the lower estimate in (8.43), we note that it is a consequence of The-
orem K under the condition v = 1, since according to the relation (8.11) (|| f|cc <

HfHBoo,l), we can write

1
e (Bry) b, > enp(Bly)s < M "D,

Theorem 8.13 is proved. ]

Corollary 8.1. Letd = 1,1 < p < o0,1 <0 < oo andr; > 1/p. Then

1
En (BB, = 2 n(np), (8.49)

The upper estimate in (8.49) was established in the proof of Theorem 8.13. The
corresponding lower estimate is also a consequence of this theorem, since for 2" <
M < 2"t we have

1
(%”(B )B 1 > eM(B;,lﬁ)Bool =2 ( 1 p>.

s

Further, we obtain statements similar to Theorem 8.13 and to Corollary 8.1 for
the classes W1,

Theorem 8.14. Letd = 1,1 < p < oo, € Randr; > 1/p. Then

1
e (Wit)p, <M "'p

Proof. The upper estimate follows from Theorem 8.13 according to the embedding
Wi, C H,'. The corresponding lower estimate for p = 1 is a consequence of
Theorem L under the condition 2" < M < 2"*! and, in the case 1 < p < oo, is a
consequence of Theorem M.

Theorem 8.14 is proved. []
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Corollary 8.2. Letd = 1,1 < p < oo, € R andr; > 1/p. Then it holds

1
E(Wr g, =2 "(78).

Remark 8.15. Analyzing Theorem 8.13 and Corollary 8.1 for the classes B;,la as well
as Theorem 8.14 and Corollary 8.2 for the classes W'

La» We conclude that under the
respective conditions the following relations hold:

e]J\_f(B;je)Boo,l ~ 6?\_4(3;719)00, ej_ (er ) Boo = eJM(W;,la)Oo;
CfgaQ’rz,(B;je)BooJ = 52”(3;719)007 an(Wp Oé)B 1 = gQrL(W]:;la)oo

In the following statements we consider the multidimensional case (d > 2).

Theorem 8.15. Letd > 2,1 < p < o0,1 <0 < oo, > 1/p. Then it holds

1 T -1 v—1 7"1—l v—1 -1
enr(Bhg)Bo, < (M log” " M)~ p(log” " M) 9. (8.50)

Proof. Let us first establish the upper estimate. Let f € B}, and v = (71, ..,7a)-
Then, setting v(d) := 71 + - - - + 74 and choosing the number n=n(M) € N from
the condition M = 2”n”_1 and using the convolution property, we can write

eﬁ(f)Bm Z Os( = Z 0s ( =

(s,y)<n Bt (s,y)>n Boo
55| PR SR AT IS S PR ST
seNd s'eNd (s,v)>n—(d) s'eNd 00
(s 7)2n . 58/ lloo<1

< D A DD WD) < D> D Be(Plle <

(s:7)=n—(d) s'end (s7y)zn—y(d) —s'end
ls—slco <1 50 [

< > 1)l = e (8.51)

(877)271_27(61)

Next, we first consider the case p = 1. Taking into account that the norm of
the operator 05: d5f = 05(f), as an operator from L; to L., does not exceed 2(s:1)

in order, where 1 = (1,...,1) € NY for the quantity .J; we obtain
S A
(s,7)2n=27(d) [8—5"lloc<1 50
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< ) 2 X AP <

(8,7)2n—27(d) [s—5"[[0<1

< Y 28YA(H)]h =T (8.52)

(8,7)>n—37(d)

To continue estimating the value of J7, let us consider several cases.
a) Let 1 < 0 < oo. Then, applying to J; the Holder inequality with the expo-
nent ¢ and taking into account (8.7), we can write

;
T Y 2 A Yo o2lre) <
(8,7)>n—37(d) (8,7)=n—37(d)
1-3 1—3
< HfHBfg Z 9—(s7— 1);% < Z 9—(8.7)(ri— Pt = s,
(8:7)=n—37(d) (8:7)=n—37(d)

where 4 = (91,...,7q) is the vector with coordinates 7; = (r; — 1)/(r1 — 1),
j=1,...,d,and r — 1 denotes vector with coordinates r; — 1, j = 1,...,d. Itis
easytoseethaty, =v;=1,7=1,...,v,and1 <~; <7;forj=v+1,...d, and
therefore, using Lemma A for M < 2"n’~1 e obtain

1 1
Jy < 27—, ¢=0(1=5) (M og” ' M) (log” ' M)'74. (8.53)

Combining (8.51)—(8.53) we arrive at the desired upper estimate of the quantity
ear(Bl )., in the case 1 < 6 < oo.
b) Let & = 1. Then we estimate .J; as follows:

Jo= Y, 2BTADIh Y <«
(8,7)=n—37(d)
< > 2 AN Y <l fllgy,  sup 27N«
(s,7)>n—37(d) " (8,7)>n—37(d)
< 27 = (Mt og”t M) L (8.54)

From (8.51), (8.52) and (8.54) we obtain the desired upper estimate of the quan-
c) In the case of ! = oo, taking into account that for f € B} ., = H according

to (8.8) the relation || A(f) ~(87) s € N9, is true, we have

< Y 2ebrbn o N grledine

(8,7)2n—37(d) (s,7)2n=37(d)
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<27 = (M og” ™t M) log” ™! M), (8.55)

Combining (8.51), (8.52), (8.55) we get the desired upper estimate of the quan-

tity eﬁ( 1T7OO)BOO71'
Now consider the case 1 < p < oco. Using the inequality of different metrics,
we can continue the estimate for Jgs as follows

= Y IaDles Y 27 a0l 650

(s:7)2n—2v(d) (s,7)2n—2v(d)

where ||s||1 :=s1+ - + sa.

The further evaluation in (8.56) is carried out in a similar way as in the case of
p = 1for J7, with the difference that for the classes By, the decomposition defini-
tions of the norm (8.5) and (8.6) are used.

As a result, we obtain that for 1 < p < oo it holds

1 1
e3r(Bhg)p., < (M 'log” ' M) #(log" ' M) 0.

The upper estimate on (8.50) is proved.

The lower estimate on (8.50) is a consequence of Theorem K according to the
relation (8.11).

Theorem 8.15 is proved. []

Corollary 8.3. Letd > 2,1 <p < 00,1 <60 < oo andr; > 1/p. Then it holds

1
S (B, = 27" (19). (8.57)

Let us formulate two statements similar to Theorem 8.15 and Corollary 8.4, but
for the classes W ,, the estimates in which are obtained taking into account the

embedding (8.9) and Theorem M.
Theorem 8.16. Letd > 2,2 < p < oo, @« € R and r; > 1/p. Then it holds

1 1
et (W gy = (M~ log” ™t M) P (log"t M) .

Corollary 8.4. Letd > 2,2 < p < 00, « € R andr, > 1/p. Then it holds

s W = 20Dy,

0,1

Remark 8.16. From Theorems 8.15, 8.16 and Corollaries 8.3, 8.4 it follows that, in
contrast to the one-dimensional case (d = 1) the values of the considered approxima-
tion characteristics of the classes B} , and W, differ in order. In addition, in the case
d > 2, the estimates that were obtained in Theorem 8.15 and Corollary 8.3 depend on
the parameter 0.
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Furthermore, as a consequence of the estimates of the quantity &y (B )., ,
and the known results of the approximation of these classes in the space L., we
establish the orders of the orthowidths dﬁ(Bfﬁ, Boo1). Let us recall the definition
of the corresponding approximation characteristic.

Let {u;}}, be an orthonormal system of functions u; € L., in the space Lo,
i = 1,..., M. To each function f € Z we assign an approximation aggregate
of the form S"™. (f, u;)u;, i.e., an orthogonal projection of the function f onto the
subspace generated by the system of functions {u;}Z,. Here

(f,u;) = (27r)_d Tdf(a:)ﬂi(w)da:.

For F' C 2 the quantity

M
di(F,Z)= inf sup|/f— fu)u;
HR )=t sl =3 (]

is called the orthowidth (Fourier-width) of the class F' in the space 2. The or-
thowidth dy;(F, L,) was introduced by V. N. Temlyakov [68] and, in particular, on
the classes Wy, H) and B, in the spaces L, 1 < q¢ < 00, By1, p € {1, 00}
was studied in the papers [2,7,8,21,41,46-48, 50, 54, 64] (see also the monographs
[18,37,58,60]). In these works, one can find the history of the study of the corre-
sponding quantities on other functional classes.

Let us formulate one result, which we will use when obtaining the order esti-

mate of the quantity dy( 19> Boo1)-

Theorem N. Letd > 1,1 < p < 00,1 < 0 < oc. Then forry > 1/p it holds

1 1
dyy( "9 Loo) = (M~ og” t M) p(log” L M) 5.

Note that for § = o0, i.e., for the classes Hg , the respective estimate was ob-
tained in [64], and for 1 < # < oo in [46].
The next corollary concerns orthowidths of the classes BY , in the space B ;.

Corollary 8.5. Letd > 1,1 < 0 < oo. The forry > 1 it holds

1
dy; (Bl g, Boo1) = M~ (log” ™t M) 4. (8.58)

The upper estimate follows from (8.49) and (8.57) for an appropriate choice
of the numbers n, and the lower estimate according to the inequality (8.11) is a
consequence of Theorem N for p = 1.

Note that the estimate (8.58) complements the corresponding result for B/,
1 < p < oo established in [50].
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Finally, we present two corollaries concerning the corresponding approxima-
tion characteristics of the Sobolev classes W{’ o- For this, we also need an auxiliary
statement.

Theorem O ([64]). Letd = 2, 7 = (ry,71), r1 > 1. Then it holds
dy (Wi, L) < M ™"+ (log M)"
Corollary 8.6. Letd = 2, 7 = (r1,71), r1 > 1. Then it holds
dyy (W1 g, Boop) =< M~ (log M)™. (8.59)

The estimate from above follows from (8.58) as f = oo due to the embedding
Wi C Hf. The corresponding estimate from below in (8.59) is obtained from
Theorem O according to the relation (8.11).

Corollary 8.7. Letd = 2, 7 = (r1,71), r1 > 1. Then it holds
Egr (W) < (W g)p., =< 27" U, (8.60)

Note that it is sufficient to establish the upper estimate in (8.60) for the quantity
601 (Wio)B...» and the lower estimate for &g1 (W71g)oo

Therefore, the upper estimate for the quantity &g (W7)p,., follows from
Corollary 8.3 under the condition d = 2, § = oo according to the embedding
Wl C Hi. The lower estimate for the quantity &g1 (7)o follows from The-
orem O under the condition that the number n € N is chosen for a given M from
the relation M =< 2"n.

8.4 Best M-term trigonometric approximations

Let 2" be a normed space with the norm || - ||~ and ©y := (k' ... EM}be
asetof vectors k’ € Z%,j =1,..., M.
We will consider trigonometric polynomials of the form

P(@]V[)i @m,:c Z cke k:a:’ CkG(C,

and for the function f € 2 introduce the quantity
en(f)a = 1infinf || f — P(Oun)| 2
Ck O
If ' C % is a function class, then we set

ext(F) o = supen(f) (8.61)
feFr
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The approximation characteristic ey (F') 2~ is called the best M -term trigono-
metric approximation of the class /" in the space 2.

The quantity ey (f), for functions of one variable in a more general case was
introduced by S.B. Stechkin [56] when formulating the criterion of absolute conver-
gence of orthogonal series. We note that the quantity (8.61) has a rich investigation
history on different function classes. Let us mention several papers that are related
to our research. For the introduced Sobolev W , and Nikol’skii-Besov B/ , classes
in the spaces 2" = L,, d > 1, the estimates of the best )M -term trigonometric ap-
proximations were obtained, in particular, in the papers [10,11,17,24, 42,43, 62, 69],
and in [45] the respective results were applied to estimate the best bilinear approx-
imations. For isotropic Besov classes, the quantity (8.61) was studied in [15,55], for
Nikol’skii—-Besov and Sobolev-type classes see, e.g., papers [1,6,27,57], and for the
Lizorkin-Triebel and Wiener classes see [23,28]. A more detailed bibliography can
be found in the monographs [18,37,58,70]. We also note the recent papers [33,52],
where the quantity (8.61) was studied for isotropic Nikol’skii-Besov classes in the
space B, 1.

Immediately from the definitions of the quantities (8.61) and (8.42) the follow-
ing relation follows:

ex(F)a < ey (F)a

To formulate the known statements that we use in the proofs, we first intro-
duce some more additional notation.

Let D is a bounded set in R%, d € N, and ® = {p,(x)}>, is a system of
functions from L,(D), 1 < g < oo. For f € L,(D) we set

M
(I) = I f B o 7
{c;}eRM . o

where Z, = NU {0}. Further, if K’ C L (D) is some class of functions, we define

GM(K, (I))LQ(D) = ?u[g eM(fu (I))Lq(D)- (862)
S

Remark 8.17. In the case of trigonometric system T := {e!®®)}, .4, we will write
(8.62) as

en (K, T)Lq(D) = ey (K, {6i(k7w)}kezd)Lq(D) = eM(K)q-

In what follows for the vector s € N¢ with even components s;, 7 = 1,...,d,
we denote

pr(s) :={ke N 2% <[ <2% j=1,.. d}
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and for n € N set
D, = {s 2 (s,1) =2 [g] }, Vo = U pt(s),
seD,

where [a] is the integer part of the number a.
Note that for the number of elements in the sets D,, and ), the following
relations hold | D, | < n?1, Y, =< 2"nd-1,
Let 7 (Y},) is a set of polynomials of the form
t(x) = Z cpe’F),
|k|€Vn

where |k| = (|k1], ..., |kd|)-
If 2 is a normed space with the norm || - || 2, by T ()),,) 2~ we denote the unit
ball in the space T (Y,).

In the introduced notation the following statement holds.

Theorem P ([24]). There exists a constant C7(d) > 0, such that for any set of functions
¢ = {soj}é-:l C Bi1,1 < Cg|Y,| the following estimate holds

ert (T (Vi) Baar @)y = Csn™!, - Cy = Co(d, C7) > 0
forall M < C7(d)|V,| (for the definition of the norm in the By, ~, see Remark 8.1).

Theorem Q ([52]). Letd = 1,1 < g < p < 00,1 < 0 < 0. Then forry > 0 the
following estimate holds
eM(B}?;,le)Bq,l = M.

Theorem R ([15,44]). Letd =1,1 < g < p < 00,1 < 0 < 0. Then forr; > 0 the
following estimate holds

BM(B;,IQ)Q = M.

Theorem S ([42]). Letd > 2,1 < qg<p<oo,p>2,1<60 < o0. Then forr, > 0
the following estimate holds
1 1
eM(B;’(,)q = M‘“(log”_1 M)(T1+2 9)+,
where a, := max{a,0}.

Further we formulate the known statements that concern the best orthogonal
trigonometric approximations.

Theorem T ([52]). Letd = 1,1 < p,q,0 < o0, (p,q) ¢ {(1,1), (00, 00)}. Then for
r1 > (1/p — 1/q) the following estimate holds

11
exr(Bly)p,, = M (5, (8.63)
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Remark 8.18. Under the conditions of Theorem T, for the quantity e M(BT1 ) the
estimate (8.63) holds (see, e.g., [39]).
Theorem U ([39]). Letd > 2,1 <g<p<oo,p>2,1<6 < o0. Then forr; > 0
the following estimate holds

11
r el v— ity
chi(Bg0)y = M o~ an) 72 )

p,0

Theorem V ([39]). Letd > 2,1 < q < p < 2. Then it holds:
a) if either 1 <0 <pandr; >1/0 —1/por6 > pandr, > 0, then

11 11
M~ (log” " M)""270 < ey (B g)y < M~ (log”~ AT,
b)ifl <O <pand0 <r; <1/0—1/p, then

ei[( pe)q =M.

Theorem W ([39]). Letd > 2,1 < p < 2,1 <0 < 0. Then forry > 0 the following
estimate holds

et (BT, = M~ (log" ) "0

The following statement is true.

Theorem 8.17. Letd > 2,1 < ¢ < p < 00,1 < 0 < oo. Then forry > 0 the
following estimate holds

r - —nr1 v—1 7"1‘|’1—l
exr(Byg)p,, =< M (log" ™ m)" 70, (8.64)

Proof. We first establish the upper estimate. Note that in view of the embedding
B, C Bjy, 1 < g <p,itis sufficient to consider the case p = ¢.

So,let f € By, 1 < g <o00,1<86 < oc0. Asan approximation aggregate for
function f we consider the polynomial

th = tp(x) = Z As(f,x
(s4')<n

where the number n € N satisfies the condition M =< 2"'n"~!,
Then defining v/(d) := 7] + - - - + 7/, by the norm definition in the space B,
and the properties of convolution, we can write

eM(f)Bq,l < Hf _thBq,l = Z As(f) -
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= |[Asx > AsD] = D Agx > Ag(f) <

seNd s’eNd (s,Y)=>n—~'(d) [s—8"[| o<1

< DY A YD Al = e (8.65)
(s:7)2n—"(d) s—s'll o<1 .

Further, using (8.45) we can continue estimating the quantity Jy as follows

< Y Y. A < > 1A (866)

(8:7)2n=v"(d) ||lls—8"[lc<1 g (87)2n=2v'(d)

Let us consider first the case 1 < 6 < oo and write (8.66) in the form
To<< Y 20T A2 = g (8.67)
(s7")zn—2v'(d)

Using now for the expression J, Holder’s inequality with exponent 6 (with
corresponding modification of this inequality for § = 1), and Lemma A, we get

1 1
0 7

Jio < > 2EA0 oo e <

(5.4 2n-27'(d) (sv")>n—27'(d)

1
0’ o'

SHEA DI B U B

(s:7')2n—27'(d) (s:v")>n—27'(d)
= 9 D0=5) 194 1/0 = 1. (8.68)

So, combining (8.65), (8.67) with (8.68) and taking into account that M =
2"n’~1 we get the estimate

1
eM(f)B(b1 < M_”(log”_1 M)“H’@, 1<6< .

Let § = oo. For f € Br__ from (8.8) we have that || A(f)||; < 27*"). Then in
view of Lemma A and the fact that M =< 2"n"~!, we continue the relation (8.66) as
follows

(e, < Y lADle< Y 27 =

(s,7")=n—27'(d) (5,7")=n—27(d)
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= ) 2ol M (log” Tt M)
(s,7")>n—27'(d)

The upper estimate is proved.

Moving to the lower estimate in (8.64) we note that it suffices to consider the
casep =00, 1 < g<ooandrv =d.

Let the number n € N satisfies the relation M =< 2"n”~! and Py denotes
the operator of orthogonal projection on 7 ()),). Then it is simple to show that the
norm of the operator Py, , as an operator from B, ; to B, ; (notation || Py, |5, ,-B,,);
is bounded for 1 < ¢ < co. We have

1Py, 5,8, = sup || Y flk =< sup Z 10s(f)lq <
||f||Bq1_ |k‘€y B, ||f||Bq 1— seD,,
< sup_ Z 16s()]lq < Cro,  Cho > 0. (8.69)

11z, <1 o

Hence, in view of (8.69), for the trigonometric system T' = {e/*®)}, . we
can write

M(T Vn)Be)By = et(T (Vn)Bo o, T) B,y =
20116M(7'(37n)300,007{€ Y kley,) By - (8.70)

In what follows, to use the relation (8.70) for estimate of e)/ (B[ 4)p,, We con-
sider two cases.
a) Let 1 < 6 < oo. Then for the polynomial ¢ € T (V,)p, . we get

1
1/6 5
tlls, = (ZQ”QHA |9> Sgnm%ﬂAs(fnm(Zl) <
seD S&n seD,

<L 2"|t||pom O .
That yields existing of a constant C5(r, d, #) > 0, such that it holds
T(Vn)Buoe C© Blog N T (Vn)B.
b) Let # = co. Then for t € T(yn)Boom we get

012(7“ d 9)2 m'l

]| 5z,

0,00

— 91 1ax ||As(t)|‘oo < 2nr1HtHBOOOO
seD

n

and conclude that with some constant C'3(r, d) > 0 the following embedding holds
Cis(r, d)27"T (Vn)Booo CHLNT (Vn)Bo oo (8.71)
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Therefore, in view of (8.70)—(8.71) and Theorem P with respect to the trigono-
metric system {e’*®}, .y, we obtain

en (Bl )b, = em(BlgNT (V)b o) Byr >
> 270" T ey (T (Va) B oo A€ E ey, B, > 2707 0! =
= 97 @ D(175) = prTi(logdt M), (8.72)

1<g<oo,1<0< .

To conclude the proof we note that the lower estimate in (8.64) for ¢ = oo
follows from (8.72) and the inequality || - ||p_, > || - [|5,,, 1 < ¢ < o0.

Theorem 8.17 is proved. []

We now comment the obtained result. In the univariate case the orders of
eM(B;lg)B%1 and eM(Bgle)q, 1 < g < p < oo, are formulated in Theorems Q and R.
We see that the following relations hold:

6M<B;,10>Bq,1 = €M(B;719)q = M. (8.73)

We also note that in (8.73) the case p = ¢ = 1 is included.

In the multivariate case (d > 2) the situation is different. So, comparing the
results of Theorems 8.17 and S for corresponding values of the parameters p and ¢,
we see that the orders of the quantities ey (B} y) ,, and exr (B} 4), coincide only for
v = 1. Let us mention one more important issue that was actually a motivation for
investigating the best //-term trigonometric approximations of the classes B} 4 in
the space B, ; for d > 2. We have in mind the fact that in Theorem 8.17 we obtained,
in particular, estimates of the quantities ey(B})5,, in the cases 1 < ¢ < p < 2
and p = q¢ = oo, where the orders of the respective approximation characteristics
of the classes B;,t‘) in the space L, still remain unknown (see, e.g., Theorem S, and
also [18, Open problem 7.5]).

In the following statement we get the order of the quantity ei[(B;ﬁ) Bys-

Theorem 8.18. Letd > 2,1 < q¢ < p < 00,q # 00,1 < 6 < oo. Then forry > 0
the following estimate holds

1
ex(Brg)p,, < M ™" (log” ' M) 7%, (8.74)

Proof. The lower estimate follows from Theorem 8.17 and the relation

1
e]J\;[( ;’Q)Bq’l 2 eM(B;79)Bq1 = M_Tl (logy_l M)rl—’_l_e

Moving to proving the upper estimate in (8.74), we note that it suffices to get
it for the case 1 < ¢ = p < oc.
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Hence, for the function f € B} ,, 1 < ¢ < 00, as an approximation aggregate
we use the polynomial

S@M(f) S@M fiL‘ Z P f7
(sy

where the number n € N satisfies the condition M = 2"n”~1,
Therefore, we can write

ex(Hp, < ||f— D & =1 Y. & =

/7 /7
>
(5,7)<n By (s7)>n By

=> 6| D su(N) || < Z 10s(F)llg := i (8.75)

seNd s'eNd (s
(s'~')=n

Further let us consider two cases.
a) Let 1 < 0 < oo. Then, in view of Holder’s inequality with exponent 6 (with
corresponding modification of this inequality for § = 1) and Lemma A, we get

L
Z Z

< | 2] | D 2] <
(8,7")>n (87")>n

1
o

< HfHng Z 27(8’7)7"19, < 2*”7'171(7/—1)(1—%)'

b) Let § = oo. In this case, taking into account that for f € B/, 1 < ¢ < o0,
it holds |65(f)|l, < 27(*7), s € N, and using Lemma A, we obtain
< Y 27« ammpt (8.76)

(sy')=>n

Hence, combining (8.75)-(8.76) and noting that M =< 2"n"~!, we get the re-
spective upper estimate of the quantity eﬁ(Bgo) B,.» and respectively

1
ex(Brg)p,, < M " (log" " M)"T8, 1< g<p<oo, g# oo

Theorem 8.18 is proved. ]
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Let us comment the obtained result.

The result of Theorem 8.18 complements estimates of the quantity e- ( 0 0) By1s
q € {1, 00}, which are given in Section 8.3. Besides, in Theorem 8.18 we managed
to expand the allowed parameter regions in comparison to the known by this time
estimates of the quantity e]{I(B;ﬁ)q (see Theorems U, V). Having this in mind, com-
paring the results of Theorems 8.18, U and V for mutual values of the parameters p
and ¢ we conclude that orders of the considered quantities in the spaces B, ; and L,
differ except the case v = 1. Here we note that in the univariate case the following
relations hold (see [39,52]):

exr(Byg)B,, = exr(Bylg)g < M.

To conclude, for the Sobolev classes W, in the space B, ; for some relations
between the parameters p and ¢, let us formulate results similar to Theorems 8.17,
8.18 for the approximation characteristics (8.61) and (8.42).

Theorem 8.19. Letd > 2,1 < ¢ < 2,¢ < p < o0, a € R4 Then for v > 0 the
following estimates hold

1
exW)o)B,, =< exy(W)o)p,, < M~ (log” ' M) 2. (8.77)

Theorem 8.20. Letd = 1,1 < g < p < 0o, a € R. Then forr; > 0 the following
estimate holds
exWit)p,, < exy(W)L)p,, < M. (8.78)

Proof. The upper estimate of both of the quantities is a corollary from the results
Theorems 8.6, 8.12.
The lower estimate in (8.78) follows from the relation

e (Wik)y =< M~ (8.79)

(0%

(see [18, Thm. 7.5.1]) and inequalities (8.11).
Theorem 8.20 is proved. []

We now comment the results of Theorems 8.19, 8.20.

Comparing the estimates (8.78) and (8.79) we see that in the case d = 1 the
respective approximation characteristics of the classes IV, in the spaces B, and
L, coincide in order. A different situation is in the multivariate case (d > 2). For

convenient comparison we formulate an analog of Theorem 8.19 in the space L,.

Theorem X. Letd > 2,1 < ¢ < p < 0o, a« € R™ Then forr; > 0 the following
estimate holds

em(Wya)g = e#&(W;a)q = m " (log" " m)". (8.80)
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Note that the upper estimate of both of the quantities in (8.80) is realized by ap-
proximation of functions f € W], in the space L, by their step hyperbolic Fourier
sums (8.12) (see [18, Thm. 4.2.4]). The lower estimate of the quantity e,,(W ), was
obtained in the paper [24].

Hence, comparing (8.77) with (8.80) for 1 < ¢ < 2, ¢ < p < oo we see that in
the case d > 2 orders of the respective approximation characteristics of the classes
W, o coincide in the spaces B, ; and L, only for v = 1.
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Andrii SHYDLICH

9 Approximation of generalized Wiener classes of functions
of several variables in different metrics

9.1 Definition of functional spaces and classes

Let d be a fixed positive integer (d € N), let R? and Z? be the sets of ordered
collections k := (ki,...,kq) of d real and integer numbers correspondingly. Let
also T%:= [0, 27) denote d-dimensional torus, and let L, := L,(T%),1 < p < 0o, be
the space of all Lebesgue-measurable on R? 27-periodic in each variable functions
f with finite norm

1/p
7)) ¢ Pq 1<p<
P (( o [ Js) ) Cl<peco
Ly L,(T%)
’ ess sup | f(z)], p = o0.

zeTd
Set (k,x) 1= kix1 + koxo + ... + kgzg, ex(x) = ¢'®?) and for any f € L, we
denote the Fourier coefficients of f by

~

F(k) == (2m)~ | fEpeia)de, ke 7d

where Z is the complex conjugate of z.
Further, let S? := SP(T?), 0 < p < oo, be the space of all functions f € L,
with the finite ,-(quasi-)norm

( 1/p
_ (Z |f<k>p> C0<p<oo,

[ fllso := IS (F) I rezalle, @) = § \ieze

~

(9.1)

sup | f(k)], p = oo.
\ keZd

Approximation characteristics of the spaces S” of one and several variables were
actively studied in the papers of Stepanets, his students, and followers (see, for ex-
ample [43,46,57], [44, Chap. 11], [1,2,30,45,56,58], etc.). It is also worth mentioning
a series of papers [3,5-7,31,60] devoted mainly to direct and inverse approximation

Andrii SHYDLICH ©, Institute of Mathematics of the National Academy of Sciences of Ukraine, 3 Tereshchenkivska
str., 01024, Kyiv, Ukraine, e-mail: shidlich@gmail.com
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theorems using various linear methods in different spaces of Besicovitch-Musielak-
Orlicz-Stepanets type of periodic and almost periodic functions, which can be con-
sidered as certain generalizations of the spaces SP(T!). An overview of results in
this direction can be also found in [32].

The spaces S? are also known as Wiener spaces or Wiener-type spaces, due
to their connection with the classical Wiener algebra in the case where p = 1, and
are often denoted by A,. They can be seen as periodic versions of so-called Bar-
ron spaces [4,59] and share similar properties regarding non-linear approximation.
For p = 1 the spaces S” consist of functions whose Fourier series are absolutely
convergent. The questions of absolute convergence and summability of general
trigonometric series and Fourier series were, in particular, studied by Wiener [61],
Szasz [50], Stechkin [38-41], Sunouchi [51, 52], etc. The main results in this di-
rection, the properties of such spaces, and their generalization were described in
Kahane’s monograph [16]. Let us also mention a significant series of results by
Moricz [21-24], etc., which establish a relationship between the absolute conver-
gence of (multiple) Fourier series and the structural smoothness of functions, specif-
ically by introducing enlarged Lipschitz and Zygmund classes defined by the mixed
modulus of continuity.

Let ¥ = { W} },czq be a sequence of complex numbers, ¥, # 0, and

~

Fpi=F (T = {f € Li: [{f(k)/Vi}rezelle,zn <1}, 0<g<oo. (92)

q

Classes ]-"(;I’ are also called weighted Wiener classes or generalized Wiener classes.
Next, let v = (t), t > 1, be a positive nonincreasing function. Consider the
classes ]:(;I’ in the case when the sequence V satisfies the condition

[Wol = 4(1) and  [Wi] = ([k]), (9.3)

where |k|, := ||k||s2, 0 < r < o0, is the £,-(quasi-)norm defined for k € Z¢ similarly
to (9.1). In this case, we denote F,/ = F,(T%) = F¢.(T) =: FY,.

The main goal of the paper is to find the exact order estimates for linear and
nonlinear approximations of classes ]-";/7’7, in various metrics depending on the rate
of decay to zero of functions 1. Similar estimates play important role for estimates
of the corresponding approximations of functional classes such as Sobolev classes,
Besov classes, etc. (see, for example, [10, 18, 25, 53]), and can also serve as upper
bounds for (nonlinear) sampling errors in L, (see [15,19,20], etc.).

Ify(t) = t7% s € Nand r = oo, then ngoo =: F, is a set of functions
whose sth partial derivatives have absolutely convergent Fourier series. It is also
called periodic (isotropic) Wiener class. If ¢ = 2, F;  is equivalent (modulo con-
stants) to the unit ball of the Sobolev class W5. Approximative characteristics of
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the classes .Fgfr for different r € (0, oo| and for the various functions ¢ were inves-
tigated by many authors (see, e.g., [10,17,18,29,33,35-37,53]). In particular, DeVore
and Temlyakov [10] found the exact order estimates for the best m-term trigono-
metric approximations of the classes F; ., s > 0, in the spaces L,,. Temlyakov [53]
obtained the exact order estimates for approximations of these classes by m-term
greedy polynomials in L,. In the case, where () is a positive function that de-
creases to zero no faster than some power function, the best m-term one-sided
trigonometric approximations and approximations by m-term one-sided Greedy-
liked polynomials of the classes }";/joo were studied in [18]. Linear approximation
in Wiener type spaces was studied in [17].

If the sequence VU satisfies the conditions similar to (9.3), where 1) is a power
function: ¥ () = t7°, and instead of the functional |k|, we consider the functional
|kl miz := T[], (1 4 |ki|)", then the classes F,} are denoted by S!'A and called mul-
tivariate weighted Wiener classes with mixed smoothness. Approximative charac-
teristics of such classes were studied in [15, 19, 20, 25], etc.

Note that nonlinear approximation of the generalized Wiener classes was stud-
ied in [43], [44, Chap. 11], [9, 25], etc. In particular, Stepanets [43], [44, Chap. 11]
and V.K. Nguyen and V.D. Nguyen [25] found the exact values of the best m-term
trigonometric approximations of the classes ]-"q‘l’ in the spaces S” forall 0 < p,q <
00.

9.2 Approximative characteristics

Let 2" be one of the spaces L), 1 < p < 00, 0or §¥,0 < p < oo, m € N, let ,,
be a collection of m different vectors of Z%, and let f be any function from 2. The
quantity

E,.(f), = inf || f— Z Ck €k (9.4)

k€vm
A

is called the best approximation of the function f by m-term polynomials corre-
sponding to the collection 7, in the space 2 .

Next, let S, (f) = > .. F(k)ey, be the Fourier sum corresponding to the
collection ~,,, and

(go%n(f)gg - Hf_Sm(f) X
be the approximation of the function f by the Fourier sum S, (f)in 2"

If Nis a subset of the space 2, then £, (N) ,- and &, (N) ,- denote the exact
upper bounds of the quantities (9.4) and (9.5) over the set 1, i.e.,

E, M), =suwk, (f), and &, (N), =supé&, (f), (9.6)
JeN fen

(9.5)
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Denote by I',,, a set of all collections of m different vectors of Z?. The quantities

D (M) :virellﬁ E, (M), and Z5M), = inf &, (N

9.7
z Ym€Lm ( )

X Z Z

are called the basis width and projection width (or Fourier-width) of order m of the
set N in 2.

Further, for f € 27, let {k;};°, = {ki(f)}2, denote a rearrangement of vec-
tors of Z% such that

F(k)| > [ flRa)] > . (9.8)

In general case, this rearrangement is not unique. In such case, we take any rear-
rangement satisfying (9.8).

We define ., to be the class of all complex trigonometric polynomials of the
formT=>" ke, ChEks where 7,, is a collection from the set I',,,.

In addition to (9.4)-(9.7), we consider the quantities

1f =GPl = [ FC) =D Flk)ew| 9.9)
=1 7
on(f)y = inf f—k;mﬂk)ek = _inf &,.(f)y (9.10)
A
and
Om(f)y = inf If=Tl, = inf E,(f),- (9.11)

m€l'm
The quantities (9.11) and (9.10) are respectlvely called the best m-term trigonometric
and the best m-term orthogonal trigonometric approximations of the function f in
the space 2. The quantity (9.9) is called the approximation of the function f by
m-term greedy polynomials in the space 2 .

For aset )1 C 2, we put
L L
o,.(N), =supo,,(f and 0,(MN),, =supon,(f)., .
(90, e (f) (90) - e ()

In general case, the quantities (9.9) depend on the choice of the rearrangement sat-
isfying (9.8). So, for the unique definition, we put

m
)= 2 T ew
=1

In (9.12), for any function f € I, we consider the infimum on all rearrangements,
satisfying (9.8), but it should be noted that results, formulated in this paper, are also

Gn(MN), =sup inf (9.12)

z fe‘ﬁ{k’l( )32

X

true for any other rearrangements, satisfying (9.8).
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Research of the quantities in (9.9)-(9.11) goes back to the paper of Stechkin
[41]. Order estimates of these quantities on different classes of functions of one and
several variables were obtained by many authors. In particular, the bibliography of
papers with the similar results can be found in [8,11, 28, 54, 55].

It follows from (9.4)—(9.12) that

oulf)y, <om()y <1 = Culf)l, YfEL, (9.13)
on(f)g = (g = If = Gulf)lg V€S, (9.14)

and for any ,, C Z9and Mt C 2

(M) ) < DM, < By, (M), 00N, < 2N, <6, (N)

VA X — Tm Z

9.3 Approximative characteristics of the classes .7:(;1' in the spaces &”

9.3.1 Exact values of best approximations and basis widths

Let U = { W}, } ez be a sequence of complex numbers, W, # 0, such that there exists
a non-increasing rearrangement W = {W;}2°, of the number system {|Wy|};czq. It
is clear that in this case the system {|Uy|},cz is bounded, i.e.

U, < K VkeZ’

Hereinafter, K, ¢, Ky, ... are positive constants that do not depend on the corre-
sponding variable (k, ¢, etc.).

A sufficient condition guaranteeing the existence of the rearrangement ¥ =
{®;}52, is the condition

lim W] =0,

|k|—o00
however such rearrangement also exists, for example, when {|WU|};.cz is a con-
stant.

In the case where 91 = ]:(;I' and 2 = SP, the values of the characteristics (9.6)
and (9.7) were found by Stepanets [44, Chapter XI], [45] for all 0 < p,q < oo. In
order to formulate this result, for any collection -, of m different vectors of 74 by
U, = {V, (k)}reze denote a system of numbers such that

0, k € Y,

v, (k) = { ¥ ke (9.15)

and by ¥, = {¥, (j )}52, denote a non-increasing rearrangement of the system
U5, (R) | ez
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Theorem Y ( [44, Chapter XI], [45]). Let 0 < p,q < 0o, m € N and ¥ = {W };.cza
be a sequence of complex numbers, V), # 0, such that there exists a non-increasing
rearrangement W = {W;}° of the number system {|¥|}cz..

(i) In the case 0 < p < g < o0,

E’ym (‘F(;II)SP - g’}/m (F(;I/)SP - \Tj’)/m(]‘) \v/r)/m S Fm7 (9'16)
and )
gm(f;j)gp - @nﬁ(Fjj)‘gp = U1 (9.17)
pq
(ii) In the case when 0 < ¢ < p < 00 and ) ;5 |Vi|17P < 00,
a=p
v v i e
E’Ym(fq )sp - (ga’Ym(fq )sp = \Ilgmp(k) \vlfym S Fm?
k=1
and
a-p
‘1 pq
Dl F))gr = Do (T, Z i . (9.18)
k=m+1
Moreover, for any collection v}, = {ki, ..., ky} from the set I',,, such that
={k;j€Z": |V |=T;, j=1,2,...,m}, (9.19)
the following relation holds in both cases:
gm(Ff)sp - '@TJﬁ(F(;I’)SP - E’Y;;(‘F(;I/>SP - (ga’y;"n(‘/—:q\p)sp' (9.20)

Next, we formulate a theorem that complements this statement for cases of
infinite values of parameters p and g.

Theorem 9.1. Let m € N and ¥V = {WU},.cza be a sequence of complex numbers,
Wy, # 0, such that there exists a non-increasing rearrangement W = {W;}°¢, of the

system {| V| } ez
(i) If0 < ¢ < p = o0 orp = q = 0, then relations (9.16) and (9.17) hold.

(ii) If0 < p < q = oo and the series ) ;4 |Vi|P converges, then

o0 1/p
E’Ym(-Fc;II)Sp - é‘a’ym(f(;p)gp = (Z \Ijgm(k)> VYm € Ui, (9.21)
k=1
and

1/p
D(F)) g = Do (T, (Z \pr> . (9.22)

k=m+1
Moreover, for any collection vy, € I, satisfying (9.19), relation (9.20) holds.
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The proof of this statement, as well as the proofs of all other statements in this

article, will be given in Section 9.5.

9.3.2 Exact values of best n-term approximation

Exact values of the quantities 7,,(F,’)g, were obtained in [43], [44, Chapter

XT] ((i), (ii)) and [25] ((iii)-(v)). They follow from the following statement.

Theorem Z ( [43], [44, Chapter XI], [25])). Let 0 < p,q < oo, m € Nand V =
{Wi}rczae be a sequence of complex numbers such that there exists a non-increasing

rearrangement W = {W;}° of the number system {|W|}cz0.

(i) If0 < g < p < o0, then

Ty (I —m)"/»
Jm(’Fq )szn = ?;175 l 1/q
()
j=1
(ii) If0 < p < g < oo and the series Y ;. _;a |\Ifk|% converges, then
q=p
b pq
g fIm p—q ©  Pg
On(F) g = | (L —m)r v + ) wi
J=1 J=lm+1

where the number l,,, is defined by

!

_ 1 i _

U1 < U<
7=1

(iii) If 0 < g < p = o0, then
m+1 —1/q
o= (L)

j=1

(iv) If0 < p < g = oo and the series ), 4 |V|P converges, then

(v) If p = q = oo, then

(9.23)

(9.24)

(9.25)

(9.26)

(9.27)

(9.28)
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From the formulation of Theorems Y, Z, and 9.1 we can see that the values
of D (F)) o Do (F, ‘I’) » and o, (F, ‘I’) , significantly depend on the behavior of
the sequence v, Therefore in order to obtain their estimates (as m — oo) for a
specific sequence WU, it is necessary to additionally investigate the behavior of the
functionals given in the right-hand sides of the corresponding relations.

In this paper, by studying such functionals and using Theorems Y, Z, and 9.1,
we find the asymptotic behavior of the above quantities for classes ]-"(;I’ in the case
when the sequence U satisfies condition (9.3), where ) = (), t > 1, is a positive
non-increasing function, i.e., for classes ]:;/jr.

Note that in the terms of similar functionals, solutions of other problems of
approximation theory are formulated (see, e.g., [27] (Chapter 6), [49], [12], [13],
[47]). Therefore, the study of such functionals is interesting in itself.

Let us provide a few auxiliary facts and estimates regarding the structure of
sequences of the form (9.3). It is clear that for any the sequence W satisfying con-
dition (9.3) with non-increasing positive function 1, there exists a non-increasing
rearrangement W = {W;}>°, of the number system {|Wy|},czs and it has the step-
wise form:

‘ljj - @D(S)a ] S (‘/5717‘/517 § = 07 1727 ) (929)

where
Vi=Vi(d) :=#{k € Z: ||k||w<s}, s=0,1,..., Voi:=0. (9.30)

Therefore, to study functionals that depend on such sequences Y, it is necessary to
have convenient estimates for the numbers V.

Let B! = {z € R?: ||2||x < 1} be the unit {,-ball of the space R?. It is known
(see, e.g., [62]) that the volume of the ball B is calculated by the formula

(20(1 + 1/r))4
(1+d/r)

v

d,,MQd (d/2+1 andM d—2d

For a real number a, we denote (a);. = max{0,a}. For positive sequences
a(s) and b(s) (or functions a(s) and b(s), s > 1), the expression “a(s) =< b(s)”
means that there are constants 0 < K; < Kj such that for any s € N (or s > 1),
a(s) < Ksb(s) (in this case, we write “a(s) < b(s)”) and a(s) > K;b(s) (in this
case, we write “a(s) > b(s)”).

The following lemma follows from known general results on asymptotic be-
havior of the number of lattice points in scaled convex bodies (see, e.g., [14, Chapter
14]).

M, 4 := vol(BY) =

€ (0, o0}, (9.31)

and in particular, M; 4 =
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Lemma 9.1. Let r € (0,00] andd € N. Then foranys =0,1,2,...,

Mya((s = cra)1)® < Vi < Mya(s + cra)?, (9.32)

. dl/r

where ¢, g := %5~ and

ve =V, — Vo =< s (9.33)

Proof. Relation (9.33) follows from (9.32). Therefore, it suffices to prove (9.32). For
each k € Z9, let Qy == k + [—%, %]d be the unit cube centered at £. The family
{Q}}1.eze forms a tiling of RY, and vol(Q;) = 1 for all k. By definition, the values

V5 can be expressed as the volume of the union of these cubes:

Vs = vol U Qr

Note the value c, 4 is the maximum distance from the center to any point in the unit

cube [—%, % 9 ie, Cr.d = SUPye[-1/2,1/2)¢ H?/Héﬂ

Upper bound. Suppose ||k|| < s. For any point x € Q, we have z — k €

[—3, 3]? and by the triangle inequality

z]|ea < [[Kllee + |7 = Klpa < 54 cra

This implies that the union of cubes is contained within the scaled ball of the radius
S+ ¢rq4, 1€,

U Q1 C (s +¢.q) B

Ikll g <s

Taking the volume of both sides of this relation, we obtain
V. < vol((s + ¢.q)BY) = M, 4(s + cr.a)".

Lower bound. 1t is sufficient to consider the case when s > ¢, 4. Let 2 €
(s — ¢.q4) B2 Since the cubes Q. tile RY, z must belong to Q. for some k € Z“. For
this k, we have

1%

o < Jalleg + I = 2llog < (5= ) + cra = .

This shows that every point in the smaller ball is covered by a cube whose center is
in the set counted by V;, i.e.,

(s — cr,d)Bﬁl C U Q.-

Il g <s

This similarly yields
Mr,d(s — Cr,d)d < Vs
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Remark 9.1. Denoting for a given positive integer s by ny a number such that
Vi1 <5< Vi, (9.34)
we see that

(/M) = ) <y < (/M) g+ 1. (9.35)
+

9.3.3 Order estimates of bestn-term approximations and basis widths of the classes ]:;fr in
the spacesS?

Estimates of the approximation characteristics of classes f;fr and methods for
obtaining them depend significantly on the asymptotic behavior of functions ).
Depending on this, we further distinguish the following different subsets of ¢/ with
common properties and formulate the corresponding results.

First, denote by B the set of all positive non-increasing functions ¥ (), t > 1,
which satisfy the so-called As-condition, i.e., for allt > 1

1 < M < K. (9.36)

»(2t)

Natural representatives of the set B are functions of the form: ¥ (t) = ¢, ¥(t) =
In“(t +e) fore < 0,9(t) =t"In(t +e) forr > 0and € € R, etc.

Theorem 9.2. Assume that(0 < p,q,r < 00,9 € B and in the case p < q, moreover,
for all t, larger than a certain number t, 1)(t) is convex and satisfies the condition

tl'(t
P> 5 w0 = e 057
with a certain 3 > d(1/p — 1/q). Then
W (m'?), 0<q<p< oo,
Dl Fip)sr = 1/d\,1/p-1/ (9.38)
Y (m 7 )m P 0 < p < g < oo,
and
Um(]:;%r)sp = (ml/d> mt/P=YVie 0 < p g < . (9.39)

Remark 9.2. Note that condition (9.37) guarantees that ) , _,. W77 < 0.

Proof. Indeed, in this case, for all 7 > t,

[¢'(7)]
(1)

> (9.40)

REESS
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Integrating each part of this relatlon in the range from ¢, to t, £>%y, we obtain the
estimate 1 (t)<t~°, where 3 > (;qp)
Therefore, taking into account (9.29) and (9.33), we conclude that

pq > g > g > _pgB
Z |Wgla—p = ZVan_p(n) < an_1¢q—P(n) < Z lpTar < 0.
kezd n=1 n=1 n=1
(9.41)
[]

To obtain similar estimates in the case where the functions ¢ tend to zero faster
than any power function, we give the following definitions.
Consider the set 9 of all positive convex functions ¥ (t), ¢ > 1 such that

lim () =

t—00

Denote by 1 the set of all functions ¢ € 9N, satisfying conditions
p(t)

U, t) 10, () =4 (t+), (9.42)
(1) = s (1) = v/(+)
and ‘;/j, ] 1 00. Denote by 91¢_ the set of all functions ¥ € N satisfying (9.42) and
»(t)
K, < < Ky Vt>1. 9.43
G -

Finally, denote by 91  the set of all ) € 9t satisfying condition % 1 0.

Natural representatives of the sets M., MS_ and 9" are functions of the form
exp(—at®), a > 0, in cases where s € (0,1), s = 1 and s > 1, respectively.

For any positive integers d and m and any 0 < r < oo, we denote

o 1= T (1, d) = (m/ M, )¢, (9.44)
where M, ;4 is the number defined by the relation (9.31).

Theorem 9.3. Assume that 0 < p,q,r < co and ) € M. UIMNS . Then

m)> 0<qg<p< oo,
D Fih) g = ¥ (i) N I=P= (9.45)
| W () (ma(t, 7)) P79 0 < p < g < oo,
where n,, is defined by (9.44), and
o (Fo) s = (i) (ma(th, 7,)) /P19, 0 < p,q < oo (9.46)
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Since for any ¢ € N satisfying (9.42), inequality (9.40) holds for any 5 > 0
and sufficiently large 7, then it can be similarly proven that for any v from the sets
M, ME, or MY, the series D ;. ,q | V| with any s > 0 are convergent.

In the case where d = 1, the classes f;@r(Tl) =: .7:;/’ do not depend on r, the
constant M, = 2. Therefore, for any function ¢ € 9, U IS,

2, (FY = @b(%), VeaspEe 9.45'
m(Fy )gp(’ﬂ‘l) - " <%) <ma (w %>)1/p—1/q7 0<p<q<oo (9.45')

e " m m\\ 1/p—1/q
om(F, )SP(Tl) = 1) <§> (ma <¢, 5)) ., 0<p,q< . (9.46")

Consider the case when v belongs to the set 9. . First of all, note that the
following statement follows from relations (9.17), (9.28) and (9.29):

Proposition 9.1. Assume that() < r < oo, m € Nandvy = ¢(t),t > 1, is a positive
non-increasing function. Then for any 0 < q < p < oo the following relation holds:

D Fy)go = Om(FL ) go = (mta), (9.47)
where the number n,, 1 is defined by (9.34) for s = m + 1.
Let, as above, the numbers V; = V;(d), s = 0, 1,. . ., be defined by (9.30).
Theorem 9.4. Assume that 0 < r < oo, m € [Vs_1,Vs), s € Nandp € M.

(i) Let 0 < p < q < oo and the function v also satisfies the condition

lim % —0 (9.48)
with 0 = %. Then
RNV
o(Fi ) = (s} I (9.49
m qd

(ii) Let 0 < g < p < oo and v satisfies condition (9.48) with 3 = %. Then

o)
O-m(Fq,r)sp - (m 1 - ‘/8_1)1/(5{*1/177

provided that m = V,_; or that the following additional condition is satisfied:
p(Ve —m) > q(V; — Vioy), (9.51)

(9.50)

and relation (9.49) holds, provided that the condition (9.51) is not satisfied.
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(iii) If 0 < g < p = oo and v satisfies (9.48) with f = %1, then (9.50) holds.
(iv) If0 < p < q < 0o and 1) satisfies (9.48) with § = (d — 1)(1/p — 1/q), then
Do Fiy) o = () (Vs — m) /P10, (9.52)

Remark 9.3. For any ) € I, condition (9.48) is equivalent to the following:
' (t)] )
lim — fBlnt (9.53)
i (e
Therefore, for d = 1, condition (9.48) holds for any ) € I/

Proof. Indeed, if ¢p € 9" and (9.53) holds, then for any M > 0 and sufficiently
large ¢, we have

o) _ RO WO,
lnw<t+1>‘/t o) 77 g A

Therefore, relation (9.48) is satisfied.

On the other hand side, if ) € 9 and (9.48) is satisfied, then for any M > 0
and sufficiently large ¢, we have

¥(t) _ [T () [t +1)]
M < n+1) = /t A1) < ),
and relation (9.53) holds. ]

Remark 9.4. From (9.49) and (9.32), it follows that under the conditions when relation
(9.49) holds, we have

v(s) o
d-1 < O-m(‘;c‘éb,r)sp < ZD(S)m a 1/p 1/‘1)_
m

Note that in the case when r = oo, for any s € N we have V;, = (2s + 1)%,

Therefore, if m € [V;_1, V5), the number s is defined by the equality s = [ (m+1) 1/d].
Here and below, x| denotes the greatest integer in x.

If d = 1, the classes Féfr =: ]-"gf does not depend on r, and for any m &
Vi1, V;) we have m = V,_y = V; — 1 and s = [2F]. Therefore, for any 1) € 7,

m—+ 1

Tt % Il F )y = |1

D 0<p, qg< oo

If d > 1, the obtained estimates depend significantly on the placement of the
number m on the half-segment [V;_1, V;). Considering some specific subsequences
m(s) in Theorem 9.4, we obtain the following corollary.
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Corollary 9.1. Assume thatd > 1, m € [V;_1,V;), s € N, the parameters p, q, r
and v satisfy condition of Theorem 9.4.

(i) Letm =m(s) = Vs —c5, 1 <¢g < c Then for0 < p,q < o0

Y(s
m(For)sr = 2_)1 : (9.54)
m ad
and for() < p < g < o0
Do FL ) sr < (s). (9.55)
(ii) Let the sequence m = m(s) be such that
Vi—m(s) < V; = Vs (9.56)
Then forany 0 < p < g < 00
d—1
am(]-—;%T)Sp = (s)ym a P9 (9.57)

and i
Do(FLy)ap = Us)m’ T 1100,

If0 < q¢ < p < o0, then relation (9.57) holds, in particular, whenm(s) —V,_1 —
ccass —oo. Ifm=m(s) =V,1+¢5,0<cs<c thenfor0 < qg<p<oo

Om(Fo)er = U(s). (9.58)

Inthe case ) < p = q < oo, ifm =m(s) = Vs_1+c¢s, 1 < ¢s < ¢, then relation
(9.57) holds, and if m = m(s) = V,_1, then relation (9.58) holds.

Remark 9.5. Comparing the obtained estimates, we conclude the following:

(i) If the function 1 belongs to the set B and satisfies condition (9.37) with a certain
B> d(1/p—1/q) orto the set M. UM, then for0 < p < g < 00

on(For)er = D FL) e (9.59)

(ii) If vy € BUIM_ and 0 < q < p < o0, then

on(For)sr = 0(Dn(Fop)s)s M = 00, (9.60)
(iii) If v € M and 0 < q < p < o0, then (9.60) holds ford > 1, and
O (F) grier, = Do Fy) oo, (9.61)
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(iv) If v € M, then for any 0 < p, ¢ < oo relation (9.61) holds. If d > 1, then
relation (9.59) holds, in particular, when the sequence m = m(s) satisfies (9.56)
and ) < p < q < 00, whenp = q = 00, or whenm = m(s) = Vs_1 + ¢,
0<cs<cand)<qg<p<oo.

Note that for finite values 0 < p,q < o0, the statements of Theorems 9.2,
9.3 and 9.4 were proven in [33,35-37]. However, given the relative inaccessibility
of these sources for English-speaking readers, we present these statements in this
work with proof, slightly changing their presentation and structure.

In the case when ¢ (t) = 1, relation (9.67) also follows from Lemma 4.4 [20].
Ford = 1 and 0 < p, ¢ < o0, statements similar to Theorems 9.2, 9.3 and 9.4
were proven in [34]. Exact order estimates of integral analogues of the quantities
Om(FL,) s were found in [48].

9.4 Approximation characteristics of the classes f;fr in the spaces L,

In the case where 2 < p < o0, based on the Hausdorff-Young theorem (see, for
example, [54, §0.1]), for any f € L,, the following inequality holds:

1AL, < I, (9.62)
Here and below, for any 1 < p < oo, we set p/ := ]% and p’ := oo when p = 1.
If 1 < p < 2, then for any f € L,(T?)
1A, < 1AL, = 11l (9.63)

Thus, from the estimates for the approximate quantities in the spaces S” obtained in
Subsection 9.3.3, estimates from above of the similar quantities in the spaces L,, also
follow. Here, we consider some of the cases in which the corresponding estimates
from below are obtained.

As mentioned above, in the case where 1 is a power function, i.e., P (t) = 7,
s > 0, for all 1 < p < oo the exact order estimates of the quantities am(]:;foo) L

and G,,(F},.),, were obtained in [10] and [53], correspondingly. In particular,
from Theorems 6.1 [10] and 3.1 [53], it follows that for all s > d(1 — 1/q).,

s 1,1
On(Fooo)y, =m 072, 1< p<oo, (9.64)
and .
S
_—_—+_
m 4 a2, 1<p<2,
Gm(f;oO)Lp =~ ,§,l+1fl (965)
md ¢ . 2<p<oo
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From the following Theorem 9.5, in particular, it follows that for am(}"foo) and

Gu(FY) ., the estimates of forms (9.64) and (9.65) are satisfied for a wider set of

q,00

the functions ).

Theorem 9.5. Assume that0) < r,q < 00,1 < p < 00, € B and in the case p%l <
q, moreover, for all t, larger than a certain number t(, 1 (t) is convex and satisfies the
condition (9.37) with 3 > d(1/2 —1/q) when1 < p <2andf > d(1 —1/p—1/q)
when 2 < p < oco. Then

Wb (ml/d)ml/Q—l/q’ 1<p<

2
w ~ J‘ ,(/) ~ —_ — )
Gm(fq#)Lp - O-m(fq,T)Lp - {w (ml/d)ml—l/p—l/q7 2 < p < 60 (9.66)

foralll <p <2
om(Fyy),, =0 <m1/ d) m!/2e (9.67)
and forall2 < p < o0

" (ml/d> 1/2-1/q Om(]_—z/) ) < b (ml/d) mi—1/=1/a

q,r
In the case 2 < p < o0, the following theorem is true.

Theorem 9.6. Assume that1 < r < 00,2 < p < 00,0 < g < o0, the function
belongs to the set B and for all t, larger than a certain number t(, 1 (t) is convex and
satisfies condition (9.37) with § > d(1 — 1/q). Then relation (9.67) holds.

The conditions in Theorems 9.5 and 9.6 guarantee the embedding ]:;/}CLP.
Putting 7 = oo and 9(t) = t~°, from Theorems 9.5 and 9.6 we obtain the
following corollary:

Corollary 9.2. Assume that1 < p < 00,0 < q < 00, s is a positive number, which

in the case ]% < q, satisfies the inequality s > [3, where [ is defined in Theorem

9.5. Then relation relation (9.65) holds for 1 < p < oo, and relation (9.64) holds for
1 <p<2Ifs>d(l—1/q)y, then relation (9.64) holds for 1 < p < 0.

This statement complements the above-mentioned results of [10] and [53] in
the following sense:

(i) From Corollary 9.2 it follows that in the case 1 < ¢ < (p oL relation (9.64) (for
1 < p < 2) and relation (9.65) (for 1 < p < o) also hold for all s > 0.

(i) Ifl <p<2andgq > - —L-, then relations (9.64) and (9.65) also hold for all s
such that d(1/2 —1/q) < s < d(1 —1/q).

(iii) If 2 < p < coand ¢ > p— then relation (9.65) also holds for all s such that
d(1—=1/p—1/q) <s <d(1—-1/q).
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(iv) Inthe case 2 < p < oo, conditions on s in Corollary 9.2 (for validity of relation
(9.64)) are the same as in Theorem 6.1 [10].

Note also that if 0 < ¢ < =, then the conditions of Theorem 9.5 are satisfied,
for example, for the functions ¢( ) = t *In°(t + e), where s > 0, ¢ € R, (t) =
In"(t +e),e <0,and ¥(f) = . If 1 < ;55 < gand 1 < p < 2, then the conditions
ofTheorem 9.5 are satisfied for ¢ (t) = t s ln (t+e), wheree € Rand s > d(5 — 5)‘
If 1 < ;5 <4 and 2 < p < o0, then the conditions of Theorem 9.5 are satisfied
for ¢ (¢ ) = t *In°(t +¢), wheree € Rand s > d(1 —1/p — 5) The conditions of
Theorem 9.6 are satisfied for 1)(¢) = t~* In°(t+e), wheree € Rand s > d(1—-1/q).

Consider the case when the function 1) decreases faster that any power func-
tion.

Theorem 9.7. Assume thatm € N,0 <r, ¢ <oo,1 <p<oo,n € [Vy_1,Vnn) and

the function v belongs to the set " and satisfies (9.48) with 3 > max {2 ,1, % :

(i) Ifm=m(s) =V; —cs, 1 <cs <, then forany( < q < oo

HFL), = Gl FL), = — L)

m\gr ar)iy = a1/ (qd)

(i) fm=m(s) =Vs1+¢,0<c¢s<c,and0 < g <p' <o0orifm=m(s)=
Vi_1and 0 < p/ = g < oo, then

OHFL) 0 = Gl FL),, = (s).
As noted above, if d = 1, the classes ]:éfr = }";/’ does not depend on r, and

s = [ZH] for any m € [V;_1, V;). Therefore, the following corollary follows from
Theorem 9.7.

Corollary 9.3. Forany1 < p < 00, 0 < ¢ < oo and any function ¢ € M

m+ 1
Ty = Gl F ) = ("1 )

m

The similar estimate can be proven in the case when d = 1 and ¢ € 9.

Theorem 9.8. Forany 1 < p < 00, 0 < g < 0o and any function 1y € NS,

Th D) = Gl F), o = T, =00 (5) = w([mT“D

The following statement also holds for the quantities Z;;(F,) L

Theorem 9.9. Assume thatm € N,0 <r,q < 00,1 <p<oocandm € [V,_1, V).
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(i) If0 < q < P/, then for any positive non-increasing function v, we have
Do (Fo)s, = V(s). (9.68)

(i)) If 1 < p' < q < o0 and € M. and condition (9.48) is satisfied with [ =
(d=1)(g—p)

/

a— > then for the sequence m = m(s) = Vs — ¢, 1 < ¢; < ¢, the following
estimate holds:

Do Fi),, = (s). (9.69)

Corollary 9.4. Let 1 < p < oo. For any positive non-increasing function ¢ and
0<q<;5,
m+ 1
Do F)y ) = Q—Q D : (9.68)

If1 <p' < q < o0, then for anyy € M/,
m—+ 1

D F)y oy <0 ([TD . (9.69)

In the case when ) € B, estimates for Z;;(F/,) ., are given by the following
statement.

Theorem 9.10. Assume that conditions of Theorem 9.5 are satisfied. Then

rw(ml/d)7 O<QSL17 1§p<00,
p —_—
Tl Fir)iy = Y 0 (w200, T < <os, 1<p<2 (970
\@D (ml/d)ml—l/p—l/q7 ;%1 <qg<oo, 2<p<oo.

Remark 9.6. Analyzing the results of Section 9.4, we conclude the following:
(i) Ifd =1 and p € M UIMS_, then forany 1 < p < oo and( < ¢ < o0

O (FL), ) = CulFD), = D(FY)

m q Lp(Th)”

(ii) If d > 1 and condition of Theorems 9.7 and (9.9) are satisfied, then the similar
estimate
O (Far)ry = G Fii)r, = D (Fop)s, (9.71)
holds whenm = m(s) = Vi 1+ ¢, 0<c¢s; < ¢, and 0 < g < p’ < o0, or when
m=m(s) =V, 1and0<p =qg<oo.Ifm=m(s) =V, —cs, 1 <cs <,
then for any 0 < ¢ < o0
O Fi)y = GulFi)s, = o Za(FL L, ). 9.72)

q,
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(iii) In the case when conditions of Theorem 9.5 are satisfied, for all p) < q¢ < o0
relation (9.71) holds, and for all0 < ¢ < p/, 1 < p < oo relation (9.72) holds.

Note that for finite values 0 < ¢ < o0, the statements of Theorems 9.5-9.10
were were proven in [33,35-37]. In the case when ¢(f) = 1,0 < ¢ < 1 and
2 < p < o0, the upper estimate for the quantity am(}"f’,,) ;, can be also obtained
from Theorem 4.4 [19].

9.5 Proof of theorems

9.5.1 Proof of Theorem 9.1

Proof of Theorem 9.1. Consider the case when 0 < ¢ < p = o0 or p = ¢ = 00. Due
to (9.4), (9.5), (9.1), (9.2) and (9.15), for any f € .7:;’ and ,, € I[';,, we have

By (Do = Do = 1 F = S5 (Dl = {1, (k) F(R)/ Vs pezally ey (9.73)

Therefore, for any [ € }'(;I’ and v, € I',,, the following upper estimate holds:

~ ~

v, (k)f(k - k
By, (f) s = sup # < ‘I’%(l):;lzg %k) <
<O (OI{FR)/ibrezall, @ < Ty, (1) (9.74)

Let ko € Z“ be a vector such that ¥, | = ¥, (1). The function fy(z) := ¥y, ex, ()
belongs to the set }"q‘l' and

E,, (fo)s = &y (fo)s = Wil = W, (1). (9.75)

Combining (9.74) and (9.75), we see that in this case relation (9.16) holds.
Now, assume that 0 < p < ¢ = oo and the series ), 4 |V;|? converges. By
virtue of (9.73), for any f € F and v,, € I',,, we have

\I[Vm(k)f(k) Z ‘\Pvm P < iﬁ;gm(j)

v ,
kezd j=1

E’Vm(f)gp - Z

kezd

Since

for any ¢ > 0 there exists a number N, such that ) 7%\ ., WP (j) < e. Consider
any collection 73, = {k1,...,kn.} from the set I'y_\ 7, such that

Vo ={k; €2 |V | =T, (4), j=1,2,...,m}
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Then the function f.(z) := ).« Wrer(z) belongs to the set FY and

N, 00
W =D TP =)0 () > ) 0 () — e (9.77)
j=1 j=1

kevi,

Combining (9.76) and (9.77) and taking into account the arbitrariness of €, we see
that (9.21) is indeed true.

Finally, considering the infima of all quantities (9.16) and (9.21) over all ~,, €
[',,, we see that in the corresponding cases, relations (9.18) and (9.22) are true, and
for any collection v, € I',, satisfying (9.19), relation (9.20) holds. [

9.5.2 Auxiliary estimates

Before proving the theorems on estimates of best n-term approximations and
basis widths in the spaces &?, we give several auxiliary statements.

Firstly, we show how the belonging of a function to the sets B, I’ _, 9M<_ or
9 affects its values at different points.

As follows from (9.36), for any ¢ € B and ¢ > 1, we have

P(t) < p(ct).
In the case, when ¢ € I U NS, we can obtain the following statement.

Proposition 9.2. Let d > 1 and ¢ > 1. Then for anyy € M. U IS,

Y (et
(/)] (e

Proof. If 1) belongs to MM’ or M, then |¢(( ))| < Kg forany ¢t > 1. Then

G Y e 71 €
il M= (G

Taking into account this relation and monotonicity of 1/, we see that the first rela-
tion in (9.78) is true.
For ¢ € 9N the validity of the second relation in (9.78) is obvious For ¢ €

M _ it follows from monotonicity of the functions a(1), t) = L0 7 and ‘;f,

t'(t
Ly SN et

— (et (et e all, et

WYY =< y((t+ )Y and (9.78)

U=
-

—t

> S KGC.

1
c
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Finally, in the case when ¢ € 9", for any positive ¢ we have

t+c |,/ /

MO [,
bt+c) oo W(7) b(t)

Next, we formulate several known facts for functions from the sets 91, 91¢_

and 9’ . For this purpose, following Stepanets [44, Chapter 3] (see also [42]), for
any 1 € I, consider the functions 7n(t) = n(v,t) and wu(t) = (), t) such that

L (Y(@) t
= RELEA = >
o= (Y5) et u) = i ex
where 107! is the inverse function of v, as well as the sets
ME ={YeM: u,t) oo} and F={peM: n(,t) < K}

Remark 9.7. It follows from Theorems 12.1 and 13.1 [44, Chapter 3] (see also [42,
Theorems 1 and 2]) that all sets M’ _, M and M belong to the set M C F. By
virtue of Remarks 13.1 and 13.2 from [44, Chapter 3] (see also [42, Remarks 1 and 2]),
for any function ¢ € F (in particular, for any ¢ € M. UM UM ) and for all
t > 1, the following relations hold:

Kr(n(h,t) = 1) < (@) /[ (1) = ta(y,t) < Ks(n(y,t) —t)  (9.79)

T 00

and

Now we prove statements that give estimates for some integrals and sums
containing functions from the sets B, M’ _, MS_ or M

Proposition 9.3. Letd > 1 and 0 < s < oc. Then forany ) € B
ld

1 tdjﬁz R = S (9.81)

If, in addition, for allt greater than a certain number ty, 1 (t) is convex and satisfies
condition (9.37) with 3 > d/s, then

o

/ N )= Y kT (k) < 1 (1). (9.82)
l

k=l+1

Proof. Since the function 12 ) 18 monotonically increasing, we have

- 1dt
]l = /

1
< Ii1a, (9.83)

IIMN

7’L
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and for any ¢ € B, the following necessary estimate is true:
ld

nd—l
() S P

14 (1/2)%
o) S w2 S > 5 )

1/2<n<l

Now, assume that for all ¢ greater than a certain number ¢y, the function 1) is
also convex and satisfies condition (9.37) with § > %. Then the function %)% (t)

decreases to zero for t > t,. Therefore, for [ > ty, | € N,

/OO T )dt = gy > > ' (n) >

! n=Il+1

Since v € B, then
2l
Jy > / tT s () dt > 1%p°(1).

l
Applying (9.37) and integrating by parts, we obtain

d, | s— 1 ld¢5( ) e
neg [ e ool =20 S
Then in view of (9.37), we see that
Ji < —zdw (1) < 1" (1)

s —
Combining (9.85), (9.86) and (9.84), we obtain (9.82).

Proposition 9.4. Letd > 1 and 0 < s < oo. Then for any ¢ € 9 U M

(0.¢]

T UL L TN
Pit) T esn) T ()

and
/ P =3 nt () = I (a0
! n=I[+1
Proof. First let us prove relation (9.87). Consider the function
¢8
£ = flw.t) = 20,

Its derivative has the form

f(t) = <Zfdftl))l = —qﬁd@ <3W(t)| i 1) . > 1

t>1.

(9.84)

(9.85)

(9.86)

(9.87)

(9.88)

(9.89)



CURRENT TRENDS IN ANALYSIS, APPROXIMATION THEORY AND THEIR APPLICATIONS

Therefore, for any ¢ € 9, U IS, we have

N LOIBLA0]
mmw'(m> o(0)

(54 (d— Da(w, 1)) = ‘Zi((:)) o - (;,t) (9.90)

and o f,t) = TR f 7 L1 0. Using (9.89) and (9.83), integrating by parts, we obtain
bt l 1 ot l 1 I
I = — _ _ _ _
IO IONNI® / G070~ f0)  FU)  alf.)’

and

a(f;l) < l 1 > la(f, 1)
I, > — .
S Tva(rn \FO M) 7O

Further, if ¢» € 9, then by (9.90), we have % 1 oo and f(t) > o)

f"(t) .= f"(t+), for almost all ¢ > 1. Hence,
Lprt)dt 1 1 1 la(f,1)
I = - = '
< [ o o O S w10

Due to (9.91) and (9.92), taking into account (9.89) and (9.90), we see for any ¢ €
M

(9.92)

fetlae At La(f D) Vay,l)
I IO R IO NRNE()

If ¢ € M, by (9. 90) and (9.43), we have K, < | (())| < Ky;,t>1,and

LI ()| dt 1 1\ _ 1 _la(fl)
ns s [ L = (- 7m) < qm = g O
Based on (9.91), (9.94) (9.89), and (9.90), we see for ¢y € IM<, relation (9.93) also
holds.
Combining (9.93) and (9.83), we get the second estimate in (9.87).

Now let us prove relation (9.88). For this purpose, we first show that the inte-
gral J; defined in (9.84) satisfies relation

J; = 1% (D, 1). (9.95)
Since a(1),t) | 0 for ¢ € M U M, integrating by parts, we obtain

L) s e ) s
J = —f—d/l Wdtz— + Jp

(9.93)

I =

d d da(),1)
and for sufficiently large [ (such that a(v, 1) < ),
Oé(lb ) d d,s
Ji < o )l V(1) < 1%*(Da(y,1). (9.96)
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On the other hand-side, by virtue of monotonicity of ¥ and (9.79), we have

n(1,t)
> / FLE () > 11 (0, D) (0, 1) — 1) > 19 (Do, 1),

Therefore, relation (9.95) is true indeed.
Further, the derivative of the function h(t) := t¢~14/*(¢) has the form

oy iz (a1 )
B(t) =t ¢<t)(d 1 W)) Wt > 1.

Hence, based on (9.42), we see that the function h(t) decreases for sufficiently large

t (such that (d — 1)a(v,t) < s), and therefore, relation (9.84) holds, which, based
on (9.95) and (9.78), gives the necessary second estimate in (9.88). ]

Proposition 9.5. Letd > 1 and 0 < s < oo. Then for any ¢ € I/

L pd-t jd—1
= 9.97
2 = 7
and
Z n® M (n) =< 1 (L4 1). (9.98)
n=Il+1
Proof. For any v € MM, we have (t) < Kqo|¢' (1)),
L1t [T ()]dt B ( 1 1 > j4-1
I = Kppl®™t = Kpol*! — —.
S hwn =t e Tt G e m) S e

and estimate (9.97) follows from the following relation:

ld—l ! kd_l ld—l l td_ldt ld—l
< < + <K :
V(1) ; (k) T s(l) -y ws(t) (D)
To prove the above estimate (9.96), we actually used only the fact that 1) be-
longs to the set 91 and satisfies the condition (9. 42) Hence estimate (9.96) also
holds for any ¢ € 9". However, since in this case o = = ta(y,t) | 0, then

w/

Jy = / N tT s () dt < 19 (Da(, 1) < 19755 (D).

l

It was shown that the function h(t) = t9 '4*(¢) decreases for all ¢ such that
a(1),t) < 7%5. Therefore,

oo

>R (k) < L+ DTN+ 1) + S < 1T+ ),
k=Il+1
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and since

D R R) > 1Tt (14 1),
k=l+1
relation (9.98) is also true. [

9.5.3 Proof of Theorem 9.2

Proof of Theorem 9.2. First, find the estimates for the quantities Um(}—(%)
Case 0 < q < p < oo. By virtue of (9.23), (9.29) and (9.33), we have

Ssp*

n—1 n IV -p/q
o (Far)sr = ?BE(Z —m) (Z wéj(n) + w‘J(n;)l) : (9.99)

where the number n; is defined by (9.34) for s = [.
By virtue of (9.35) and (9.36), we have

n=1

m=< 1Y% and  (ny) xw(zl/d). (9.100)

In view of (9.81), we conclude that

[ — (1Y) (1 — [ —
b (Fi) s = Sup = xsup¢ () 1 =m) <Yr (ml/d) sup — .

I>m ( n? )p/q [>m l]é I>m l%
i (m)
(9.101)
Fort > 0,m € Nand s € (1,00), the function h(t) = h(t, s) = - attains its
maximal value at the point ¢, = >*%, and

S

Wt s) = (1 _ 1>Sm1—8.

If s = 1, then the function h(t) = h(t;1) is non-decreasing and tends to 1 as ¢

increases. Therefore,
t—m t—m

sup h(t;1) = su = lim — =1. 9.102
t>g ( ) t>g) t t—too ¢ ( )

Combining (9.101)-(9.102), we obtain necessary upper estimate:
o (Fi)er < 07 (mH ) mi 0
Taking into account (9.101) and (9.36), we also obtain the lower estimate:

PP ((Zm)l/d) (2m — m)

o (FL) e > T

a,r

= P <m1/d> ml—Pla
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Case() < p < q < 00. Let W = {WU}},cz4 be a sequence of complex numbers
such that there exists a non-increasing rearrangement ¥ = {W;}2°, of the number
system {|W|},czq. For a fixed m € Nand [ € N, [ > m, consider the functional

[ —m
Qm (¥, 1) = T
\I!j q
j=1
We have
T,
Qm(qjv [+ 1) = Qm(qj: l) + 1 = (\I/lq—kl Qm(qj7 l))
\Ifj_q
j=1
and

_ = _
Vi = Qm(¥,14+1) + Ll—(‘lﬁqﬂ — Qm(¥,1))

Therefore, in view of monotonicity of ¥ and relation (9.25), we conclude that
Qm(W, 1) > Qu(W,l+1) >V (+1) VI>I,
and
Qm(W, 1) <Qun(W,l+1)<VI(l+1) Ve mly).

This yields that
sup Qn(qj,l) - Qm(‘lj7lm)' (9.103)

I>m
According to (9.25), we get ¥(l,,, + 1) > U(l,,). Hence, if the system {|W|};cza
has the stepwise form (9.29), then
by =V = v (9.104)

where n;  is defined in (9.34) for s = [,,. Thus, we have

_b
. g N, v, p—q e0] g ba
O-m("rq,r)sp - (lm - m) p Z wq(n) + Z ]/an—p (n> )
n=1 n=ny,,+1
(9.105)
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where

N

Y (ny, ) < l im Z J” < (ng, +1). (9.106)

J=1

It follows from (9.103) that

—1 n, -1
_an 1 L . ~ Un
A (Zw o m>) ~ e (Zwm)) oD

n=1

Then similarly to the case 0 < p < ¢ < 0o, we show that

(I —m) <§i wygln)) s Y ( Y d) (9.108)

Taking into account (9.106), (9.108) and (9.36), we see that

() < (m” d) - (9.109)

Since v € B, then in view of (9.33), (9.37) and (9.82), we conclude that

o0 o0

_pq _pq _pq
> vprr(n) < Y ntpar(n) < Mpar(l). (9.110)
n=Il+1 n=I[+1
Let us also show that
ng, = mbe (9.111)

Indeed, by virtue of (9.104) and (9.100), we see that m := Klgml/d < Klgl}ﬂ(d <
n; . On the other hand, integrating each part of (9.40) in the range from m to n;_,
m > ty, we obtain % > (mm) Therefore, in view of (9.109) and (9.36), we see
that m > n;  and relation (9.111) is true.

Combining (9.105), (9.108), (9.81), (9.109), (9.110) and (9.111) we obtain (9.39):

) q—p
pq

Om(]'—;”,,«)spx mz/;? (g?j)/d) n Wb% (ml/d) = 1) (mw) ml/r=1/a.
m

Case 0 < q < p = o0. By virtue of (9.26), (9.29) and (9.33), we have

1

’I’Lm+1—]. 7q
Om ~F¢r P — + o .
(For)s < ; 2i(n) T )
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Taking into account (9.33), (9.81) and (9.100), we see that

n —1/q
m—+1 Vn p B
Jm(}";fr)sp = (Zl ¢q(n)> =) (ml/ )m 1/q

Case ) < p < q = oo. Similarly to the proof of (9.41) and (9.110), we can show
that condition (9.37) with 5 = d(1/p — %) = % guarantees the convergence of the

series
> Wl = Z = wap
kezd
and .
> v?(n) < 1MP(D). (9.112)
n=I[+1
Then using (9.27), (9.29), (9.33), (9.112) and (9.100), we obtain (9.39):
- 1/p
O-m (‘F(;{}T)SP = (Vnm—&-l —m-— 1)¢p(nm+1) + Z Vn¢p(n) = ¢(m1/d)m1/p

N=Nm+1+1

Case p = q = o¢. In this case, estimate (9.39) follows from (9.28), (9.29) and
(9.100)

ol Fi)er = Ui = Ynsn) < 6 (m'/?)

Finally, consider the quantities @m(féfr) o Inthecase 0 < ¢ < p < oo,
estimate (9.38) follows from (9.17), (9.29) and (9.100):

‘@m(qujr)sp - 77b(nm—|—1) = ¢(m1/d)
For 0 < p < ¢ < o0, estimate (9.38) follows from (9.18), (9.29), (9.110) and (9.100):

q-p
o0 pq pa q—p
DulFp)e = | D0 vaTrm) | = lne)ngh =< () m! e
N=Ny+1+1
and for 0 < p < ¢ = o0, it similarly follows from (9.22), (9.29), (9.112) and (9.100).

[]

9.5.4 Proof of Theorem 9.3

Proof of Theorem 9.3. First, consider the quantities .@m(f;/jr) - Inthe case 0 < ¢ <
p < o0, estimate (9.45) follows from the corresponding results of Theorems A and
9.1, relations (9.34), (9.35) and (9.44), taking into account Proposition 9.2:

gm(f;b,r)sp - w(nm—&—l) = w(ﬁm) (9.113)
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In the case 0 < p < ¢ < o0, estimate (9.45) similarly follows from the results of
Theorems A and 9.1, relations (9.33), (9.88), (9.35) and (9.44), taking into account
Proposition 9.2:

q—p q=p
00 pg bq 00 pg pq
@m(f‘(fr)sp = Z V4P (n) = Z n® s (n) =
N=Nm+1+1 N=Nm+1+1

- (“%w%(nwoaw,nmu)) " () (Mt 7))V (0.114)

Now, find the estimates for the quantities om(]:;/jT) - Note that in the cases

p=¢q=o00and ) < p < q = 00, estimate (9.46) is obtained similarly to the
estimates (9.113) and (9.114), using the corresponding results of Theorem B.

In the case 0 < g < p = o0, it follows from relations (9.26), (9.34), (9.35), (9.44)
by using Propositions 9.4 and 9.2:

Nom+1 —1/q Nm+1 nd_l —1/q
om(FL), = Yn =
o= (Som) = (Som)
<n%+1a(¢7nm+1)
77bq(nm+1)

Case 0 < ¢ < p < oo. Let M, 4 be the number defined by (9.31) and c be a
fixed real number. For m € N and any [ > m, consider the function

~—
—~

—1/q
) = (T (ma(th, i)

[ —
Win(l,c) == T where k(1) = k(I ¢) = (I/Mq)" +c.
k(1) p/q

td=1de
J (o)

This function is continuously differentiable, its derivative has the form

KO pd1qe pl—m) KN )( () tdldt>p/q1
1 Y

W! (l,c) = (

Pt que(k(D)  gag -/ Wi (t)
(9.115)
where i
kYD) (M) e\ —
P i = < (17 ) =Med (.116)

There exists a unique point /,,, > m such that W, (I,,, ¢) = 0. The function W, (I, ¢)
increase for m <[ < l,,, and decrease for [ > [,,. Moreover, it follows from (9.115),
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(9.116) and (9.93) that
F(lm) pd—1 ¢ ! qulédl(dfl)/d
L — — = d Uk(l,)) < v1(k(,)). (9.117
bo=m | [ T k() = 07k, ©17)
Due to (9.117) and (9.87), for any v € 9. U IS, we obtain

1-p/q
L, —n F(ln) pd=1q¢
sup Wi(l, ¢) = Wi(l, ¢) = ——— - / =
oub Wi €) = Wonllm, €) = 5,7 ( RIC)

Pr(t)

1
K (ln)a (v, kam))) o ¥ (k(ln))
= ik lm = .
o) (S (70 ()7
Since [,, > m and k(l,,,) > (m/M,4)"? — |¢| = R, — |c|, for any o € I UM,
taking into account Proposition 9.2, we have
PP (k(lm)) < P (1 — |c])
OO ( k() >/ <
[ (k(lm))]
L W) )
(aad_l ¥ (7im) )/ (0, )77
()|
Combining the last estimate and (9.118), we conclude that for any ¢ € 9. U IS
PP ()
?;E Wanll, ) < (ma(a), iy, ) )Plat

By virtue of (9.99), (9.35) and (9.119), we obtain the upper estimate in (9.46):

(9.118)

C

(7 — |c])

(9.119)

[—m [—m
P
b (Fi)er < sup ——— < Sup <
S >
“— Yi(n) “— 1(n)
[—m Zpp(%m)
Wil c, 1 — :
e <l e ) < G

/ t4=1dt
0

Let us also find the lower estimate. Due to (9.99), (9.35), (9.87) and (9.78), we
have

[ —m W(nl)(l - m)
p(FY L > > >
Tl P DB P S

— wq(n)>
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P /d _
> sup vr (M) ") (L= m) sup Ro(l). (9.120)

I>m,leN (la (@b, (Z/Mﬁd)l/d))p/q o I>m,leN

Consider the function

9(t) = g(it) = v ((t/M.0)") 121, (9.121)
It is easy to see that g € )t and
g(t)

al(g,t) = dM/a (w, (t/Mr’d)l/d) 10

 tlg'(t)]
for any ¢» € M. _UIMS_. Therefore, similar to 1), the function g € I C F. Hence,
by virtue of (9.79) and (9.80), for the quantity n(¢) = n(g,t), we have

g(t)
|9'(2)]
Set [y = [n(m)] + 1. Then by Proposition 9.2, Remark 9.7, relations (9.121), (9.122)
and (9.44),

= ta (¢, (t/My.q)"%. (9.122)

n(n(t)) —n(t) xn(t) —t =

Rulto) » 00 Dy, ) — )
(n(g, m)a (¢, (n(g, m)/M,.a)"/%))
gp(m) W(ﬁm)
(g, m) — M)~ (ma(i, i) 7T

Combining relations (9.120) and (9.123), we obtain the necessary lower bound:

P ()
(ma (i, ) J/at
which complies the proof of relation (9.46) in the case 0 < ¢ < p < o0.

Case ) < p < g < 0. Let us use relation (9.105)-(9.107), which holds for any
positive non-increasing function . Similarly to the previous cases, we prove that

>

(9.123)

b (Fi)sn >

q,r

| — Ly, — -
sup m = m = P! (ny,) < YPi(ng,), (9.124)

n;— n;
I>m & i

S Un 4+ [ — an—l Z Un
c=pi(n) - Yi(m) A P(n)

where n,, and n; are defined by (9.44) and (9.106). Further, let us show that
Lip X Ny (9.125)
Since l,, > m, by (9.35) we have n; > n,, > n,, — c3. If n; < n,,, then relation

9.125) holds. Assume that n; > 7,,. Since a(t,t) | 0, then 1 < KMW(t)' for
( ) m t w(t)
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all t > 1. Integrating both parts of this inequality in the range from n,, to n; , we
obtain

In 2 < K In il
T ()

Thus, relation (9.125) is true indeed.
By virtue of (9.32), (9.87), (9.125) and (9.78),

- _ Ny P (¢;nlm) _ m@(@b,ﬁm)
Z wq Z < i(n = Vi(ng,)  W9(y) :126)

Finally, due to (9.32), (9.88), (9.125) and (9.78), we get

and n;, <K Ny.

00
S via(n Z nA L () <
n=mny,,+1 n=ny,, +1
d pq pg .
=y, PP (g, o, my,, ) =X map P (R ) (4, i) (9.127)

Combining relations (9.105), (9.124), (9.126) and (9.127), we obtain (9.46):

Ol(FL ) = <¢ﬁ<ﬁm)% + mw%mm)a(w,ﬁm)) "

= (i) (ma (), 7)) /P71

9.5.5 Proof of Theorem 9.4

Proof of Theorem 9.4. First, we find the estimates for the quantities am(]-";fr) o
(i) Case 0 < p < g < o0. Let us use the representation (9.105), in which n;  is
defined in (9.34) for s = [,,, and [,,, satisfies relations (9.106) and (9.104). By virtue

of (9.33) and (9.98),

> yan p Z n’- 1zpq P(n) < ni wq p( +1).  (9.128)
n=ny,,+1 n=ny,, +1

Since I, > m + 1 and m € [V,_1, V), it follows from (9.104) and (9.34) that [,,, =
Vo, 2V,

- Nm+1°
By virtue of (9.97), (9.32) and (9.48), for sufficiently large s we have
S ad—1 d—1
v J s _
= — = <P U s+1). (9.129)
)~ g <D
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Therefore, for such s and m € [V;_1, V), the following relation holds
Vi—m _ Vi—m _ (Vs —m)y(s)

> Pi(s+1),

—~ —~

S -d—1 d—1
J S

LG 20

Jj=1

which implies that /,, < Vj, and therefore, [, = V5 and n;, = s. Combining
this equality, relations (9.105), (9.128) and (9.129), and taking into account relations
(9.35) and (9.48), we see that relation (9.49) is true indeed:

q=p
Ve —m)yi(s)\oep s} 2 H
Om(fqdjr)sp = <( Sd—)l ( )) wq(s) + Sd 1¢q—p (S + 1) =
q=p
LLN pq

_Wammputs) ([ (s s ) e (= mp
=S (1 () =0

s 4 m dq

(i) Case 0 < p < ¢ = 00. Due to (9.27) and m € [V;_1, V), we have
b (Fo)en = (Ve = m)y?(s) + ) vat’(n).

Taking into account (9.33) and (9.98), we obtain
O (For)sp = (Vi = m)yP(s) + s (s + 1),

and by virtue of (9.48), we see that for 0 < p < g = o0, relation (9.49) also holds.
Case 0 < q < p < oo. By virtue of (9.99) and (9.97), we have

[—m l—m
0-51(}% )Sp:sup = 8sup

or I>m /m—1 4.1 p/a I>m,leN ( — 1)d_1 -V, _ rla
n l—an_l " m—1
<;¢Q(n)+ Pi(ny) ) < Pi(ny—1) i Pi(m) )

In this case, condition (9.48) is also satisfied for 5 = %. Therefore,

o Fi)y = sup L) (¢p<nj)max - >

leN, [>m (l - an_1>p/q j>m lel; (l - an_l)p/q

(9.130)
where [,,,,1 denotes the sets of positive integers from the half-interval (m, V;] and
I;, 5 = m+2,m+3, ..., denotes the sets of positive integers [ from the half-intervals

(an—la Vn]]
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By virtue of (9.32), (9.34) and (9.48), for ; > m we have

[—m :w (1) (Vi, —m) x¢ (nj)(Vi, —mn) > P (n+1) max l—m
lGIﬁl Z—VnJ

PP (n;)max
Tler 1=V, 4 Vi, = Vi1 n;.l_l

Thus, if p = ¢, then the supremum in (9.130) is attained at the point j = m + 1, and
in this case, relation (9.49) holds:

(Vi —m) /P (Vi —m) P (Vs —m)Y/»
Ol T ) o = () 2 ) e T () T

n P m, ap m dp

m—+1
Now, let 0 < ¢ < p < oo. For fixed m and v > m, the function
[—m
fm(l,'l}) = m, [ > v, (9131)
attains its maximal value at the point [} = }%,
. B q(p — q)p/q—l 1 _ 1

Sl v) = pP/a (m —v)p/e-1 A (m —v)p/a-1 (9.132)

fm(l,v) increases for [ € (v,[’) and decreases for [ > [}.
If m > V;_4, according to (9.32), (9.48) and (9.132), we have

[—m Yr(s) Y(s)
p — p
R T A TR (e v TR = i g
s 4
PP(s+1) . [—m
P T vt~ VR ) = e e

for any j > m + 1. Thus, the supremum in (9.130) is attained at j = m + 1, and

(L —m)

P — oD — P

Jm(Fgr)sp - ?7/} (S) lg}:i (l . Vs—l)p/q - w (S) ler%ln?:}ég] f(la vm);

where f(l,v) is defined by (9.131) and v,;, = V;_. Further, if condition (9.51) holds,

the point [; = pm}—)fq‘qfs,l belongs to (m, V], and taking into account (9.132), we
obtain (9.50):

p(s)
(m+1—V, q)l/a-1/p
If condition (9.51) is not satisfied, then f(l,v,,) increases on (m, V;]. Therefore,
taking into account (9.32), we obtain (9.49):

V= m) () (Ve = m)r

ERVERTI7EES 1
(Vs — Vip)e m

On(Far)e = 0(8) FP(I0m) =

Om(f;b,r)sp = w(s)fl/p(‘/sv ’I“m) =
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Similarly, if m = V,_4, for any 7 > m we have

[ —
0e) g g W) = Vi) T =) >
s +1) _ [—m
> 1 Vs)g_ = P(s + )ZSS‘E fn (L, Vs) > 4P (n;) max T

Therefore, in this case relation (9.50) holds:

_ U(s)
 (m+ 1=V, )V l/p

(iii) Case 0 < ¢ < p = o0. Due to (9.26), (9.29) and (9.129), we have

O (Far)sm =

s—1 —1/q d—1 —1/q
_ Uy +m+1—‘/;_1 X<(s—1) +m+1—‘/;_1> _
“— i(n) Pi(s) Pi(s — 1) Pi(s)
_ ) N O NS SR S
A(m—}—l—‘/s_l)l/q( +¢q(s—1)m+1—‘/;1) .

Since ) satisfies (9.48) with § = dT we conclude that relation (9.50) also holds.

(iv) Find estimates for Z,, (.7:(;” )s» in the case 0 < p < ¢ < 00. Due to (9.18)
and (9.29),

q—p
D8 (FL ) = (Ve—m Y (s) + Z 5

n=s+1
Taking into account (9.33) and (9.98), we obtain

qa—p

Dl (F) e = (Ve — m)$ab(s) + (s + 1) i p (s + 1).

By virtue of (9.48), we see that for 0 < p < ¢ < oo relation (9.52) is valid. ]

9.5.6 Proof of Theorem 9.5

Proof of Theorem 9.5. Upper estimates. In the case 1 < p < 2, due to (9.13), (9.63)
and (9.14), we have
On(Fo)s, K Om(Fo)y, K GulFe),, € Gn(F),, € om(Fop)e-  (9133)

q,r q,r

Thus, to obtain the necessary upper bound, it suffices to use (9.39) for S? = S2.
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In the case 2 < p < o0, using relations (9.13), (9.62) and (9.14), we obtain

On(For)s, K Om(Fo)s, K GulFp,),, € Gn(Foy) = om(Foy),, (9134)

q,r

and the upper bound similarly follows from relation (9.39).
Lower estimate. Let 7, n € N, denote the set of all polynomials of the form

Ty = Z To(k)er,

|k|oo§n

and let A,(.7,), 0 < g < 00, denote the subset of all polynomials 7, € .7}, such

that ||7,,||s, < 1. From Theorem 5.2 of [10], it follows that for any 0 < ¢ < oo,
(2n+1)4—1
2 b

1<p<oo,n=12...andm =
oA T),, = Km0

For a fixed n € N, consider the set ¢(dn)A,(Z,) = {7 € T, : |7|lse < ¥(dn)}.
Due to monotonicity 1, for any 7 € ¥ (dn).A,(.7,) and 0 < r < oo, we have
q

T(k T(k T(k
5~ |0 m) ' 5 [0

2 [0(K]) k)| = 2 [otdn)

q

>

|k|oo§n

q
<1

Therefore, 1(dn).Ay(7;,) is contained in the set .. In view of definition of the set

B,foralln=1,2,...and m = (2n+;)d_1, we obtain

ol Fi)sy = on(G(dn) A(F),, 3 Gldn)m 21 g (/1) b2,

q,

Taking into account the relation (9.13), monotonicity of the quantity o, and inclu-
sion ) € B, we see that forall 1 < p < oo,

Go(FY ), > oL (FY ), > o (FV )y, > (ml/d> ml/2-1/a

q,r q,r q,r

In the case 2 < p < oo, for the quantities o,,(F;,),, and G,(F},), , this
estimate can be improved. For this purpose, consider the function

Z ﬁl(k)ek:hl Z €k,

‘k|r§nm |k|r§nm

where

QI

= X i, =)= | (37

|J|r<nm
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and M, 4 is a constant defined in (9.31). It is obviously that f; € }";/jr and by (9.81)
and (9.36)

For any collection v, C Z¢, using Nikol’skii’s inequality [26] and (9.32), we obtain

N o
]dl nd m

by “(m) = < <

v(d) T P (nm) " (m

U=

hy — Z ?Ll(k)ek > hl(m)m’% Z er = p(mym! e,
kE’ym Lp |k|1§nm7 k¢77rL

Therefore, for all 2 < p < o0, the following estimates are true:

Gl FL), > oh(FL),, > oh(h), > (ml/d) l-Up-1/a

q,r q,

9.5.7 Proof of Theorem 9.6

Proof of Theorem 9.6. Proof of this theorem is similar to the proof of the upper esti-
mates in Theorem 6.1 [10]. It uses the following lemma from [10].

Lemma 9.2 ([10]). Forany0 < ¢ <oo,n=1,2,...,and1 <m < (2n + 1)d,
(Al T)),. < Cm*YiL(n/m), 0<q<1, (9.135)
where L(z) = (1 + (In2),)"/? and
(A T)),. < Cn= Wi~ 2L (n%/m), 1< q< oo, (9.136)

with C' depending only on q and d.

Forany f € ]:;/joo, we use the decomposition

f= ij, where f; = Z J?(k’)elw j2 L foi= f(O)

J=0 25 1< k|0 <27

We note that .
Filv@ ) e Al F), j=12,... (9.137)

For any N = 1,2,..., we approximate f as follows. Let /Ny be the largest
Nd
integer j such that m; := [(j — N) 722 > 1,ie. Ny =[22 + N].Ifj < N, we
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set Pj := f;. If N < j < Ny, then by virtue of (9.135), (9.136) and (9.137), there is a
polynomial P; € %, such that

I = Pill, < my* YL@ fmy)p(27Y), 0<q <1, (9.138)
and
1f; = Pill,, < 2j<d_d/q)mj_1/2L(2jd/mj)¢(2j‘1), 1< q< . (9.139)

Set P = Zj.v:oo Py. Since

No
22+ 1)+ > (- N)2N < a2,
j=N+1

where a depends only on d, then P is a linear combination of at most a2¥? expo-
nentials e;. Hence, P is in X yv¢. We also have

No %
IfF=Pll, < > =Pl + D> fill, = S+ 5. (9.140)
j=N+1 j=No+1

For all x > 1, we have [x] > x/2. Therefore, for sufficiently large N and N < j <
Ny, from the definition of L(z), we have

L2 /m;) < (1 + (20~ — N?)2 <« (5 — N)Y2, (9.141)

First, consider the case 0 < ¢ < 1. Reasoning similar to the proof of upper
estimate in (9.82), it is easy to show that if the function 1) belongs to the set B and
for all ¢, larger than a certain number %, ¢ is convex and it satisfies condition (9.37)
with a fixed 8 > 0, then for any a € R and sufficiently large ¢ > N, the function
hap(t) == 201 (t — N)(2!71) decreases to zero, as well as

Z 207 (5 — N)*p(2771) < 20N ap(2M). (9.142)
j=N+1

In this case, § = 0. By virtue of (9.138), (9.141) and (9.142), we obtain the
estimate of the first sum .57 in (9.140):

o1 < Z j = NYA 2 NI (Y21 <
J=N+1
-N C_l_Ql 00 - v Q_Q
<2 o > (= NPy <2 (i 2)¢(2N). (9.143)
j=N+1
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To estimate S, we note that from (9.137)

Sp< D> il £ D Y Ifkl] <
J=No+1 J=No+1 \ 20-1<|[k| 0o <27
< N e < 3D (@Y < p(2M).
j=No+1 j=No+1

Further, note that if for all ¢, larger than a certain number %, 1) is convex and

satisfies (9.37), then for any a > 0, we have ¢(2V(@+1)) « ¢p(2V)2-Ne,
Nd
From the definition of Ny, we have Ny > N + 2 2 — 1. It follows that if /V is

sufficiently large (depending only on d and ¢), then Ny > N(1 + g — %) Hence,

S < v (2N(Hgg)> < (),

Using this and (9.143) in (9.140), we find that

d d

aaova(f)y, < If = Pll,, < ZN(“)WN)- (9.144)

In the case 1 < ¢ < 00, condition (9.37) is satisfied with 8 = d — g. By virtue
of (9.139), (9.141) and (9.142), we have

00 . d d d
S<2r Y 2 <d_5) (= N)2g(2Y) < ¢(2N)2_N<5_5>. (9.145)

j=N+1
To estimate S5, we use Holder’s inequality, (9.137), (9.142) and the inequalities Ny >
Nd
N +272 —1andh,3(No) < hap(N +1) witha=1and § =d -4,

f(k)
Y(2i1)

S< Y A< > v Y

j:N0+1 j:N0+1 2j71§”k”oo<2j

d
577)

SYISH

> : - 1)(g_2 _d
S Z ¢(2]71)2(¢7 1)(d C]) << ¢(2N0)2N0(d q) << w(QN)QN(
J=No+1

Using this and (9.145) in (9.140), we see that in this case, relation (9.144) is also true.
Therefore, the upper estimate in (9.37) follows from the monotonicity of o, and
inclusion ¢ € B. [
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9.5.8 Proof of Theorem 9.7

Proof of Theorem 9.7. Upper estimates. Let m = m(s) = Vs — ¢, 1 < ¢5 < ¢. Then
due to relations (9.133) and (9.134) and estimate (9.54), we see that in this case for
any) < g<oocand 1 <p < o0
i ¥(s)
0m<f;b,r)Lp < Gm(fc;b,r)Lp < d-1-
m ¢4

(9.146)

Ifm=m(s)=Vs1+¢,0<cs<c,and0 < g <p <ocorifm=m(s) ="V,
and 0 < p’ = ¢ < o0, then the upper estimate similarly follows from (9.133), (9.134)
and (9.58)

O (For)s, < Gl Fy),, < U(s). (9.147)

Lower estimates. Let {k7, k3, ...} be a rearrangement of vectors from Z¢ such
that
Ui =0, j=1,2,..., (9.148)

where, as above, ¥ = {V;}2, is a non-increasing rearrangement of the system

{ ‘ ‘ljk; | }keZd-
Consider the function

m—f—l/\ m+1 —
= > " hs(k)er, = ba(m) > er,. where
Jj=1 j=1

It is easy to see that hy € .7:7’” and due to (9.148) and (9.29), for m € [V,_1,V;) we
have

m+1 s—1
- = Vi=Vieer m+1-V,,
hy'(m) =) ¥ 7= + , (9.149)
2N 2 5i(s)
where in view of (9.33) and (9.97),
s—1 _
MAZ B (et o

“yi(k)  Yi(s —1)
Combining (9.149) and (9.150), taking into account (9.48), we conclude that

o mA 1=V (s — 1) 19i(s) ) mtl=Via
by (m) = <1 T —Dm1-V,)) T uils)

Then for any collection ~,, € I'},, we have

0 _ (s)
- Z ha(k)ek|| = ba(m) Z eps|| = 1V

ker)/m I jE[l,m—i-l]\’ym .
p p
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Therefore, for all 1 < p < oo, the following estimate holds:

¥(s)
(m+1—V, )l

Gm(Fw )Lp > Oé_(fqdjr)Lp > O-TJL_(],L2)LP >

q,r (9.151)

Ifm =m(s) = Vs_1 + ¢, 0 < ¢s < ¢, then the quantities on the right-hand sides
of relations (9.151) and (9.147) are equivalent. If m = m(s) = Vs — ¢, 1 < ¢5 < ¢,
then the equivalence of quantities on the right-hand sides of relations (9.151) and
(9.146) follows from (9.33), (9.34) and (9.35). ]

9.5.9 Proof of Theorem 9.8

Proof of Theorem 9.8. Theorem 9.8 can be proven similarly to Theorem 9.7. Upper

estimates for o (]:;/’) ., and Gy, (FV) follows from (9.133) and (9.134), (9.46'),

taking into account (9. 43).
Similarly to (9.133) and (9.134), we have

‘@TJT;(’F;/?T)LP < gnji(f;b,r)@ — gm(f;b,r)

Lp(Th)

1<p<2, (9.152)

S2)

and

D F), < Dl FL) ) = Dl Fy) 0 2<p < o (9.153)

Therefore, to obtain upper estimates for Z;- (]:;p )L,, 1> it sufficient to use estimates
(9.152), (9.153), (9.38) and (9.45’), taking into account (9.43).
To obtain lower estimates, consider a rearrangement {k7, k5, ...} of the set Z
such that
W] =05, j=1,2,..., (9.154)

where W = {¥;}*, is a non-increasing rearrangement of the system {|¥y|}1.cz.
For a given m € N, consider the function

m+1 m—+1 m+1

= Zﬁg(k:j)e Z er,, where h3Y(
j=1

It is clear that hg € ]:;p’ and due to (9.154), (9.29), (9.87) and (9.43), we see that

2 el
m—+1 B 2 9 o wn T
bs'(m) =< > ;%= ) ¢7(k)= =

SR )
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Therefore, for any collection v,, € I';,,, we have

3" ha(k)e = h3(m) ni Ck; =Y ([mTHD

kevm . J=1
Lp(TH) *
P kj ¢’7m

and the necessary lower estimate is valid:

Ty > 0lh), >0 (| ] ) = )

9.5.10 Proof of Theorem 9.9

Proof of Theorem 9.9. To obtain upper estimates in (9.68) and (9.69), it is sufficient
to use relations (9.152), (9.153) (9.47) and (9.55). To obtain lower estimates, for any
collection ,, € I',,,, we choose any vector kg = ko(7,,) € Z%\ ,, such that

[U(kolo)] = s, (1) = sup W, (k)] = sup [¢(|k[)].
kEZd\’}/»m kezd\’}‘m
where, as in Section 9.3, the system V., = {WV, (k)}ycze is defined by (9.15) and
0., = {¥,, (4)}52, is a non-increasing rearrangement of {|\If%( ) reza.
Then the function hy := ¥(|ko|,)ex, belongs to the set ]:q,r and

Ey(ha),, = [[U(lkol)er ||, = w(lkolr) = Wy, (1).

Taking into account (9.29), (9.34), (9.35) and (9.36), we obtain the necessary lower
estimate:

.@n%(f;fr)hz inf &, (hy), = inf W, (1) =W, =1(s).

Ym€l'm P €l

9.5.11 Proof of Theorem 9.10

Proof of Theorem 9.10. Upper estimates in (9.70) follow from relations (9.152), (9.153)
and (9.38).

In the case when 0 < ¢ < = p 7, the lower estimate follows from (9.68), taking
into account relations (9.34), (9.35) and the definition of the set B. In the case when

]% < q < 00, the lower estimate in (9.70) follows from (9.66). ]
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Sergii YANCHENKO

10 Approximation characteristics of Nikol’skii-Besov classes
of non-periodic functions of one and many variables

In this chapter, we present and somewhat systematize the results obtained by the
author in [29-31,33], as well as by Wang Heping and Sun Yongsheng [10,28]. These
results relate to the search for exact-order estimates of some approximation char-
acteristics of Nikol’skii—Besov classes of functions with a dominant mixed smooth-
ness (derivative) S} 4 B (R9). These classes of functions were introduced in the works
of S. M. Nikol’skii [13] and T. I. Amanov [1]. Namely, we investigated the approx-
imation of the classes S7 , B(R?) in the metric of the Lebesgue space L,(R) using
entire functions of exponential type. Section 10.2 presents exact-order estimates of
the approximation of the classes of functions S;ﬂB(Rd) by entire functions of ex-
ponential type with the supports of their Fourier transform in the step hyperbolic
cross. In this section formulates the well-known results obtained by Wang Heping
and Sun Yongsheng, and the main attention is paid to the results obtained by the
author. In Section 10.3, we investigate the approximation of functions from these
classes by entire functions of exponential type with a spectrum of a special form.
Due to the greater flexibility in the choice of the approximating aggregate, in some
cases, we manage to obtain better estimates of the approximation compared to the
approximation in the step hyperbolic cross.

In the classical form, the definitions of these spaces and, accordingly, classes
of functions (unit spheres) S;ﬂB(Rd), were denoted in terms of conditions for the
mixed difference of the k-th order of the function with the vector step h. As it
turned out later, in the study of approximation properties, the definition of the
norm of functions plays a key role indirectly through the so-called “decomposition”
representation of the elements of these spaces, which was obtained in the work of
S. M. Nikol’skii and P. I. Lizorkin [12] both for classes of non-periodic functions and
in the case of classes of periodic functions. In addition to their independent interest
from the point of view of function theory, studies of such spaces find applications
in the theory of partial differential equations, in solving boundary value problems
of regular elliptic differential equations, in computational mathematics, in image
reproduction, etc.

Sergii YANCHENKO ©, Institute of Mathematics of the National Academy of Sciences of Ukraine, 3 Tereschenkivska
str., 01024, Kyiv, Ukraine, e-mail: yan.sergiy@gmail.com
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10.1 Definition of Nikol’skii-Besov classes of functions with dominant
mixed smoothness

Here, the definition of the Nikol’skii-Besov spaces of functions with dominant
mixed smoothness S ;B (R?) is presented through so-called decomposition rep-
resentation of the norm of elements from these spaces. This representation is es-
sentially used in proving the obtained results and is based on the application of
the Fourier transform, which can be defined in terms of generalized functions (see,
e.g., [3, Ch. 11], [14, Ch. 1, § 5]).

First, we give the necessary notation and definitions.

Let R? be the d-dimensional Euclidean space with the elements & = (x1,. . . , 7),
z; € R, and (x,y) = 21y1 + .. . + 24y4. Denote by L,(R?), 1 < q < oo, the space
of all functions f(x) = f(x1,...,z,) measurable on R? with the finite norm
1/q
e = | [@lde] . 1<a<oc,
d

[ f1 L (re) = esssup [ f(x)].
zeR?
Let S = S(R?) be the Schwarz space of test complex-valued functions ¢ in-
finitely differentiable on R? and decreasing at infinity together with their deriva-
1

tives faster than any power of the function (z7 + ... + x3)" 2, considered in the

appropriate topology. Let S” denote the space of linear continuous functionals on
S. The elements of the space S’ are generalized functions. If f € S’, then (f, )
denote the value of a functional f on the test function ¢ € S.

The Fourier transform §¢: S — S is defined by the formula

BN =—— [ elthe Mt = 3N,
(2m)s

where A = (A,...,\g) € RL &t = (t1,...,t5) € RYand (A, t) = 327, A\it; is the
scalar product of the vectors A and ¢ in RY.
The inverse Fourier transform is defined as follows:

F )0 = — [ N ax = ).
(2m)3 /¢

The Fourier transform of generalized functions (for which we preserve the
same notation) is defined by the formula

Ff0) = (f,50)  (f.o) = (f.8),
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where f € S’and ¢ € S.
The inverse transform of generalized functions is also denoted by F~'f and
defined, by analogy with the direct Fourier transformation, by the following rule:

F o) = (510, (o) ={f.0).

For any function ¢ continuous on R? the closure of the set of all points x € R4
such that p(x) # 0 is called the support of the function ¢ and denoted by supp .

The generalized function f vanishes in an open set G when (f, ¢) = 0 for all
¢ € S and supp ¢ C G. The union of all neighborhoods where f is equal to zero
is an open set and called the null set of the generalized function f. It is denoted by
G . The complement of the largest open set Gy to R? is called the support of the
generalized function f, i.e., supp f equal to G is a closed set.

According to the formula

(fip) = Rdf(w)sO(ﬂc)dw, pe S,

each function f € Lp(Rd), 1 < p < 00, defines a linear continuous functional on S
and, therefore, is an element of S’ in this sense. Hence, the Fourier transform of a
function f € Lp(Rd), 1 < p < 00, can be regarded as the Fourier transform of the
generalized function (f, ).

For s € Zi, we also consider the sets

Q;s = {)\ = ()\1,. . .,)\d)l T](Sj)2sj_1 < ‘/\j| < 28j, /\j - R, j = 1,d},

where 7(0) = 0and n(t) = 1,¢ > 0.
Let A C R? be a measurable set. By y, we denote the characteristic function
of the set A. For f € Lp(Rd), 1 < p < oo, the function

05(f. ) = (xqz - §F)

is correctly defined and belongs to L,(R?).
Then the spaces STQB(Rd) 1 <p<oo,1<6< 00,7 >0,canbe defined as
follows [12]:

SpeBR?) == {f € Ly(R"): || fllsr,pme) < 0o},

where

1/0
1fllsr,pwra) =< (ZQST 105(f HL Rd> (10.1)
s>0

for1 <0 < ooand

1fllsy By = || fllspa®e =< Sup2 SNS2 (o )z, ray- (10.2)

520
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Here and below, for positive quantities a and b, the notation a < b means that
there exist positive constants ('} and (5 that do not depend on an essential param-
eter in the values a and b (e.g., C'y and (), in the expressions (10.1) and (10.2) do not
depend on the function f) such that Cia < b (in this case, we write a < b) and
Coa > b (in this case, we write @ > b). All of the constants C;,7 = 1,2, ..., appear-
ing in the chapter, could depend only on the parameters from the definition of the
class, metrics where we measure the approximation error, and from the dimension
of the space R?.

In the case 1 < p < oo, by modifying 07%( f, x), for example, according to the
de la Vallée Poussin type, the norm of functions from the spaces SI';(,B(Rd) can be
defined in a different form.

Further, let

Kon(t) = /R (Ve NAN, meZy, K., =0,

where
(1, | < 2m-1,
|M> 1 L—], 0<]AI<1
EnN)=<2(1—=1], 2" < [N <2™, ko(N) =
w={2(1- 5 B =1, "=
0, |A| > 2™,
\
For any vector s = (s1,...,54), $; € Z, j = 1,d, we define
d
H s; wj s —1(xj))a

7=1
A(f ) = o)  Ag(x) = g fy)Ag(x —y)dy.
Note that A%(f, ) is the analog of the de la Vallée Poussin block of sum of periodic

function of several variables (see, e.g., [26]).
The following statement is true.

Lemma 10.1 (10]). Let 1 < p < oo, then for any f € L,(R?) we have
= Ailf.x)

and supp §As(f, ) © Q3.

In the accepted notation, the spaces S;ﬂB(Rd), 1 <p, 0 <oo,r>0,can be
defined as follows (see, e.g., [10,27]):

SpeBRY) := {f € Ly(RY): || flls7,ps) < oo},
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where

1/0
1£ sy, e V(Zw”w N ) (103)

s>0

for1 < 0 < oo and

11| r £r(ray < Sup2 SN AL, )z, @) (10.4)
As can be seen from (10.1), (10.2), (10.3), (10.4), for any f € S HB(Rd)
p < 00, the following relation holds:

105 (F5 )z, @y = 1A )z, ey (10.5)

Z;ﬁB(Rd) is defined as a set of functions f € L,(R?) with ||f||S;7eB(Rd) <

1. We conserve the same notations for the classes 5] ,B (RY) as for the spaces
SpoB (RY).

Note that, for the value of the parameter = oo, the spaces of functions
ShoB (R?) coincide with the spaces S5 H(R?) that were, for the first time, con-
51dered by S. M. Nikol’skii [13], and in the case 1 < 6 < oo they were intro-
duced by T. I. Amanov [1]. These function spaces are called the spaces of functions
with dominant mixed smoothness (derivative). In the literature they are also called
Nikol’skii—Besov spaces of functions with dominant mixed smoothness (derivative)
or, for short, spaces of functions with mixed smoothness.

In the one-dimensional case, the Nikol’skii-Besov spaces with mixed smooth-
ness S"GB(Rd) coincide with isotropic Nikol’skii-Besov spaces B’ Q(Rd) The iso-
tropic spaces B’ Q(Rd) were introduced by S. M. Nikol’skii [15] in the case 0 =
(B;)OO(R‘Z) — H;(Rd)) and O. V. Besov [4], when 1 < 6 < oo.

S. M. Nikol’skii and T. I. Amanov obtained for the function spaces 5, H (RY)
and S;ﬁB(Rd) the direct and inverse theorems of the representation of functions
from these spaces using entire functions of exponential type. These theorems are
the main means for obtaining embedding theorems for given function spaces. The
main results of studies of the spaces 57 ,B (R?) are presented in the monograph of
T. I. Amanov [2], where he also considered the corresponding classes of periodic
functions.

We assume that coordinates of the vector 7 = (74, ..., 74), as the parameter of
the defined classes S}y B (RY), are ordered such that
O<ri=ro=...=7r,<r,;1 <...<74
The vector r = (rq,...,74) is associated with the vector v = (71,...,%4), 7; =

j = 1,d, and the vector - is, in turn, associated, with the vector 4/, where 7]. =

if j=Tvand1 <] <v;,j=v+1,d
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Moreover, for the vectors a = (ay,...,aq4) and b = (by,. .., by), the inequal-
ities of the type @ < b (a > b) are understood in the coordinate-wise: a; < b,
(a; > bj),j=1,d. Wealsouset >0 (t > 0)ift; >0(t; >0),j=1,d,anda # b
if a; # b; at least for one 7,7 = 1, d.

Let us formulate one of the embedding theorems for the spaces S , B (RY). This
theorem is of great importance in studying the approximation properties of these
spaces and was obtained by T. . Amanov [1, Theorem 3.2], [2, Theorem 3.1].

Proposition 10.1. Let 1 < p, 0 < 00, 1 < p < ¢ < 00, and we have a vector p such

that p; = rj — (% — %) >0,j=1,d Iff € Sy yB(RY), then f € Sg’ﬂB(Rd) and

[fllse, By < Csllfllsy,Bray,  Cs>0.

We note that for the spaces S) H (RY) (8 = oo) Proposition 10.1 was established
by S. M. Nikol’skii [13, Theorem 5].

The result of Proposition 10.1 determines the conditions on the coordinates of
the vector r under which, for a function f € S7,B(R?), we can assert that f will
also belong to the space L,(R?).

10.2 Approximation by entire functions with the supports of their Fourier
transforms in the step hyperbolic cross

First, we give definitions of the approximation characteristics, which are investi-
gated in this section.
Let £ C Z% be a finite set. We define the set Q(£) = | J,. Q. and denote

G(Q(L)) == {f € Ly(R"): suppFf C Q(L)}.

It is known that the elements of the set G(Q(L)) are entire functions of the expo-
nential type and the supports of their Fourier transforms lies in Q (L) (see, e.g., [14,

§3.1)).
For [ € Lq(Rd), 1 < ¢ < o0, we define

E(F.G(QUEN)  we) = Bate) () 0y = _int 1F0) = 90,z (106)

This quantity is called the best approximation of the function f by entire functions
from the set G(Q(L)).
If F C L,(RY) is a functional class, then we set

Loy (F)Lq(Rd) = i‘ég Eq) (f)Lq(Rd)' (10.7)
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Furthermore, for f € Lq(Rd), 1 < g < oo, we will consider the function of the

form
SQ(E)(faw) :Zdz(f7w>7 .’.BERd.
sel

Thus, we have defined the entire function S¢)(f, =) that belongs to the space
L,(R?) (see, for example, [11]) and the support of its Fourier transform is concen-
trated on the set Q(L), i.e., supp Som(f, ) C Q(L).

Consider the following approximative characteristic:

Qo) (f)Lq(Rd) = [|f() = S (f, ')HLq(Rd)a
Equ (F) Ly(RY) "7 ?}Elg Eque) (f) Ly(RY)" (10.8)

Depending on the choice of elements of the set £ and, accordingly, the con-
struction of the set ()(L), we can consider several approximation characteristics of
the form (10.7) and (10.8).

One of such sets, which plays an important role in the theory of approximation
of classes of functions S} , B (RY), as already noted, is the step hyperbolic cross. Let
the set £ contain vectors s for which the condition (s,7) < n is satisfied, where
n € N. That is, we obtain £ = {s: (s,7) < n}. In this case, as the set Q(L), we
will consider the set )7, which is denoted as follows:

Q= @
(s,7)<n

The set Q7 is called a stepwise hyperbolic cross and, moreover, mes QY = 2"n®!
(see, e.g., [12]), where mes () is the Lebesgue measure of the set ().
For the quantity (10.6) we will use the notation

Bgn () oy = b 1FC) = 90,0,

This quantity is called the best approximation of the function f by entire functions
of the exponential type with the supports of their Fourier transform in the step
hyperbolic cross.

If FF = SZ;GB (R?) is a functional class, then, according to (10.7), we put

E~+ (ST ,B(R? = sup Es(f . (10.9)
Q( p.0 ( ))Lq(Rd) Fesr,BRY) Qn( )Lq(Rd)

For (10.8) in this case we will use the following notation:

Esv (ST ,B(RY) = sup Ep(f : (10.10)
@5 1w feST , BRY) S
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where

Eq1(F) 1wy = 1FC) = S (£ My,
> Si(f,x), T eR

(sry)<n
Note thatSg, (f, ) is an entire function and the support of its Fourier transform is

concentrated in a step hyperbolic cross, i.e., on the set Q7.
We note that, for 1 < ¢ < oo and f € L,(R?), the following relation is true:

Egy(Pr,mn < gy () ey < CiBoy(f) 1, may:

where Cy > 1 is a constant (see, e.g., [12]).

The problem of approximating classes of functions of one and many variables
defined on Rd by entire functions with spectrum in the step hyperbolic cross was
investigated, in particular, by Ya. S. Bugrov [6], H.-J. Schmeisser and W. Sickel [23],
W. Sickel and T. Ullrich [24], Sun Yongsheng, Liu Yongping, Chen Dirong [25],
Wang Heping and Sun Yongsheng [28] and others.

For the quantities (10.9) and (10.10), Sun Yongsheng and Wang Heping [28]
established the following statements.

Theorem 10.1. If 1l <p < g <o00,1 <O < ooandr1>——— then

1 1
< P SBRY), gy <2 D),

Eon (S;,HB(RCZ)) Ly(Rd)

where a, = max{a; 0}.

Theorem 10.2. Let 1 < p < oo, » > 0. Then the following relations holds for
1<f<

X

Eo7(SpoB (RY)) 1 e = g (SpeB (Rd))Lp(Rd)
iy, @D (5-7)

27" p , for 1 <p<2,

i, @D (377)

27"y, 20/ for 2<p<oo.

Theorem 10.3. Let vy and ~' be vectors specified as follows: 1 = v =~ = ... =
Y=y, and 1 < <75, j=v+1,d(1<v<d),r=r- . Then the following
relations holds for 1 < 6 < oo:

a)

Eay (SnaBRY) | gy = By (S5 B(RY)

Lyp(RY) 7

~

1

2 ”“n (p
1 where r; > 0;
27

l)
0 for 1 <p<2
1
a)

2_"7"171 ( for 2 < p<oo,
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b)
T d _ r d - _n(rl_l+l) (Vil)(%ié)
5@1’(519793(1&) )L, () < Egy (S50 B(R ))Lq(Rd) =2 pom i
1 1
for 1<p<qg<oo and 1 >-—-
p q

The set Q7 is called an extended step hyperbolic cross.

For the limiting value of the parameter p = 1 in the definition of classes, Sun
Yongsheng and Wang Heping [10] obtained exact values of quantity (10.9) only for
Nikol’skii classes, i.e., ST H (R?).

Theorem 10.4. The following relation holds

ol ) vt 1
, J 2 <11+Q)nq, l<g<oo, 1 >1-—-,
Eqy (STH(R?))p,re) =< q

2 ripd=1, qgq=1, r; >0.

We have managed to extend the result of Theorem 10.4 to Besov classes, i.e.
for1 <60 < .

Let us formulate an auxiliary statements that we will use multiple times in the
proofs.

Proposition 10.2 ([14], §3.3.4). If 1 < p < q < 00, then the inequality

d
||9u|\L (R9) (H ) HgVHLp(Rd)

= =
=

is true for an entire function of exponential type g, € L,(R?), v = (v1,..., ),
>0,j=1.d

This inequality is commonly called the “Nikol’skii inequality of different met-
ricss” for entire functions of exponential type.

Proposition 10.3 ([14], §.1.5.6). Let 1 < p < o0. There exist positive numbers C’
and Cg such that, for any function f € L,(R?), the following relations are true:

1/2
Csllf Ol rey < (Zé* ) < Coll £ (), me.

>
520 L (RY)

In the literature, theorems of the type of Proposition 10.3 are called Littlewood-
Paley theorems.
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Lemma 10.2 ([28]). Suppose that 1 < p < q < oo and f € L,(RY) are given. Then

1 1/q
|f<->|Lq<Rd><<(sz(f,-n%p ,20 G q>q) ,

s=>0
where ||s|l1 = s1+ ...+ 54, 8; € Zy, 5= 1,d.
Lemma 10.3. Suppose that 1 < q < p < oo and f € L,(R?) are given. Then

1 1/q
|f<->qu<Rd>>>(Zw;‘(f,-n%p 206 q>q) .

s>0

Lemmas 10.2, 10.3 are analogous to the lemmas, which were first proved, in
the periodic case by V. M. Temlyakov (see, e.g., [26, Ch. 1, § 3]).

Lemma 10.4 ([26], Introduction). Let s € N? ~ € R¢, v > 0,7 = 1,d. Then for
a > 0, the following estimate holds:

22 ,‘)/vzalldl

(5,7)=1

Ify" € RY is such that v; = v; =1forj=1vandl <~ <« forj=v+1,d.
Then for o > 0, it holds:
Z 9—a (s,7) = 9 Ozllu 1

(s, y)=l

Before proceeding to the formulation and proof of the main results of this
section, let us formulate several statements that we obtained (see [33]) and concern
the estimation of the norms A%(-) in the metric space L,(R%), 1 < p < oc.

Lemma 10.5. The following estimate holds:
1A 2 mey < 2llslh
where ||s|i1 = s1+ ...+ 84,8 € Zy, j=1,d.
Lemma 10.6. Let 1 < p < oo and s € Zd then the estimate holds:
1
HAZ(')HLP(Rd) = 2||8||1(1—p).

Lemma 10.7. The following estimate holds:

Z AL(- = onpd-l, (10.11)
=n-+1
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Note that it is on the basis of the de la Vallee Poussin sums that the extremal
functions that implement the lower estimates in the theorems formulated below
were constructed. The estimates obtained in the lemmas made it possible to show
that this functions belong to the corresponding classes of functions with a dominant
mixed derivative ST ,B(R?).

Further, we establish estimates for the quantities (10.9) and (10.10) in the metric
space Lp(Rd), 1 <p< oo

Theorem 10.5. Letr; > 1,1 < 0 < 0o. Then the ordinal relation holds
g@:{(S{ﬁB(Rd))LW(Rd) = 2—n(r1—1)n(y_1)(1_1/9). (10.12)

Remark 10.1. Note that in each of the formulated theorems, the corresponding condi-
tion on the coordinates of the vector r ensures the embedding of the spaces S;’(,B(Rd)
into the space L,(R?) (space in whose metric the approximation error is estimated).
Thus, in Theorem 10.5, since r1 > 1, then by Proposition 10.1 there exists a vector p,
pj =r;—1>0,j =1,d, such that for f € ST ,B(R") we have f € S ,B(R?), i.e.
feL (Rd) In addition, we can state that for some 1 < qy < oo, f € qo,GB’ where

pi=r (1——)>Oy-1d

Proof. We first find the upper estimates in (10.12). Let f € ST,B(R?). Then, taking
into account Remark 10.1, using Minkowski’s inequality, the inequality of different
metrics (Proposition 10.2), and also relation (10.5), we can write

g@z(f)Loo(Rd) - Hf() _ SQZ(f? ')HLOO(Rd = " Z 5* f7 <
(s,y)<n Lo (R9)
E
< Z 105(f, M@y < Z 2 Hé.;k(fa')Hqu(Rd)x

(s,y)>n (s,y)>n

Ell ‘ sl sl ( ) .
Z 20 | ALf, M, @ < D>, 2@ 2 [As(f, )z wey =
s,y)>n (s,y)>n

= 2 AL ey (10.13)
(s,y)>n

To continue estimate (10.13), we first consider the case 1 < 6 < oo. Hence, by
using the Holder inequality, we get

1/6
> A e < | D2 20 IANE A ey | X
(s,y)>n (877)>n
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1-1/6 e
e s S r— L
X Z 9= (sr=1)55 < ||f(')\|57’ o B(RY) Z 2 e S
(8,7)>n P
1-1/6
< Z 9—(s Y)(r1-1) 5% J1,
(3;7)>n
where 7 = (71,...,7a) is the vector with coordinates 7; = - 1

r — 1 denotes the vector with coordinates r; — 1, j = 1,d. If j = 1, v/, then ; = ~;
and 1 < ; < 7; for j = v + 1, d. By using Lemma 10.4, we obtain

J < 2 —n(ri=1),, (v=1)(1-1/6) (10.14)
Comparing (10.13) and (10.14), we get

sup [ F() = Sar(Fr )|y < 270 Dple=D03),
FesT B(R)

Now let # = oo. Thus, according to the definition of the classes ST GB(Rd) we
obtain || AZ(f, )|, ®e) < 27 (5:7) By using Lemma 10.4, for relation (10.13), we can

write
Z 21 AZ(f, My rey < Z p-ler—l) =
(

(s,y)>n sy)>n
Z 9= (sM)(n-1) o 9=n(ri—1) -1, (10.15)
(sy)>n

Combining (10.13) and (10.15), we get the upper estimate in relation (10.12)

It is sufficient to get the lower estimate in (10.12) for the case v = d . Below we
construct the functions that realizes the obtained upper order estimate. Consider
the functions

fl (a:) = 07277””1 Z A* , C; > 0,
(s,1)=n+1

for1 <0 < ooand
fol@) =Cs27™ Y Ai(xm), Cs>0,
(s,1)=n+1

for 0 = oo
It will be proved that these functions belong to the classes S7,B (RY) and
ST B(R?), respectively. Since the estimate HA:(')HLl(Rd) = Cy, Cy > 0, is true,
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we find
1/6
1f1()llsy, pray =< Z 257 AL (fr G, ey =
(s,1)=n+1
1/6
—nr _dzl (s,7)0| A* 0
=2"n 0 Z 25N AN 7, (may =
(s,1)=n+1
5 1/6
d-1 » d-1
=27 g > o« > 1] <L
(s,1)=n+1 (s,1)=n+1

For f5, we can write

[ f2()llsr _mey < sup Q(S’T)HAZ(fL‘)HLl(Rd)X
’ (s,1)=n+1

<2 sip BAO <2 s 27 <1
(8,1)=n+1 (s,1)=n+1

Further, in view of the choice of the functions f; and f5, we obtain S ~%( fi,£) =0
and S (f2, T) =

By virtue of estimate (10.11), we get

Eg1(SToBRY) ey > E7(f1) ey = 1F1() = Sgq(fr. My =

E B3 —nl(rs— — _l
— A ey = 2700 z A% g nlnDy@-0(1-3).

(s,1)=n+1 Lo (RY)
Similarly for f; we have
IR COMES S

The lower estimates are established.
Theorem 10.5 is proved. []

Theorem 10.6. Let1 < g < ocoandr; > 1 — %. Then, for 1 < 6 < oo, he following
order relations are true:

where a, = max{a; 0}.
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Proof. We first establish the upper estimates. Let f € S7,B (RY). Then, see Re-
mark 10.1, we have f € L,(R?). For 1 < ¢, < q, we now apply Lemma 10.2 and
then the inequality of different metrics (Proposition 10.2). This yields

Eon (f)Lq(Rd) = [1f() = Sgy(fs M ryrey = Z ax(f <
(5= Ly(RY)
1/q

X

11
<[ 3 1o g )

(s,7)>n
1
Ishs (-3 ) .
<[ X 1 w2 M) <
(s,7)>n
1/q
11
< S 1 g th< >q2n1<0 i)
(s,7)>n
X 1/q
| 3 1A, 2 ) =
(8,7)>n

In order to continue the estimate .J5, we consider several cases.
Let 1 < ¢ < 0 < co. We now apply the Holder inequality with exponent g to

Jo and take into account the fact thatr; > 1 — %. This yields

1
Jo = Z | AL(f, )Hqu( 2(s,r)q2*(s,r)q2||8||1(1—q)q <

Rd)
(s,7)>n
; 0 \ 34
2\ q
< Z HA:(fa')Hil(Rd)Z(s”")e ( (s.r)aglls ||( ))eq <
(8,7)>n (s,7)>n
1 1
B A\
<IFOlsrpe | S0 <2 a)nslh)> .
(s,y)>n
12 11
Q_ q qg 0
(X ()T <o ()"
(8,7)>n (s,y)>n
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where 4 is the vector with coordinates 7; = - —Ltla g 1,d. It is easy to see that

— n-l4 /e
v; =; for j =1,vand §; > v, for j = v+ 1,d. Applying Lemma 10.4 to the last

sum, we obtain , .
Jo K 2_”(7”1_1*5)71(”_1)(5_5).

For 1 < 0 < q < 00, ¢ # 1, by using the inequality

1/vq 1/v1
(Z ak|v2> < (Z ak”1> . 0<v <1y <oo,

k k

(see [9, p. 43]) and the Holder inequality and taking into account the fact that r; >
1— %, we can continue the estimate J5 as follows:

1/0
1
* [s]l1(1-=)0
< | 1A @2 )| =
(8,7)>n
1/0
= 1
* 5,700 (87)(r1—1+ )0
I O e e e ] G L I
(8,7)>n
1/6
()0 4 ; ~(54) (n-1+¢)
< S0 2 as( s, G e | sup 2 2 <
(8,7)>n (s,9)>n

< |‘f(.)HS£GB(Rd)2n(T11+%> < 2fn(r171+%)

~ 9

where, as in the previous case, the vector 4 is defined in a similar way and v > .
Let now ¢ = oo. Then, for f € ST B(R?), according to the definition of the
norm of the function (10.4), we have that

AL (fo ) ey < 277,
By using Lemma 10.4, we get

1/q

)

1
b | S atenigh sh(1-3 (ri-1+2)g

(s,y)>n

A2 7‘1 1—|—

The required upper estimates are established.
We now establish the lower estimates. To this end, for some values of the
parameters ¢ and 6, it is sufficient to indicate the functions f € ST,B(R?) for
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coincide (in order) with
in (10.16). Note that, it

which the lower estimates of the quantities &, ( f ) L, (RY)
the upper estimates of the quantities &3y (SfﬂB (Rd)) L, (R)

is sufficient to consider the case v = d. Thus, we assume that v; = 1, j = 1.d.
Let 1 < 0 < ¢, g # 1. Consider a function

fs(x) =2"""A:(x), where [5]j =n+1.

Let us show that f; € SfﬁB(Rd). Then we can write

)

1/6
1f3C)lsy, pray =< (Z 250 A% (f, ')l%l(Rd)>

520
— 9-rin <2(§’T)9HA§(')H§;1(R(1)>1/9 < 9-Tmognn _ |
Since the functions f3(x) satisfy Sg, (f3, ) = 0, by virtue of Lemma 10.6, we obtain
Eon(SToBRN) r, ey > Egy (f3)r,rn) = 1f3(-) — Sz (f3, M,y (mey =
= 150z, ey < 27" [AZC) 2, (rey < 2*7”"12”( 1) — 2_"(“_”%)_

For 1 < ¢ < 6 < oo, we consider a function

f4(£B) — 9Ny, Z A*

[sll1=n+1

Let us show that fy € ST QB(]Rd) Then we can write

1/6
1f4C) sy, pray =< (Z 25| AL (fa, ')Ii);lmcz))

s=>0
1/6
d=1 0 0
=2""n" 0 Z 257 A (1, ey <
[[sl[1=n+1
1/6
d-1
<« 27T g Z 2(s,r)0 < 1.
[[sll1=n+1

Since, in view of the choice of the functions f, the equality S 7{( f1, ) = O is true,
we conclude that

Equ(STpBRY)) 1, me) > 1fa() = Sgy(fa, Mz,me) = 1 £1C)llz, mo).
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Since, as shown above, f; € ST’QB(Rd) and, by the conditions of the theorem,
re>1— %, according to Proposition 10.1, we get f; € L,(R?). For s € Z¢, we now
set

A(s)={z: 279 1 <a; <279, j=1,d},

A(s)NA(s') = @ for s # s'. Then, by Proposition 10.3 (Littlewood—-Paley theorem)
and estimates for A%(x) (see formula (15) in [33]), we have

Hf4(°)HLq(IR{d) >

1/2 1/q
SIS 0P 2| Y [ mtede | =
||s]j1=n+1 L&) Islli=n+1x75)

d—1 Y l/a
x2’”’1nT< Z /|A§(w)qdw> 07y ( Z 9llsll(g— 1) -
Islli=n+15(4) Is]ly=n+1

d—1 ,49=1

_ 1 1
 gnry, - ot @-1)jg _ o-nln—(1-1/9),, (@D (5-5)

Finally, we consider the case # = co and, hence, the function
fs(@) =27 Y Ai(x)
||s[li=n+1

It is necessary to show that f5 € S] . B(R?). Thus, we get

1750 sy . e =sup 20N AL (fos M@y =2""" sup 20| AZ() |, ey < 1.

s> Is||1=n+1

In view of the fact that the functions fs satisfy the relation S+ (f5, ) = 0, as
in the previous case, we get

Eqy (SToB(RY) | gay > €2 (f5)r, ey = 1f5() = Sgy (fs, )l ey =

1

2
= [[fs()llz,ma) > Z 165(f5, )] >
lslli=n+1
Ly(R?)
1 1
q q
| Y [ warde| <2 | S [ e | >
||S||1:n+1A(S) ||S||1:n+1A(8)
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g1 d-1 1y d=L
e D A A (), T
Isli=n+1
The required lower estimates are established.
Theorem 10.6 is proved. []

Note that the methods used to establish the estimates from Theorem 10.6 for
6 = oo are somewhat differ from the methods used Wang Heping and Sun Young-
sheng in Theorem 10.4. Theorem 10.5 is new for the Nikol’skii classes ST H (R?),
i.e., in the case 0 = oo.

Let us formulate another result in which we establish exact order estimates, as
in Theorem 10.5, only for the quantity (10.10), but for other values of the parameter
p in the metric L., (R?).

Theorem 10.7. Let1 < p < oo, 71 > =, 1 < 0 < 00. Then the ordinal relation holds

=

1 1
£ (STsBRY), o = o~ (n=p) -1 (1-5)
Theorem 10.7 in the one-dimensional case was proved in [29], and for d > 2
in [31].
Note that for 6§ = o0, i.e. for Nikol’skii classes ST H (R"), Theorem 10.7 is also
new. Based on the obtained results, we formulate the following corollary.

Corollary 10.1. Let 1 < p < oo, 1 > %. Then the ordinal relation holds
()
Eon (S;H(Rd))Lw(Rd) =2 """/l

Remark 10.2. Note that the Nikol’skii—Besov classes of periodic functions of one and
many variables were studied more extensively. Thus, the order estimates for the ap-
proximation of functions from these classes by trigonometric polynomials with num-
bers of harmonics in the step hyperbolic cross were established in [8, 17, 20, 21]. For
the results of more detailed investigations of the Nikol’skii—Besov classes of periodic
functions with a dominant mixed smoothness from the point of view of finding of
the exact-order estimates for various approximating characteristics, see the mono-

graphs V. N. Temlyakov [26], A. S. Romanyuk [18] and D. Dung, V. N. Temlyakov and
T. Ullrich [7].

10.3 Approximation of functions from 5; ,B(R?) by entire functions of a
special form

In this section, we study the approximation of functions from the classes 5 , B (RY)
by entire functions of exponential type with certain restrictions on the support
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of their Fourier transform. Namely, with the support of their Fourier transform
concentrated on sets whose Lebesgue measure is finite and does not exceed M
(which we also call as approximation by entire functions of a special form). Let
us define the corresponding characteristic of the approximation.

For any f € L,(R?), 1 < q < oo, we put

6]g\/[ (f)Lq(Rd) = r miels,lf)fi;TgM Hf() T Sﬁ)ﬁ(f? ')HLq(Rd) )

where in this case
Sm(f,®) = 0i(f, ). (10.17)
sel
That is, as the set Q)(L£) we take the set, which we will denote by 91, namely

M =Mm(L) = | Q5.

sel

and this set is chosen in such a way that its measure is finite, mes 9t < M, where
M eN

Note that Son(f, ) is an entire function that belongs to the space L,(R?) and
supp Son(f, ) C M.

For S;@B(Rd) C L,(R?) we denote

es, (S;,HB(Rd))Lq(Rd) = sup e3,(f) L (R (10.18)
fesy ¢B(RY)
It follows directly from the definition of approximation characteristics (10.10)
and (10.18) that in the case of mes ()7 < mes N the following relation holds:

31 (SpeBRY) | ge) < Eg7 (SpaBRY) g

The quantity (10.18) is a non-periodic analogue of the best orthogonal trigono-
metric approximation and the quantity (10.10) corresponds to the approximation
by step hyperbolic Fourier sums (see Remark 10.2). In particular, the mentioned ap-
proximation characteristics of classes of periodic functions in Lebesgue subspaces
are currently being actively studied, see, for example, [16,22].

Let us first present a result in which estimates of the quantity corresponding
to (10.18) are established for isotropic Nikol’skii-Besov classes [32], which we will
use in the proof.

Theorem 10.8. Let 1 < p < ¢ < o9, (p,q) # {(1,1),(0c0,00)}, 1 < 0 < o0. If
r> d(}lj — %) then the order relation

SE

3 d T
T N~—

el (Bpo(R ))Lq(Rd) =M Tr

is true.
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The following statements are true.

Theorem 10.9. Let1 < p < 2,1 < 0 < oo andry > 0. Then the following relation
holds:

S T d —r v—1 (Tﬁ_l é)
3 (S 9B(R?)) = M " (log" " M)\ " 'P (10.19)

L,(R%)

Proof. First, we establish the upper estimate in (10.19). Note that, for § > p this
estimate follows from the corresponding estimate of £ -/ (Sr B(RY)) L, (Rd) which
is given in Theorem 10.3. Therefore, it is sufficient to obtain estimate (16.19) for the
case 1 < 0 < p. In this case we will use some considerations and methods proposed
in the article [19] devoted to the analysis of similar problems in the periodic case.

Let f e S QB(Rd) < 6 < 2. For a given number M, we choose n from the
relation M (n ) = M =< 2"n""! and set ng = [n + (v — 1) logn], where [d] is the
integer part of the number a.

We now construct a set £’ and, accordingly, an entire function Soy( f, ) with
the help of which we will the approximation of a function f € S;"aB(Rd). First,
we include in £’ the set of vectors s for which (s,4’) < n. Accordingly, we will
include the set Q7 = U( s)<n Q5. in the set M, and then we will expand it by

including an admissible number of sets Q,, I < (s,7') <1+ landn <[ < ny.
Each ! € N, n <[ < ny, is associated with the quantity

1/6

Bi=| Y 25w | (10.20)

I<(s,y)<l+1
We set
m) = [2"n""'271(B))?] + 1.
Further, let a;(f,1),7 = 1,2, ..., be the numbers [|035(f,-)||1,®e) appearing in
(10.20) in the order of decreasing. Note that (10.20) yields the relation

al(f,l) <i” P2 np.

In the sum »_;(; /<41 05(f, ) we now choose m; blocks d3(f,a) corre-

sponding to the first m} numbers a}(f,1). In this way, we also specify m, sets Q%..
These sets are generated by m; vectors s corresponding to the chosen §3(f, x).
If we perform this procedure for each [ € [n,ng), | € N, then we get a collection
of sets (03, and, in addition, a set of vectors s denoted by L;. Thus, we denote

= Uge c Q.. Hence, M = Q7 U Q) and the function ng( f,x) is chosen as
follows:

Som(f, ) = Z 0s(f, @) + Ri(z),
(s,y')<n
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where Ry(x) = >, 05(f, ), ie, supp Ri(x) € Q).
We now show that mes )1 < M. By using Lemma 10.4 and taking into account
the choice of the numbers m;, we find
0
mes M < 2"~ ! + Z 2lm) <

l=n

&
< 2"t 4 2 Z Z 2657065 (f, ')”%p(Rd) S

I=n I<(s,y)<i+1
<2 P ) iy < 2= M.
We now directly proceed to the estimation of approximation.

Assume that the function Sy (f, x) is already constructed. We now find the
upper estimate of the quantity || f(-) — Sm(f, )|z, re), f € S5 B(R?).

By £, we denote the set of vectors s: n < (s,7') < ng for which 6% (f, ) do
not belong to Ri(x). Then

1£() = Son(f. ) ey Z Sif )+ 08| <

(5,7")<no se[lg

Ly(RY)
<O = D alf) + 1> 0x(f,) = S+ J. (10.21)
(87"} <m0 Ly(Re)  Ils€L] L, (R4)
By using Theorem 10.3, we get the following estimate for .Js:
Jy & 270 = e hn < (10.22)

To estimate J,, we first use Theorem 10.3 (the Littlewood—-Paley theorem) and
0 < ¢ < 1. This yields

2

Ji= > 65(f,) <[ D 10:(f,)P < 2 185N, e

seLl] L, (RY) seLl] - seLl]
(10.23)

To continue the estimate (10.23), we will substitute the values of the numbers

(1)

1/p 1/p
Ji< | D) (@£ D)) = Z > (a] a(f,0y"] <
l=n i>m); l=n i>m,
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1/p
Un) pia
< [ (@ ny i T 2 gt <
l=n i>m;
1/p
no
< [ Soomp oy
l=n i>m;
o 1/p
T r — *
< | ) mp) T2 OByt 3 6N, @ <
I=n I<(s,y)<l+1
o 1/p
T T —00—10r s,r *
S D A R 0= 1 e S N e [ A O A A <
I—n I<(s,y)<l+1
1
o p—0 P o p—0 p
< (S tmpy T e mppran By | = (S i) T By )
l=n I=n
(10.24)

Further, substituting the values of m; in the last sum (10.24), we get

ng 1/p
Jy < (2 p (ZZ A(n=g+ Bl)> . (10.25)

To continue the estimate for J;, we consider the following two cases

a) T =g —

bl

= B

b) 0 <7 <

1
o

Ifr; > 1 7 ]lg then it follows from (10.25) that

L0 1/p

l=n

< (Q”n”_l)@_%)Q (Tl 0" p >||f( )H9/p

R S
v (t-4) el L
< 27y P ) =< M (log” t M) TP, (10.26)
Substituting (10.22) and (10.26) into (10.21), for r; > % — ]%, we obtain

—_

1 1
Hf(.) - Sm(f, .)HLp(Rd) << M_Tl (logil M)’I“1+p 0
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Now let 0 < r < % — ]lj. In this case, estimate (10.25) can be continued as
follows:

l=n

1 1 1.1 ng 1/p
i< @)yl (Z(B;V) <

1

1,1
< @) 5o b)) g
= 97—l = A (10.27)
Now, substituting estimates (10.22) and (10.27) into (10.21), we obtain

1£(-) = S (f, )|z, mey < M.

Thus, the required upper estimate in Theorem 10.9 is established.

We now establish the lower estimate. It suffices to obtain this estimate for
v = d. To this end, we use the reasoning proposed by V. M. Temlyakov [26, p. 94].
Given number M, we choose n such that M = 2"n% ! and the number of points
with integer-valued coordinates in the set

F, = U(s,l):anr(S)

is greater than 4 M.
Further, to establish lower bounds, we will consider extreme functions that are
built on the basis of some standard function.

We put ]
Dy(x) = | [ Di,(x;). keZi, (10.28)
j=1
where
Dy, (z;) = \/g (2 sin % Ccos ij;_ la:j> : mj_l,
Dy (w}) = Dofary) = /= 22,
2 T X

In further considerations, of significant importance is the fact that, as indicated
n [28], for the Fourier transform of the function Dg(x), the equality holds:

F Dy () ka z;),

344



CURRENT TRENDS IN ANALYSIS, APPROXIMATION THEORY AND THEIR APPLICATIONS

where
1 kj<|£lfj’<kj+1, :57 |xj|<17
Xi,(2) =S50 el =k or ol =k +1, xolz;) = 5 lwl=1
0, otherwise, 0, |zl >1

Hence, for the inverse transform, we obtain § 'y (t) = Dy(x).
Note that for 1 < p < oo the following estimate holds [28]:

Z Dy () x2||3||1(1—1/p)’ (10.29)
keeits) Ly (R

where
pi(8) = {k = (k1,... . ka): n(s;)2% ' <k; <2% k; € Zy, j=1,d},

n(0) = 0and n(t) = 1,¢ > 0, that is, p* (s) = Q5. N Z.
Depending on the value of the parameter 6, we will consider functions con-
structed on the basis of function (10.28), namely

fo(x) = C102 (1), Z Dy(x), Cio >0,

keF,

for1 <0 < ooand

f?(l') — C1112 TH_I Z Dk: , 011 > 0,

keF,

for 0 = oo
Let us show that the functions fs and f7 belong to the class S}, B (RY) and
SpooB (R?) respectively. For the function f; , the following estimates hold:

0
sOllspmen = | 30 20791530 MY oy | <
(s,1)=n
d—1 o
< 2=y =g Z |05 (F, )HLP(Rd) =: Js,
(s,1)=n

where

2. 2 Dila)

(s,1)=nkepi(s)
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For J5, using (10.29), we can continue the estimate as follows:
1
d—1 ’ d—1 1y d-1
Js =< 27 1=1p) =75~ Z oflls ” — 2‘”(1‘5)n—72”(1‘5)n7 — 1

(s,1)=n

We make a conclusion that for an appropriate choice of the constant Cyy > 0,
the function fg € S¥,B(R?).
For f7 we will have

1f7(lsz _Bwa) = (Sll)p 267155 (7, )|z, mey <

< 2—n<7‘1+1—%) sup 2(5,1~)H5:(F7 ')HLP(Rd) — 2nr12—n(r1+1—%) 2n(1—%) —1
(s,1)=n

Therefore f; € S) ..B (R?) with some constant C; > 0.
Further, let £ be an arbitrary set of vectors s = (s1, ..., s4) such that for the

M = USEEQZS
the relation mes 9 < M holds. We consider set L' = {s € Z.: k € F,, (s,1) =
n}. According to the choice of the number n, for the number of elements of the set
L'\ £ we will have the relation |£'\ £| < n9~L.

set

Let
m(fo,x) = > _ 65 fo, @
seLl
Consider the case when p = 2. Then, according to Proposition 10.3 for fg, in
the case r; > max {O z — —} we obtain
GM(SQ(;B(RCZ))LQ(W) > eM(fG)LZ(Rd) = oot 1f6(+) — Sam(fo, ) L,(me) =

1/2
> (Z 165 (f6(-)—Som(f6,-), ") |%2(Rd)> =

DO +—

1
1 2 oLy d-lon
=2”(“*5)n‘d@( > \|5:<f6,->u%2<w>) SRR UL DR I

seL\L
T -I—l—l
<27"nT 0 n 2 < M " (logt M)"T2TE.
Similarly, for f; at p = 2 we get
5 r d 3 _
€M (327ooB(R ))LQ(Rd) = ey (f7)L2(Rd) =
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1/2
= i 70 =Sl Mg 2 <Z|5*(f7() sm<f7,->,-)|§2w)> -

1/2 1/2

1 1. n
=) (ST 0 B | = 2 eE (30

seL\L seL\L

X

1
= 27in 2 = M (log® !t M) 2.

When 0 < r; < % — % the lower estimate in (10.19), for the corresponding

values of the parameters, follows from Theorem 10.8 in the one-dimensional case

(d = 1). In the case 1 < p < 2, we similarly obtain the necessary estimates for both

fe and f7 using Lemma 10.3. The lower estimates in (10.19) are established.
Theorem 10.9 is proved. [

After analyzing and comparing Theorem 10.9 with the corresponding result of
Theorem 10.3, we can make the following conclusion:

eIn the cases ] < p<fO<2and1l < p <22 <0 < oo, the estimates of the
quantities €3, (S”QB(Rd))Lp(Rd) (10.18) and & (S”eB(Rd))LP(Rd) (10.10) coincide

in order for M = 2"n¥~1;

eInthecase 1 < 6 < p < 2, the estimates of ejgw(Sr@B(Rd)) L (RY) and
E -~y (Sr 0B (Rd)) (Rd) differ in order, namely:
—if0<nr < z— = then the relation holds
S (SpoeBRY) oy = Egy (SpaBRY) a7, M= 2"
—ifry > % — ]—1), then the relation holds
3 (ST, BRY), o = & (ST, BERY), oon C ) 2y g
MA=p0 Ly(RY) = T \"pf L,(R9) ) = -

Theorem 10.10. Let 1 < p < q < oo andr; > ]% — %. Then the order relation
1,1 121
T SpBEY), = M) (1o a0 q0s0)
is true for 1 < 0 < o0.

Proof. First, we establish the upper estimate in (10.30). Note that, for § > g, this es-
timate follows from the corresponding estimate for the approximation of the classes
S TGB(Rd) by entire functions Sy (f, ), which is given in Theorem 10.1, under the
condition that the numbers n are chosen from the relation M =< 2"n”~1,
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We now establish the upper estimate for 1 < 6 < ¢. In this case, we use the
same reasoning as in the proof of the upper estimate in Theorem 10.9. Thus, we
only indicate on the differences in the proof.

For f € S QB(Rd) we choose a function used for approximation as follows:

Z 6* f’ +R2($)7

(s,7)<n

where Ry(x) and, hence, the set on which the support of its Fourier transform is
concentrated are constructed by analogy with R; and ()} in Theorem 10.9 with the
only difference that, instead of the quantity 5], we use the quantity

0

Bi={ > 25 ey |

I<(s,y)<l+1

ie, M= Q) UQ;, Ra(x) =) ,cp, 0:(f, ) and supp Ra(x) C Q).

Assume that the function Soy( f, ) is already constructed. We now find the
upper estimate of the quantity || f(-) — So(f, )|z, ®e, f € S5,B(R?). By L) we
denote the set of all vectors s: n < (s,7) < ng for Wh1ch 5*( f, x) do not belong
to Ry(x). Then for f € ST B(R?), we obtain

1FC) = Soml(fs My@n = | FO) = D 05 )+ D da(f,-) <

(s,7)<no SEE; Lq(Rd)
- > s + D 6a () —: Jo+ J7.  (10.31)
(s,7)<ng Ly(Rd) sEL; L,(R4)

According to Theorem 10.1 and the choice of the number ny, we can write

Js K 27%(”*%%) <2 (”*Ilﬁ;)n*(”fl)( “zlﬁé) - M~ (” 119+2) (10.32)

For the estimate .J7, using Lemma 10.2 and reasoning similarly to the estimate
of the quantity J4 (see (10.24) and (10.25)), we obtain

n, v— 1 11 —lq r1— l+2_l) 0 ! n, v—1 14
Jr < (2" a0 22 pTa 0B = (2" Y 0. (10.33)

To estimate .Jg, we consider the following two cases:
a) r = % — % + %;
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—
N——
S
<)
Q=

S 2 G e | <
-5

+

=
N

n
1,21 _ _
< 2_n(rl_p+q Q)HJCHZ*/: JB(RY) S 2 n(rl

Comparing (10.33) and(10.3), we find

1.1 1 2 1
o < m(eta) (log” ! M) (n3+a9), (10.34)

Let———<7’1<——§+%.Inthiscase,

1,2 1 1,2 1 1,2 1
<2 5_9)\|f\|Z£’ 2_”(“_5+5_9)n_(”_1)(“_5+5_9>. (10.35)
By using (10.33) and (10.35), we conclude that

1.1
Jr < M~ (m=5+2). (10.36)

Finally, substituting, in turn, estimates (10.32) and (10.34) and then (10.32) and
(10.36) in (10.31), we establish the estimate for eM( B(Rd)) L ()
where 1 < 6 < g. The upper estimate in Theorem 10.10 is obtained.

We now establish the lower estimate. It suffices to obtain this estimate for

= d. To do this, based on the function Dg(x), which is defined according to
formula (10.28), we construct extremal functions f € 57 ,B (R?) that realize it.

We use the following well-known relation (see, e.g., [5, § 2.6]):

Let f € L,(RY) and g € Ly (R?). Then with l + l, = 1 one has

17O ey = ) / ) g(x)|dax.

”9 ”L (]Rd)

in the case
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Let f € S),B (RY) and let Son(f, =) is an entire function of the form (10.17),
such that the support of its Fourier transform is contained in the set M = (J, . @3-,
mes 9 < M. Then, according to the relations presented above, we can write

1FC) = Som(fs )z, ey = sup /\(f(w)—Sm(f,w))g(-’B)\dw- (10.37)

Further, let M and [ = [(M) € N be numbers satisfying 2//%"* < M and

2lld_1
=2 . Dile

(s, 1)<l kep? (s)

> 2M. Consider a function

By using the estimate (10.29) for 1 < 6 < oo, we get

1PNy me = | 32 20780 gy | =

(s, 1)<l
0 ; 5
_ Z 2(3,7“)9 Z Dk() — Z 2 s,r 92 s,1) 1 —) _
(s,1)<l kepi(s) L, (RY) (s,1)<l
1
o 1\ d-1
_ Z 9 (s,1) 7’1—|—1 ) < 2[(1"14—1—5)[7'

(s, 1)<l

Hence,
fol@) = Cpo2 ') 17T F(a) (10.38)

belongs to the class S, B(R?) with a constant Cy5 > 0.
If 0 = oo, then, by using (10.29), we find

r * T1 1—
|Flsr _B®s) = sup 2051 152(F, )|, ey <<2( * )

(s,1)<l

Thus, the function
—l(T‘l—Fl—l)
fo(x) = C132 r)F(x) (10.39)
belongs to the class S B(R") with a constant Cy3 > 0.

We now show that the function

1 d-1
g(x) =Cy2 4 4 F(x), (10.40)
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satisfies the condition ||g|; ,re) < 1 with a constant Cy4 > 0.
To this end, it is necessary to show that

L d-1
HFHLq/(Rd) <24l 4, 1<q <o0.

We consider two possible cases.
Then, by virtue of Theorem B and the inequality

Let 1 < ¢’ < 2. Then, by virtue of Proposition 10.3 and the inequality |a+b|* <
o < 1, we can write

(10.41)

|al®

1/2

1z e < ||| D 16:(F)1 = D I6E),w

(s,1)<l

Q=

L (Re) (s,1)<l

(10.42)
By using (10.29), we continue estimate (10.42) as follows:

i _—

7
1 q q

L 1 d—
HFHLQ,(Rd) < Z 281 q <K 24 Z 1 < 24l ¢

(s,1)<!

(s,1)<!
If 2 < ¢’ < o0, then, by using Lemma 10.2 and relation (10.29), we find

1
d

1Fz, re) < Z |05 (F Hq 2” slh ( ) <

(s,1)<l

|

q
Isll (1= ) lslls (=7 )« L L
< E 2 79 ¢ 7 < 24 E 1 < 24l

(s,1)<li

(s, 1)<l

Let 1 < 6 < oo. Thus, substituting (10.38) and (10.40) in (10.37) and taking into
account the fact that M =< 2'1%"! and ||g(-)|| LY < 1, we conclude that

i (SheBRY), L,(RY) Z s (fs), ey = . b () = Sw(fs, )i, ey =

L: mes MM
>
ﬁ mgling/’ fs(@) — Sm(fs, x >g(az)‘dm/

I d-1
> A1) F(g) - SR
/,c:mglfg /Rd (2 77 F(x) ng(fg,w)> 2 ¢ ¢ F(x)|dx >

1.1y o (1
>>2_Z(T1+1_P+q)l (d 1)(9+ inf </\F )|?dx — / |Som(F, ) )|d33>
L: mes M<M

(10.43)
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We now estimate each integral in relation (10.43) separately.
According to (10.41), for ¢ = ¢’ = 2 we obtain

[ 1P (@) = [P grey = 20071

To estimate the second integral, we introduce additional notation. By £; we
denote a set of vectors s such that (s,1) < [ and, correspondingly, £ denote the
set of vectors {s: s € LN L;}. Let M = U,z Q5= Then we can write I C M
and mes 9N < M.

Thus, in view of the fact that the product Son(F, z) - F'(x) differ from zero only
in the set 951 we can write

/ Son(F, @) F ()| dar = / S, 2) Pz = || Sg(F, )2, e <
1/2][2 )
<[ D 1as(F )P —Zué* M, & <<Z<2|| - ) _
sel
Ly(R9)
:mesi)jTSM

Hence, estimate (10.43) can be continued as follows:
1 1 1 1
" (mr-te ) —@en(3ed) e

s o 1) @0 () gt < v (07548 (10gd1 M) 8 S,

Now let 6 = oo. Substituting functions (10.39) and (10.40) in equality (10.37),
we get

6% (S;,OOB(Rd))Lq(Rd) > 6ﬁ/[ (fg)Lq(Rd) - inf ”f9 ) - ng(fg, ')HLQ(Rd) >

L: mes MM (
1.1 1.2
> M_(“_P+q) (logd=t M)""» "4, (10.45)
Note that the obtained estimates (10.44) and (10.45) coincide (in order) with
the upper estimates in the case where r; > zl? — % + %.
To get the required lower estimate, it remains to consider the case where
1

5 % <r < ]l) — % + %. Since, under the imposed conditions, the upper estimate

of the quantity e% (S;,eB (Rd))Lq(Rd)

R?, it suffices to establish this estimate for d = 1. However, in the one-dimensional

is independent of the dimension of the space
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case, estimate (10.30) coincides (in order) with the corresponding upper estimate
with Theorem 10.8.
Theorem10.10 is proved. []

If we compare the result of Theorem 10.10 with the corresponding result of
Theorem 10.1, we can make the following conclusion:
elnthecasel < p<g<oo,qg< <L ocoandr; > %—%theestimatesof

the quantities e}, ( " yB(R?)) L (R) and £, (S ,B(R?)) L (RY) coincide in order for
M = 2mpr—1

o Inthe case 1 < 6 < ¢ < oo the estimates of e}, ( "yB(RY)), (ra) a0d
€ (S5, BRY)

— if% — % <r< % — % + %, then the relation holds

R) differ in order, namely:

§ (ST,B(R? = &~ (87, B(R? ‘<”‘1)(’"1‘%+%)
€hr (S50 B( ))Lq(Rd) = Eqy (S4B( ))Lq(Rd)n 7
M =< 2"n'~ L

— % + 5, then the relation holds

11
T - T ~(w=-1{g—7
6%2 (S GB(Rd))Lq(Rd) =~ “Ql (SpﬁB(Rd))Lq(Rd)” (9 q)7
M = 2"pr L,
As we can see from the above comparisons, the corresponding estimates of
quantity (10.10) (Theorems 10.9 and 10.10) and quantity (10.18) (Theorems 10.1, 10.3)
on the classes S) H (RY) coincide in order for all values of the parameter .

In what follows, we formulate the another obtained theorem in the following
form.

Theorem 10.11. Let 1 <p < oo, 1 <0 < o0, 11 > % and d > 1. Then the following
relation holds:

1 1
S (SgBRY) oy = (M log"™ M) 7 (log” " M) 0. (10.46)

In the case 1 < p < oo, the estimate of Theorem 10.11 was established in [31],
and for p = 1 in [30].
Remark 10.3. Comparing the ordinal estimates of £y (S;’(,B(Rd))L (Rd) 1<p<
00, d > 1 obtained in Theorems 10.5 and 10.7 with the estimates of €3 (, g,eB(Rd))L &)

from Theorem 10.11, we conclude that £ 5 ( ;ﬂB(Rd))LOO(Rd) = e]gvj( ;,QB(Rd))LOQ(Rd)’
M = 2"V,
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The results of Theorems 10.9, 10.10 and 10.11 are also new for Nikol’skii classes

S;H(Rd). As you can see, the estimates (10.19), (10.30) and (10.46) for d = 1 does
not depend on the parameter ¢ unlike to the corresponding estimate in the case
d > 2.
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