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Abstract 

The study is devoted to the analysis of the qualitative properties of asymptotic solutions of a 
system of non-divergent parabolic cross-diffusion equations. These equations describe a complex 
filtration process involving sources and convective effects. Our research aims to understand the 
complex dynamics exhibited by self-similar solutions in this system. Using a rigorous analytical 
approach, we aim to uncover the fundamental mechanisms governing their evolution and stability. 
The results of this study are expected to improve our understanding of system behavior and provide 
valuable information applicable to various domains. 

Keywords: Nonlinear system of equations,  not in divergence form,  global solutions, self-
similar solutions, asymptotic representation of solution. 

      

Introduction. The primary strength of this study lies in its comprehensive analysis based on self-
similar solutions of a system of non-divergent parabolic equations. Addressing such a system 
represents a significant mathematical challenge due to the precision and robust analytical methods 
required. This research introduces an effective algorithm designed to tackle these complexities, 
enabling a detailed examination of the system's asymptotic behavior. Furthermore, the study 
rigorously establishes the feasibility of determining upper and lower bounds for the solutions. Unlike 
existing methodologies, the proposed algorithm demonstrates superior accuracy in predicting the 
asymptotic behavior of non-divergent parabolic systems. Additionally, novel mathematical 
techniques for estimating solutions within these bounds are presented.  

The central aim of this research was to investigate solutions derived from self-similar 
formulations and to analyze the mathematical characteristics of non-divergent parabolic systems in 
detail. The study developed an algorithm to identify weak solutions and provided rigorous proofs of 
relevant theorems, ensuring the reliability of the results. A key focus was to obtain an initial 
approximation for the numerical solution of these problems, a feature that distinguishes this approach 
due to its rapid convergence to exact solutions. The study successfully addresses this issue, marking 
an important step in advancing mathematical modeling for non-divergent systems. Numerical 
solutions, along with their graphical representations in both one-dimensional and multidimensional 
contexts, underscore the practical implications of the findings, particularly in modeling physical and 
biological phenomena. Consequently, this work provides a robust theoretical foundation for 
addressing more complex mathematical challenges in future research. 
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Abstract 

           In this paper, we present an analysis of the estimation results for the parameters of the 
Gamma and Weibull distributions under Type I right-censoring using numerical optimization 
techniques. The Maximum Likelihood Estimation (MLE) approach, combined with both the Quasi-
Newton and Nelder-Mead algorithms, is employed to estimate unknown parameters, with 
MATLAB used for numerical simulations. In the case of the Gamma distribution, we focus on the 
estimation of shape (�.) and scale (��) parameters through simulations with sample sizes ranging 
from 100 to 2000. The estimation results reveal that the Quasi-Newton method achieves higher 
estimation accuracy in uncensored states, while the Nelder-Mead method shows better results under 
fixed censoring. For the Weibull distribution, random samples with sizes of 500 and 1000 are 
generated to estimate the shape (k) and scale (��) parameters. The Quasi-Newton algorithm 
outperforms Nelder-Mead under uncensored conditions, whereas the latter shows superior 
performance in censored scenarios. Overall, the results underscore the importance of selecting an 
appropriate estimation method based on the censoring level and sample size. The Quasi-Newton 
algorithm tends to provide more accurate parameter estimates for uncensored data, while the 
Nelder-Mead approach is more suitable for censored data. Future research could expand on these 
findings by exploring additional numerical techniques and enhancing the integration of statistical 
modeling methods. 

Keywords: Gamma distribution, Weibull distribution; Quasi-Newton method; Nelder-Mead 
method; Maximum Likelihood Estimation; random censoring. 

1.��Introduction  

The estimation of parameters for Gamma and Weibull distributions in 
the presence of censored observations represents one of the key tasks in 
mathematical statistics. These distributions are widely used for modeling the 
time until a specific event occurs, reliability analysis, and risk assessment. 
However, the presence of censored data complicates the parameter estimation 
process, requiring the application of modern numerical methods to ensure 
high accuracy and robustness of the estimates. The maximum likelihood 
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1.��Introduction  

The estimation of parameters for Gamma and Weibull distributions in 
the presence of censored observations represents one of the key tasks in 
mathematical statistics. These distributions are widely used for modeling the 
time until a specific event occurs, reliability analysis, and risk assessment. 
However, the presence of censored data complicates the parameter estimation 
process, requiring the application of modern numerical methods to ensure 
high accuracy and robustness of the estimates. The maximum likelihood 

estimation (MLE) method is traditionally used for parameter estimation in 
such distributions. 

Cohen [1] was the first to apply MLE to the two-parameter Weibull 
distribution, demonstrating its effectiveness for analyzing data with 
progressive censoring. Nevertheless, solving likelihood equations analytically 
becomes infeasible under complex censoring schemes, necessitating the use 
of numerical optimization methods. Balakrishnan and Kateri [2] proposed 
numerical approaches for estimating the parameters of the Weibull 
distribution based on complete and censored data. Their studies showed that 
numerical methods provide more accurate parameter estimates compared to 
analytical approaches when handling large datasets. 

A comparison of optimization methods, such as Quasi-Newton and 
Nelder-Mead, indicates that their efficiency depends on the level of censoring 
and the data structure. Lagarias et al. [3] noted that the Nelder-Mead method 
exhibits instability in high-dimensional problems but remains popular due to 
its simplicity of implementation. Fletcher [4] demonstrated that Quasi-
Newton methods have faster convergence rates and higher accuracy, 
especially when processing data with low levels of censoring. 

Praveen Agarwal and others [8-11] investigated various practical 
problems related to differential equations and statistical modeling. The 
methods presented in their works mathematically substantiate the existence of 
solutions to differential equations, which is crucial for modeling Gamma and 
Weibull distributions. These studies contribute to a better understanding of 
the application of numerical optimization methods under censored data 
conditions. 

The Weibull distribution is traditionally used for modeling time-to-
failure in engineering and reliability analysis [5]. The Gamma distribution is 
applied in medicine and insurance for analyzing time series with censoring 
[6]. Kazemi and Azizpour [7] explored hybrid censoring schemes for the 
Weibull distribution, demonstrating that Bayesian methods outperform MLE 
under high levels of censoring. In the context of random censoring models, 
issues of statistical efficiency have been studied in [12-13]. Additionally, in 
the author's work [14], the problem of parameter estimation for the Gamma 
distribution using numerical methods is addressed. 
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In the present study, we conduct a comparative analysis of the Quasi-
Newton and Nelder-Mead algorithms for estimating the parameters of Gamma 
and Weibull distributions under right censoring. The use of numerical 
methods allows us to evaluate the performance of these algorithms across 
various censoring models. The results obtained indicate that the Quasi-
Newton algorithm is more effective for complete observations, whereas the 
Nelder-Mead method demonstrates high accuracy for incomplete 
observations under a fixed level of censoring. 

2.��Likelihood construction and MLE for censored data 
We observe 1( ,..., )nX X X�  which are independent and identically 

distributed (iid) and have a continuous distribution with the probability 
density function (pdf) ( )f x  and the cumulative distribution function (CDF) 

( )F x .[5] Data from experiments involving random censoring can be 

conveniently represented by pairs �� ��,i iz �G  with min( , ) :i i iz x T�   

0,

1,
i i

i
i i

if x T censored

if x T uncensored
�G

�!�­
� �®

�d�¯
    for i=1,…,n, 

where  i�G is a censoring indicator variable and iT  is a censoring time of test 

unit i. Denote the vector of unknown parameters by 1( ,..., ).p� T � T � T�  We have a 

sample size n:  �� ���^ �`( ) , , 1n
i iC z i n�G�  � d � dand we have 

1

1

( , ) [ ( ; )] [1 ( ; )]i i

n

i i
i

L X f X F X� G � G� T � T � T��

� 

� ���– .                          (1) 

The likelihood function (1) effectively combines uncensored and 
censored observations, in that if an individual is not censored, the probability 
of the event is  ( )if X , and if the individual is censored at iX  , the probability 

of the event is ( ) 1 ( )i iS X F X� �� ,[7,13,14] the survivorship function 

evaluated at iX . Taking the natural log of L , the objective is to maximize the 

expression. 

1 1

ln( ( ; )) ln ( ; ) (1 ) ln(1 ( ; ))
n n

n
i i i i

i i

L Z f X F X� T � G � T � G � T
� � 

�  � � � � � �� ¦ � ¦            (2) 

We can substitute variables like as follow i iT x� , with unknown parameter �T
usually survival function ( )S x  is defined by CDF ( )F x :   
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of the event is  ( )if X , and if the individual is censored at iX  , the probability 

of the event is ( ) 1 ( )i iS X F X� �� ,[7,13,14] the survivorship function 

evaluated at iX . Taking the natural log of L , the objective is to maximize the 

expression. 

1 1

ln( ( ; )) ln ( ; ) (1 ) ln(1 ( ; ))
n n

n
i i i i

i i

L Z f X F X� T � G � T � G � T
� � 

�  � � � � � �� ¦ � ¦            (2) 

We can substitute variables like as follow i iT x� , with unknown parameter �T
usually survival function ( )S x  is defined by CDF ( )F x :   

( ) ( ) 1 ( )S x P X x F x�  � ! �  � �, 

1 1

ln[ ( , )] ln ( , ) (1 )ln(1 ( , ))
n n

i i i i
i i

L X f x F x� T � G � T � G � T
� � 

�  � � � � � �� ¦ � ¦ 

where, 
1,

0,
i i

i
i i

if X x uncensored

if X x censored
�G

�d�­
� �®

�!�¯
 

To simplify computations, the log-likelihood function ( , )l X �T  is often 

used, as it converts products into sums. 
( , ) ln[ ( , )]l X L X� T � T�  

MLE finds parameter values that maximize the likelihood function. 
This is achieved by taking the derivative of the likelihood function with 
respect to the parameters, setting it to zero, and finding the parameters: 

( , )
0

l X �T
�T

�w
� 

�w
  

3.��Analytical approach with MLE method for Gamma and Weibull 
distribution s 

 
The Gamma distribution can be parameterized with shape �.��and rate ����

is denoted ( , ) ( , )X Gamma� D � E � D � E� * �  .  

The corresponding probability density function (pdf) in the shape-rate 
parameterization for distributions Gamma and Weibull respectively are: 

1
( ; , )

( )

xx ef x
�E� D � D�E� D � E

�D

����
� 

�*
  for x >0, �.�!���������!������ 

where ( )�D�*  is the gamma function; for all positive integers, ( ) ( 1)!.� D � D� * �  � �
The cumulative distribution function (cdf) is the regularized gamma function: 

0

( , )
( ; , ) ( ; , )

( )

x x
F x f t dt

� J � D � E
� D � E � D � E

�D
� � 

�*�³  

where ( , )x� J � D � E is the lower incomplete gamma function. 

1
( / ) , 0

( ; , )

0 , 0

k
k

xk x
e x

f x k

x

�O

�O � O � O

��
��

�­ � § � · �t�° � ¨ � ¸� �® � © � ¹
�° ���¯
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where 0k �!  is the shape parameter and 0�O�! is the scale parameter of 
the Weibull distribution. The cdf for the Weibull distribution is: 

1
( / ) ( / )

0 0

( ; , ) ( , , ) 1 , 0
k k

kx x
t xk t

F x k f t k dt e dt e x� O � O� O � O
� O � O

��
� � � �� § � ·�  �  �  � � � t� ¨ � ¸

� © � ¹� ³ � ³  

In the context of right-censored data, selecting an appropriate 
probability distribution is crucial for accurate parameter estimation. Common 
choices include the Gamma and Exponential distributions, both widely 
applied in survival analysis and reliability engineering. [10,16] 

 Let’s consider the Gamma distribution and the case when 
1

1,� D � E
�O

� �  for simplicity [1]: 

/ / / /
0

0 0

1 1 1 1
( ;1, ) ( ) | 1

x x
t t t x xF x e dt e dt e e� O � O � O � O�O

� O � O � O � O
� � � � � � � ��  �  �  � ˜ � � � ˜ �  � �� ³ � ³ . 

For right-censored data, the likelihood function is derived by 
considering both the probability of observing the uncensored data and the 
probability of right-censored data. Let i�G be the indicator variable for 

censorship ( )i i iI x T�G� �� . The likelihood function ( , , )L X � D � E for a set of 

observations ix  and censorship indicators �G is given by: 

1

1

( , , ) ( ; , ) (1 ( ; , ))i i

n

i i
i

L X f x F x� G � G� D � E � D � E � D � E��

� 

� ª � º� ��� ¬ � ¼�– .  

Now, we can take the natural logarithm of the likelihood function: 

�> �@1
( , ) ln ( ; ) (1 )ln(1 ( ; ))

n

i i i ii
l X f x F x� O � G � O � G � O

� 
�  � � � � � � �  �¦  

/ /

1

1
ln (1 )ln 1 (1 )i i

n x x
i ii

e e� O � O� G � G
�O

� � � �

� 

� § � ·� ª � º� ª � º�  � � � � � � � � �  � ¨ � ¸� ¬ � ¼� « � »� ¬ � ¼� © � ¹
�¦  

1
ln (1 )

n i i
i i ii

x x
� G � O � G � G

� O � O� 

� § � ·�  � � � ˜ � � � ˜ � � � � � ˜� ¨ � ¸
� © � ¹

�¦ . 

To maximizing the Log-Likelihood function we should calculate the 
partial derivatives of the log-likelihood with respect to the parameters 1�D�  

and 
1

�E
�O

� : 
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where 0k �!  is the shape parameter and 0�O�! is the scale parameter of 
the Weibull distribution. The cdf for the Weibull distribution is: 

1
( / ) ( / )

0 0

( ; , ) ( , , ) 1 , 0
k k

kx x
t xk t

F x k f t k dt e dt e x� O � O� O � O
� O � O

��
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� © � ¹� ³ � ³  

In the context of right-censored data, selecting an appropriate 
probability distribution is crucial for accurate parameter estimation. Common 
choices include the Gamma and Exponential distributions, both widely 
applied in survival analysis and reliability engineering. [10,16] 

 Let’s consider the Gamma distribution and the case when 
1
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For right-censored data, the likelihood function is derived by 
considering both the probability of observing the uncensored data and the 
probability of right-censored data. Let i�G be the indicator variable for 

censorship ( )i i iI x T�G� �� . The likelihood function ( , , )L X � D � E for a set of 

observations ix  and censorship indicators �G is given by: 
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Now, we can take the natural logarithm of the likelihood function: 
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To maximizing the Log-Likelihood function we should calculate the 
partial derivatives of the log-likelihood with respect to the parameters 1�D�  

and 
1

�E
�O

� : 

( , )
0

l X �O
�O

�w
� 

�w
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2 21
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n i i i
i ii

l X x x� O � G
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When 2,� D � E � E� �  we can find out cdf for Gamma function  

�> �@
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( ;2, ) ( ) ( 1)!, (2) 1
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x xtte tF x dt t e dt
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1
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x
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t

we take substitute by parts formula
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Now, we can find the natural logarithm of the likelihood function and estimate 
with respect to�E on MLE method:[1] 
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To maximizing the Log-Likelihood function we should calculate the 
partial derivatives of the log-likelihood with respect to the parameters:  
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Due to complexity of the ˆ( ; , )MLEF x � D � E integral function for any values 

of the gamma distribution parameters �D and�E, it is common to employ 

numerical techniques or specialized software tools (including mathematical 
software or programming libraries like Python, MATLAB, or R) to perform 
the integration process and derive the cdf, rather than relying on analytical 
solutions.  

We can also apply this process to the Weibull distribution to estimate 
its unknown parameters, �O and k , using the MLE method in an analytical 
way. Let’s find the cdf ( ; , )F x k�O  for the given pdf of the Weibull distribution: 
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To maximizing the log-likelihood function we should calculate the partial 
derivatives of the log-likelihood with respect to the parameters�O and k : 
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To find the MLEs for �O and k , we should solve the system of equations: 
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The symbolic solution to the system of equations does not yield explicit results 
due to the complexity of the equations. This is expected for nonlinear 
likelihood functions like this one, as they often require numerical optimization 
rather than analytical solutions. 

Thus, to estimate the unknown parameters of both Gamma and Weibull 
distributions, we can use numerical optimization methods such as the Quasi-
Newton and Nelder-Mead simplex algorithm in MATLAB. We then compare 
their estimated results below in tables and graphs relatively below. 
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The symbolic solution to the system of equations does not yield explicit results 
due to the complexity of the equations. This is expected for nonlinear 
likelihood functions like this one, as they often require numerical optimization 
rather than analytical solutions. 

Thus, to estimate the unknown parameters of both Gamma and Weibull 
distributions, we can use numerical optimization methods such as the Quasi-
Newton and Nelder-Mead simplex algorithm in MATLAB. We then compare 
their estimated results below in tables and graphs relatively below. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 1 
Estimated of unknown parameters of Gamma distribution with 

two rules in MLE 

n 

Censoring level, 

Constant iT  

�> �@0,10iT �•  

p% 

Gamma Distribution 

�,�Q�L�W�L�D�O���*�X�H�V�V���.��� ����������� �� 

MLE by Quasi-
Newton rule 

MLE by Nelder-Mead 
rule 

 10 0 �.��� ������2��������� ���������� �.��� ����������������� ���������� 
100 4 10 �.��� ����������������� ����218 �.��� ����������������� 1.210 

 2.5 30 �.��� ����3����������� 2.107 �.��� ����3����������� 2.056 
 2 50 �.��� ����125������� 3.185 �.��� ����129������� 2.984 

500 

10 0 �.��� ����������������� ���������� �.��� ����������������� ���������� 
4 10 �.��� ����������������� ���������� �.��� ����������������� ���������� 

2.5 30 �.��� ����3����������� ����999 �.��� ����3����������� ����910 
2 50 �.��� ����1����������� 3.003 �.��� ����1����������� 2.659 

1000 

10 0 �.��� ����������������� ���������� �.��� ��������������� ���������� 
4 10 �.��� ����89��������� ����303 �.��� ����201������� ����205 

2.5 30 �.��� ����3����������� 2.187 �.��� ����391������� ����992 
2 50 �.��� ����1����������� 2.945 �.��� ����1����������� 2.730 

1500 

10 0 �.��� 2.013������� 0.995 �.��� ����985������� ��.012 
4 10 �.��� 1.899������� 1.319 �.��� 1.908������� 1.328 

2.5 30 �.��� 1.383������� 2.002 �.��� 1.398������� 1.976 
2 50 �.��� 1.112������� 3.00 �.��� 1.154������� 2.943 

2000 

10 0 �.��� 1.992������� ����016 �.��� 2.002������� 1.0085 
4 10 �.��� 1.831������� 1.115 �.��� 1.847������� 1.189 

2.5 30 �.��� 1.381������� 1.969 �.��� 1.317������� 1.529 
2 50 �.��� 1.126������� 3.103 �.��� 1.113������� 2.936 

* Note: The sample data, n, is simulated randomly. Therefore, if the code is 
executed, it may display different results compared to those presented in Table 1. 

 

Similar results were obtained for the Weibull distribution. Here we 
present only the results of estimating unknown parameters. 
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Table 2 
Estimated of unknown parameters of Weibull distribution with 

two rules in MLE 
Interval [0;10] 

T p% 

Weibull Distribution 
 

�,�Q�L�W�L�D�O���*�X�H�V�V���N��� ��������� ��  

[0;10]iT �•  fixed constant  

MLE by Quasi-Newton rule MLE by Nelder-Mead 
rule 

 

�Q=500  

10 0% k =1.9815; �� =3.0215; k =1.9118; �� =3.0412;  

2.7 10% k =2.0913; �� =2.705; k =2.0742; �� =2.809;  

2.2 30% k =2.323; �� =2.2342; k =2.1821; �� =2.401;  

�Q=1000  
 

10 0% k =1.9898; �� =3.0358; k =1.9764; �� =3.0723;  

2.7 10% k =2.0816; �� =2.6103; k =2.0646; �� =2.6207;  

2.2 30% k =2.2259; �� =2.2236; k =2.1957; �� =2.3091;  

 

* Note: The sample data, n, is simulated randomly. Therefore, if the code is executed, it 
may display different results compared to those presented in Table 2. 
 

To illustrate the results for both distributions we obtained in Table 1 and 2 
respectively, we have included some graphics below relatively. 

 

 

 

 

 

 

 



 RECENT TRENDS IN FRACTIONAL INEQUALITIES AND COMPLEX INEQUALITIES AND THEIR APPLICATIONS

135

Table 2 
Estimated of unknown parameters of Weibull distribution with 

two rules in MLE 
Interval [0;10] 

T p% 

Weibull Distribution 
 

�,�Q�L�W�L�D�O���*�X�H�V�V���N��� ��������� ��  

[0;10]iT �•  fixed constant  

MLE by Quasi-Newton rule MLE by Nelder-Mead 
rule 

 

�Q=500  

10 0% k =1.9815; �� =3.0215; k =1.9118; �� =3.0412;  

2.7 10% k =2.0913; �� =2.705; k =2.0742; �� =2.809;  

2.2 30% k =2.323; �� =2.2342; k =2.1821; �� =2.401;  

�Q=1000  
 

10 0% k =1.9898; �� =3.0358; k =1.9764; �� =3.0723;  

2.7 10% k =2.0816; �� =2.6103; k =2.0646; �� =2.6207;  

2.2 30% k =2.2259; �� =2.2236; k =2.1957; �� =2.3091;  
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4.��Conclusion 

Based on simulation experiments and the presented tables for 
estimating the parameters of Gamma and Weibull distributions, the following 
conclusions can be drawn: 

1.��The Quasi-Newton method often demonstrates higher accuracy and 
faster convergence for low levels of censoring or complete 
observations. This method effectively utilizes gradient information, 
enabling a rapid approach to the optimal solution. 

2.��The Nelder–Mead method is simpler to implement as it does not require 
the computation of derivatives of the likelihood function. However, it 
can be less stable and less accurate in high-dimensional tasks or when 
dealing with complex likelihood functions. 

The results presented in the tables show that the Nelder–Mead method 
provides better parameter estimates under a fixed (high) level of censoring. 
This is due to the fact that under strong censoring, the shape of the likelihood 
function becomes more complex, and gradient-independent methods may 
better handle such problems. 

Thus, the choice of a specific numerical method depends on the 
problem structure, sample size, and level of censoring. The Quasi-Newton 
method is preferable under relatively simple initial conditions and low levels 
of censoring, offering high accuracy and fast convergence. The Nelder–Mead 
method demonstrates better adaptability for partially observed (censored) data 
and larger sample sizes, although it may require more iterations and face 
convergence challenges in high-dimensional tasks. 

The practical significance of the results lies in their applicability to a 
wide range of applied problems, including equipment reliability, failure 
analysis, biostatistics, and economic time series. Efficient parameter 
estimation methods under censored data conditions enable more accurate 
modeling and forecasting of system and process behaviors across various 
fields of science and technology. 

The importance of this study lies in the necessity of precise and robust 
parameter estimation for Gamma and Weibull distributions in the presence of 
censored data. The comparative analysis of the Quasi-Newton and Nelder-
Mead methods allows for selecting the most effective approaches to solving 
this task, ensuring high accuracy and reliability of the estimates. 
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Future research prospects include the consideration of other estimation 
methods, such as the EM algorithm and Bayesian approaches, in various 
random censoring models. Comparative analysis of these methods will help 
determine their efficiency and applicability under different conditions, as well 
as develop more universal and robust approaches to parameter estimation for 
distributions with censored data. 
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2. Description of the generalized �� ��G G�c  - expansion method. 

 For a given nonlinear evolution equation with independent variables �� ��, , ,X x y z t�  and 

dependent variable u , we consider the partial differential equation (PDE) 

�� ��, , , , , , , , , , , ,... 0x y t z xt yt zt xx yy tt zzF u u u u u u u u u u u u �  .  (2) 

The solution of (2) can be expressed by a polynomial in as �� ��G G�c  follows: 
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G
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�¦  , �� �� 0m X�D �z  ,   (3) 

where ( )G G �[�  �V�D�W�L�V�¿�H�V���W�K�H���I�R�O�O�R�Z�L�Q�J��second-order ordinary differential equation 

0,G G G� O � P�c�c �c� � � � �         (4) 

while �� ��X� [ � [�  and �� ��i X�D  are all functions of X  to be determined later. To determine 

�� ��u X  explicitly, we take the following footsteps: 

 �6�W�H�S��. Determine the integer m by balancing the highest-order nonlinear term(s) and the 

highest-order partial derivatives of �� ��u X  in (3). 

 �6�W�H�S��. Substitute (4) along with (1) into (3) and collect all terms in the same order of 

�� ��G G�c  together. The left-hand side of (3) is converted into a polynomial in �� ��G G�c . Then set 

each coefficient of this polynomial to zero to derive a set of over-determined differential equations 

for �� �� �� ��0 ,  iX X� D � D , and�[  . 

 �6�W�H�S��. Solve the system of over-determined differential equations obtained in Step 2 for 

�� ��i X�D  and �[  by using the software Mathematica. 

 �6�W�H�S��. Use the results obtained in the above steps to derive a series of fundamental solutions 

of (3) depending on �� ��G G�c  , since the solutions of (1) have been well known for us, then we can 

obtain the exact solutions of (3). 

3. Applications 
 In this section, we determine the exact traveling wave solutions of the nonlinear loaded 
Korteweg-de Vries equation with variable coefficients which are attracted much attention.  

 By balancing xxxu  with xuu  in (2), we get 2m�  . In order to search for explicit 

solutions, we suppose that (2) has the following formal solution: 
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 ,  (5)  

where �� ��G G �[�  satisfies (1), �� �� �� ��p t x q t�[ � �� while �� ��p t  and �� ��q t  are functions to be 

determined. 
 From (1) and (5) we have: 
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Substituting (6) – (9) into (1) and collecting all terms with the same order of 
G
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together, the 

left-hand side of (1) is converted into a polynomial in 
i

j G
x

G
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, �� ��0,1, 0,1,2,3,4,5j i� � . 

Setting each coefficient of this polynomial to zero, we get the following set of over-determined 
differential equations: 
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Solving the system (10), we have 
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Solving the system (10), we have 
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where ,  P Q andR are arbitrary constants. 

 Substituting (11) into (5), we have 
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From the general solution of (1) we can find the ratio �� ��G G�c  . Consequently, we have the 

following three types of exact solutions (1): 
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Note that (13) represents the solitary wave solutions of the nonlinear loaded Korteweg-de Vries 
equation with variable coefficients (1). 

Conclusion 

 In this article, the generalized �� ��G G�c  -expansion method is used to obtain more general 

exact solutions for NLEEs. By using the proposed method we have successfully obtained exact 
solutions with parameters of the nonlinear loaded Korteweg-de Vries equation with variable 
coefficients. When these parameters are taking special values, the solitary wave solutions are 
derived from the hyperbolic solutions. 
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