






Message from Ed�tors

Dear Part�c�pants, 

It �s our pleasure to cha�r the 3rd Internat�onal Conference on Construct�-
ve Mathemat�cal Analys�s, an act�v�ty of the journal Construct�ve Mathemat�cal 
Analys�s. �e f�rst two events �n th�s ser�es were held as workshops; follow�ng 
requests from �nternat�onal researchers work�ng �n construct�ve mathemat�cal 
analys�s, the ser�es was expanded �nto a full conference. Our 2025 meet�ng was 
supported by the Sc�ent�f�c Research Projects Coord�natorsh�p of Selçuk Un�ver-
s�ty, the Sc�ent�f�c and Technolog�cal Research Counc�l of Türk�ye, the Republ�c 
of Turkey M�n�stry of Youth and Sports, and BEYSU. 

�e purpose of the conference �s to br�ng together establ�shed experts and 
early-career analysts from around the world who work �n var�ous areas of mat-
hemat�cs and �ts appl�cat�ons, so they may present the�r research, exchange �deas, 
d�scuss challeng�ng problems, foster future collaborat�ons, and �nteract w�th one 
another. �e ma�n object�ve �s to promote and encourage academ�c exchange 
on recent research across all f�elds of analys�s and funct�on theory. �e program 
featured keynote lectures and contr�buted short talks that presented new results 
and h�ghl�ghted future challenges. 

We would l�ke to thank the �nv�ted speakers�Prof. Francesco Altomare, 
Prof. Erdal Karap�nar, Prof. Harun Karsl�, Prof. Ioan Ra�a, Prof. G�anluca 
V�nt�, Prof. X�aom�ng Wang, and Prof. Ferenc We�sz�for the�r valuable cont-
r�but�ons to the conference. 

��s booklet conta�ns the t�tles and proceed�ngs of selected papers at the 
�e ��rd Internat�onal Conference: Construct�ve Mathemat�cal Analys�s and �s 
ava�lable on the conference webs�te. 
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Neimark-Sacker bifurcation and control of chaos in
prey-predator system subject to Harvesting e�ect

on prey
�Ozlem Ak G�um�u�s

Abstract . This article aims to examine the dynamics of the positive coexistence �xed
point of the discrete-time model given in [3] by taking the conversion e�ciency of prey into
predator as the bifurcation point. We show that the system is exposed to Neimark-Sacker
bifurcation. We also control the Neimark-Sacker bifurcation with a feedback control strategy.
Additionally, computer simulations are presented to verify the theoretical results obtained
with the stability, bifurcation and chaos control strategy.
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1. Introduction

Numerous mathematical models have been developed to study populations mathematically.
These models have become the main tool for analyzing interactions between di�erent pop-
ulations, primarily predator-prey models which are created by two pioneers, Lotka-Volterra
[29, 40]. To reach more realistic conclusions, other factors a�ecting the population need to be
known. There is broad interest to the use of bioeconomic models in order to gain insight about
the optimal management of renewable resources [8, 9]. For instance, exploitation of biological
resources is widely practiced in �sheries management. Therefore, it is critical to investigate
predator-prey models with harvest e�ects by incorporating population harvest into dynamic
systems. Harvesting has an important function in population control [10, 27]. Recently, there
has been a great deal of research presenting the e�ects of harvest in predator-prey models
[7, 10, 15, 22, 27, 30, 31, 37, 42, 43, 44].

Population behavior can be analyzed using models based on di�erence or di�erential equa-
tions. [35, 41]. The literature contains a su�cient number of continuous-time predator-prey
models that describe the intricate relationship between species [6, 33, 35]. However, in ecol-
ogy, populations evolve in distinct time steps since many species’ generations do not overlap.
Di�erence equations can be appropriate for describing such population dynamics. Using
discrete-time models of predator-prey interaction is another option for understanding the be-
havior of these populations. Analyses on discretization of continuous predator-prey models
are examined by researchers [14, 16, 32, 33, 35]. The rich dynamic behaviors exhibited by
such models have led to the discrete version becoming an active area of research [5, 34]. At
the same time, it is of biological importance that discrete-time models produce unpredictable
dynamical behavior. For this reason, bifurcation theory is widely used in mathematical stud-
ies of dynamical systems to predict population behavior [17, 26]. Numerous studies have
examined bifurcation behavior in discrete-time models of population dynamics (e.g. see
[1, 2, 3, 4, 6, 11, 12, 15, 18, 19, 20, 21, 23, 27, 45] and references therein). However, there
is still a need for more re�ned analyses that explore how harvesting e�orts in
uence the
emergence of complex dynamics such as bifurcations and chaos, particularly when control
mechanisms are incorporated into the system. This is an e�ective technique to emphasize
the potential that the principles governing natural systems are very simple and discoverable.
Also, in order to avoid this complex behavior, some chaos control strategies are presented
[11, 12, 13, 25, 36, 38, 39, 45]. In this respect, these strategies delay or completely prevent
chaotic behavior.
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In [6], it is considered Lotka-Volterra model without harvesting e�ect. The modi�ed Lotka-
Volterra model exposed to the harvesting e�ect in this prey population is presented as follows:

�x = ax(1 � x) � cxy � hx(1)
�y = bxy � ey:

where x t and yt represent the population sizes of prey and predator, respectively. The
term cx corresponds to the predator’s functional response, indicating the number of prey
consumed per unit area and time by a single predator. The parameterb denotes the e�ciency
with which consumed prey are converted into predator biomass, andbxy characterizes the
predator’s numerical response. The parametere accounts for predator mortality, while h
denotes harvesting e�ect. Moreover, all parametersa, b; c; e; has well as the initial valuesx0,
y0 are assumed to be positive real numbers.

In this study, we reconsider the model introduced in [3], which results from applying the
forward Euler discretization to the continuous system described in (1).

xn+1 = xn + � [axn (1 � xn ) � cxnyn � hxn ](2)
yn+1 = yn + � [bxnyn � eyn ]

where � is a step size. The authors in [3] conduct a detailed investigation into the �xed point
of the model (2), their stability criteria, the set of multiple bifurcations, and also codimension-
1 and codimension-2 bifurcations depending on the step size� . Our aim in this study is to
examine in detail the existence of Neimark-Sacker bifurcation (codim-1) of the system de-
pending on the e�ciency of the conversion of prey into predators b, and to control the chaos
behavior of the model. Our analysis based on the bifurcation parameterb provides a new
perspective by relating biological e�ciency to the transformation of prey into predator. This
approach not only re
ects ecological interpretations, but also provides a deeper understanding
of how changes in predation e�ciency a�ect the stability of the system and the emergence of
Neimark-Sacker bifurcations. Therefore, this study complements and extends previous results
by revealing a distinct bifurcation structure under biologically relevant conditions. Moreover,
by incorporating numerical simulations supported by interactive mathematical tools [24] and
Mathematica program, we not only con�rm the analytical results but also visualize the tran-
sition from order to chaos as the bifurcation parameter varies. This integration of theoretical
and computational techniques strengthens the biological applicability of the model and en-
ables the identi�cation of critical thresholds for stability loss. In particular, we show how
appropriate state feedback control can e�ectively suppress chaotic dynamics and stabilize the
system near a positive coexistence equilibrium. These �ndings highlight the model’s potential
in managing predator-prey interactions under varying ecological pressures.

It is clear that the points satisfying the following equations are �xed points:

x = x + � [ax(1 � x) � cx y � hx](3)
y = y + � [bx y � ey]:

The Jacobian matrix of a system (2) evaluated at any �xed point (x; y) is given by

(4) J(x;y) =
�

a11 a12
a21 a22

�

and the characteristic polynomial of matrix J(x;y) can be given with

(5) F (� ) = � 2 � trJ (x;y) � + det J(x;y) :

Assume that � 1 and � 2 be two roots of F (� ) = 0 : If j� 1j < 1 and j� 2j < 1, then the �xed
point ( x; y) is locally asymtotically stable (sink), and attracts nearby trajectories. If j� 1j
> 1 and j� 2j > 1, (x; y) is always unstable (source), and repels nearby trajectories. And,
the �xed point ( x; y) exhibits saddle point behavior, with stable and unstable manifolds if
j� 1j < 1 and j� 2j > 1 (or vice versa). If either j� 1j = 1 or j� 2j = 1 ; the �xed point ( x; y)
is non-hyperbolic point, and linear stability analysis is insu�cient to determine its behavior.
(To have knowledge about the dynamics of a positive coexistence �xed point depending on
the characteristic equation of a given matrix, see Lemma 4 in [19] and Lemma 2.2 in [28])

The existence of �xed points of the system (2) has been investigated in [3]: The system (3)
has a trivial �xed point E0 = (0 ; 0) and an exclusion �xed point E1 = ( a� h

a ; 0) when a > h:
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If ab > ae + bh; then the system (2) has only one positive coexistence �xed pointE2 = ( e
b;

ab� ae� bh)
bc ). Also, the local dynamics of the �xed points E0 and E1 are given by obtaining

the Jacobian matrix evaluating E0 and E1:
To analyze the dynamics associated with the unique positive coexistence �xed pointE2;

we can write the Jacobian matrix at the �xed point E2 as

(6) JE2 =
�

1 � ae�
b � ce�

b
[a(b� e) � bh]�

c 1

�

and its characteristic polynomial is

F (� ) = � 2 + [ � 2 +
ae�
b

]� + [
� ae� (1 + e� ) + b(1 + ae�2 � eh� 2)

b
]:

This study is composed of three parts. In Section II, we present our main results: First, we
analyze the local asymptotic stability of the positive coexistence �xed point ot the system (2)
according to the parameterb in R2

+ : Then, we show that a Neimark-Sacker bifurcation occurs
in the system (2). Then, we apply a chaos control method to stabilize the dynamics of the
system (2). We present supporting numerical simulations to verify the theoretical �ndings.
Finally, the paper concludes with a summary of the main results and conclusions.

2. Main results

In this section, we evaluate the local dynamics of the unique positive coexistence �xed
point E2 of system (2) located in the closed �rst quadrant R2

+ : The stability conditions of
the positive coexistence �xed point of system (2), the existence and direction of the Neimark-
Sacker bifurcation are analyzed. If system (2) satis�es the conditions of eigenvalue placement,
transversality and non-resonance, a Neimark-Sacker bifurcation emerges at a certain bifurca-
tion point, as discussed in [17, 26, 38, 41]. A feedback control strategy is used to manage the
Neimark-Sacker bifurcation. Furthermore, numerical simulations are provided to verify the
theoretical �ndings. Our focus is on the parameter b; which represents the e�ciency of prey
conversion into predators.

Positivity Conditions for System (2). In order to preserve the biological feasibility of
system (2), it is essential that the prey and predator populationsxn and yn remain strictly
positive for all n 2 N. We now derive su�cient conditions to ensure the positivity of the
solution sequencesf xng and f yng.

Su�cient Conditions for Positivity:
(P1) Initial positivity:

x0 > 0; y0 > 0:
(P2) In
uence of the conversion rate b: To ensure predator positivity in the y-update,

the conversion e�ciency must satisfy

b >
e
x0

:

This guarantees that predator reproduction exceeds natural mortality at initial time.
(P3) Lower bound on initial prey population:

x0 >
e
b

�
1
�b

:

(P4) Bounded e�ect of predator and mortality on prey:

1 + � (a(1 � x0) � cy0 � h) > 0:

When conditions (P1){(P4) are satis�ed, the recursive sequencesf xng and f yng remain in
the positive orthant R2

+ , ensuring that the population levels stay biologically meaningful
throughout the iteration process. System (2) models a biologically motivated prey-predator
interaction under discrete-time dynamics. The positivity of the solution sequencesf xng and
f yng is crucial to ensure the ecological relevance of the model. The su�cient conditions
(P1){(P4) collectively provide a practical guideline for selecting parameter values and initial
conditions to guarantee that the model remains well-de�ned in the positive orthant. In
particular, the condition (P2) highlights the importance of the conversion e�ciency parameter
b in sustaining predator populations, while (P4) ensures that the prey population does not
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collapse due to over-predation or excessive mortality. These insights contribute to the reliable
implementation of the model in simulations and further analytical studies.

2.1. Stability of the Coexisting Positive Fixed Point. By applying Lemma 2.2 in [28],
the topological nature of the positive coexistence �xed point E2 can be characterized as
follows:

Lemma 2.1. Assume that ab > ae + bh: For the positive coexistence �xed point E2; the
following situations hold:

(i) E2 is a sink if : 2ae� + ae2 � 2

4+ ae� 2 � eh� 2 < b < a(1+ e� )
(a� h) � ;

(ii) E2 is a source if: b > max
n

2ae� + ae2 � 2

4+ ae� 2 � eh� 2 ; a(1+ e� )
(a� h) �

o
;

(iii) E2 is a saddle if: b < 2ae� + ae2 � 2

4+ ae� 2 � eh� 2 ;
(iv) E2 is non-hyperbolic if: b = a+ ae�

(a� h) � :

Example 2.2. With respect to the selected parameter valuesa = 5 :5; b = 1 :5; e = 0 :2; c = 1 ;
h = 1 , � = 0 :9 and the initial conditions (x0; y0) = (0 :3; 3:5); E2 exhibits locally asymptotically
stable. Moreover, atb = 1 :60247; the �xed point E2 of the model (2) becomes non-hyperbolic.
The parameter values which aree = 0 :2; c = 1 ; h = 1 ; � = 0 :9 have been taken from[19]. To
validate the theoretical �ndings, the trajectories corresponding to model (2) are illustrated in
Figure 1 .

(a) Sink behavior for b = 1 :50 (b) Sink behavior for b = 1 :59

Figure 1. Trajectories of the predator-prey system (2) with the parameter
values a = 5 :5, e = 0 :2, c = 1, h = 1, � = 0 :9 and initial condition ( x0; y0) =
(0:3; 3:5) for two di�erent b values.

2.2. Neimark-Sacker Bifurcation. To investigate the bifurcation behavior, we address the
impact of the parameter b as the bifurcation parameter and de�ne the parameter space for
bifurcation occurrence:

(7) NSB E2 =

(
a; b; c; h; e; � 2 R+ : b > 1

2

�
ae

a� h + a
a� h

p
e(a � h + e)

�

and b = b1 = a+ ae�
(a� h) �

)

:

When b = b1; the Jacobian matrix JE2 has a pair of complex conjugate eigenvalues with
modulus equal to one. These eigenvalues derived from equation (5) are given by:

(8) �; � = 1 �
ae�
2b

� i�
p

e[4ab2 � ae(a + 4b) � 4b2h]
2b

jb= b1

such that

j� j =
�� �

�� = 1 :
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For values of b in the Neimark{Sacker bifurcation set NSBE2 ; the following transversality
condition holds:

(9)
@j� i (b)j

@b
jb= b1 6= 0 ; i = 1 ; 2:

Additionally, if

(10) trJ E2 jb= b1 6= 0 ; � 1;

then the condition is satis�ed

(11) � k (b1) 6= 1 , k = 1 ; 2; 3; 4:

Here, the trace of the Jacobian matrix JE2 evaluated at b = b1 is given by

trJ E2 =
2 + e� (2 � a� + h� )

1 + e�
:

Moreover, the eigenvalues ofJE2 at b = b1 are calculated as

�; � = 1 �
a� 2e+ he� 2

2 + 2e�
�

i�
p

e(a � h)[4 � e� (� 4 + a� � h� )]
2 + 2e�

:

Let q; p 2 C2 denote eigenvectors corresponding to the eigenvalues� and � of the matrix
J (NSBE 2) and its transpose, respectively. These eigenvectors are given by

(12) q s

 
� 1 + H � i

p
� H 2 + 2H � 4KT � 1

2T
; 1

! T

and

(13) p s

 
� 1 + H + i

p
� H 2 + 2H � 4KT � 1

2K
; 1

!

where H = 1+ e� (1� a� + h� )
1+ e� ; K = � ce(a� h) � 2

a+ ae� and T = a
c :

By using the scalar product in C2 , de�ned as < p; q > = p1q1 + p2q2; we normalize p
according to q; obtaining:

(14) p s

0

B@
� T ip

( � 1+ H )2 � 4KT
+ � 1+ H � i

p
( � 1+ H )2 � 4KT
2K

1

1+ ( � 1+ H + i
p

� H 2+2 H � 4KT � 1) 2
4KT

1

CA

where < p; q > = 1.
To translate the �xed point E2 of system (2) to the origin (0; 0); we de�ne the coordinate

transformation

(15) un = xn �
e
b

; vn = yn �
ab� ae � bh

bc
:

With this change of variables, the system becomes the following discrete map:

(16)
�

u
v

�
! JE2

�
u
v

�
+

�
F1(u; v)
F2(u; v)

�
;

where the nonlinear components are given by

F1(u; v) = � c�uv � a�u 2 + O(kUk3)

F2(u; v) = b�uv + O(kUk3):
such that Un = ( un ; vn )T : Additionally, the system (2) can be reformulated in the following
form

(17)
�

un+1
vn+1

�
! JE2 (Un ) +

1
2

B (un ; un ) +
1
6

C(un ; un ; un ) + O(kUnk4);

where u; v; w 2 R2; and B and C are multilinear vector functions de�ned as

B (u; v) =
�

B1(u; v)
B2(u; v)

�
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and
C(u; v) =

�
C1(u; v; w)
C2(u; v; w)

�
:

The components of these vector functions are explicitly given by

B1(u; v) =
2X

j;k =1

@2F1

@�j @�k
j � =0 uj vk = � 2a�u 1v1 � c� (u2v1 + u1v2);

B2(u; v) =
2X

j;k =1

@2F2

@�j @�k
j � =0 uj vk = b� (u2v1 + u1v2);

C1(u; v; w) =
2X

j;k =1

@3F1

@�j @�k � l
j � =0 uj vkwl = 0 ;

C2(u; v; w) =
2X

j;k =1

@3F2

@�j @�k � l
j � =0 uj vkwl = 0 :

For any vector U 2 R2; it can be uniquely expressed in the form

(18) U = zq+ zq

wherez 2 C is de�ned by z = < p; U > , and z is its complex conjugate. For su�ciently small
jbj, the system (2) can be reduced to a normal form as,

(19) z ! � (b)z + g(z;z; b);

where � (b) = (1 + ! (b))ei arctan( b) , satisfying ! (b1) = 0 : Here, g(z;z; b) is a smooth complex-
valued function, and its Taylor expansion in terms of z and z is given by:

(20) g(z;z; b) =
X

k+ l � 2

1
k!l !

gkl (b)zkzl ;

where the coe�cients are computed as

g20(b1) = < p; B (q; q) >
g11(b1) = < p; B (q;q) >
g02(b1) = < p; B (q;q) >
g21(b1) = < p; C (q; q;q) > :

The coe�cient ’ (b1); which dictates the direction in which the invariant closed curve emerges
in the system (16), is given by the following expression:

(21)

’ (b1) = Re(
e� iar tan( b1 )

2
g21 ) � Re(

(1 � 2eiar tan( b1 ) )e� 2iar tan( b1 )

2(1 � eiar tan( b1 ) )
g20g11)�

1
2

jg11j2 �
1
4

jg02j2

whereeiar tan( b1 ) = � (b1): (For more information on argument and theorem, see [26, 17, 38, 41])
As a result, we can establish the following theorem regarding the Neimark{Sacker bifurca-

tion:

Theorem 2.3. Assume that condition (10) holds and that ’ (b1) 6= 0 . If the bifurcation
parameter b varies in a su�ciently small neighborhood of NSBE 2, then the system (2) un-
dergoes a Neimark{Sacker bifurcation at the unique �xed pointE2. Moreover, if ’ (b1) < 0
(’ (b1) > 0), then a unique attracting (repelling) invariant closed curve bifurcates fromE2.

2.3. Chaos control. In recent years, the stabilization of chaotic dynamics in ecological mod-
els has gained increasing attention, particularly in systems that exhibit bifurcations such as
the Neimark{Sacker type. The unpredictable nature of such systems can lead to sudden and
persistent oscillations in population levels, which may not be biologically sustainable or desir-
able in resource management contexts. To mitigate this, various chaos control strategies have
been developed in the literature (see [13, 25, 36, 39, 45]). Among these, the state feedback
approach stands out due to its simplicity and adaptability, allowing real-time corrections
based on deviations from the desired equilibrium. In the context of the predator-prey model
studied here, we apply a linear state feedback control strategy aimed at stabilizing the system
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near the coexistence equilibrium that becomes unstable after a Neimark{Sacker bifurcation.
By properly tuning the control gains, the chaotic attractor can be suppressed, restoring the
system to regular and predictable behavior. This section presents both the analytical for-
mulation of the controlled system and the associated stability region in the feedback gain
parameter space, followed by simulations that demonstrate the success of this control mech-
anism. We will try to regulate chaotic behavior using a chaos control strategy based on state
feedback control [13, 25]. To stabilize the system (2) which undergoes a Neimark{Sacker
bifurcation at the �xed point ( x; y), we consider the controlled system:

xn+1 = xn + � [axn (1 � xn ) � cxnyn � hxn ] + K(22)
yn+1 = yn + � [(bxnyn � eyn ]

where the control input is de�ned by K = � k1(xn � x) � k2(yn � y), with k1 and k2 representing
the feedback gains. The Jacobian matrixJ (x; y) of the controlled system (22) is given by:

J (x; y) =
�

1 � ae�
b � k1 � ce�

b � k2
[a(b� e) � bh]�

c 1

�
:

The characeristic equation of the Jacobian matrixJ (x; y) is expressed as

(23)

� 2 + [ � 2 +
ae�
b

+ k1]� +
c[b+ be(a � h)� 2 � ae� (1 + e� ) � bk1] + b�k2[a(b � e) � bh]

bc
= 0 :

Let � 1 and � 2 denote the roots of the characteristic equation (23). Then, the sum and product
of the roots are given by

(24) � 1 + � 2 = 2 �
ae�
b

� k1

and

(25) � 1� 2=
c[b+ be(a � h)� 2 � ae� (1 + e� ) � bk1] + b�k2[a(b � e) � bh)]

bc
:

To identify the marginal stability boundaries, we consider three cases based on speci�c
values of the eigenvalues. First, assume� 1� 2 = 1 : Then from Eq. (25), we derive the �rst
stability boundary:

(26) l1 :=
e� (ab� � a � ae� � bh� )

b
� k1+

(ab� ae � bh)�k 2

c
= 0 :

Now, let � 1 = 1 : Substituting into Eqs. (24) and (25), we obtain the second boundary:

(27) l2 :=
e� 2(ab� ae � bh)

b
+

(ab� ae � bh)�k 2

c
= 0

Finally, let us take � 1 = � 1: Using the same equations, we �nd the third boundary

(28) l3 :=
� ae� (2 + e� ) + b(4 + e(a � h)� 2)

b
� 2k1+

(ab� ae � bh)�k 2

c
= 0

The triangular region enclosed by the linesl1; l2 and l3 in the k1k2-plane represents the set
of feedback gain values for which the modulus of the eigenvalues remains less than 1, thereby
ensuring local asymptotic stability of the controlled system.

2.4. Numerical simulations. To validate the theoretical �ndings on the stability and bi-
furcation behavior of the predator-prey system, a series of numerical simulations are per-
formed. In Example 2.4, by varying the bifurcation parameter b, the system exhibits a
Neimark{Sacker bifurcation at b = 1 :60247 as con�rmed by both the bifurcation diagram
and the associated phase portraits. From Figure 2, it is observed that the �xed point (x; y) is
stable for b < 1:60247; but loses stability at b = 1 :60247. Forb > 1:60247; a closed invariant
curve forms around the �xed point, indicating the emergence of unstable behavior due to
Neimark{Sacker bifurcation.The phase portaits of bifurcation diagrams in Figure 2 for di�er-
ent values ofb are shown in Figure 3. These phase portraits clearly illustrate how a smooth
invariant curve bifurcates from the previously stable �xed point and grows in radius. At b
= 1 :60247; the positive coexistence �xed point becomes unstable, and an attracting closed
invariant curve surrounding the unstable �xed point appears, con�rming the Neimark{Sacker
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bifurcation. These visualizations illustrate how the initially stable �xed point loses stability
and gives rise to a closed invariant curve asb increases, indicating the onset of quasi-periodic
behavior. The progressive growth of this invariant curve for increasingb values highlights
the transition from regular dynamics to complex oscillatory behavior. In Example 2.5, a
state feedback control strategy is applied to stabilize the chaotic dynamics induced by the
bifurcation. A triangular region in the ( k1; k2)-parameter space is identi�ed, within which
the controlled system maintains local asymptotic stability. This region represents the set of
values for the control parametersk1 and k2 for which the controlled system (30) has eigenval-
ues with modulus less than one, ensuring local asymptotic stability of the equilibrium point.
The triangular stability region bounded by lines l1; l2 and l3 is depicted in Figure 4.(a). The
stability region, determined through characteristic equations and marginal stability lines, is
depicted graphically and con�rms the e�ectiveness of the feedback control approach. Figures
4.(b) and 5 illustrate complementary aspects of the dynamical behavior of the controlled
predator{prey system. Figure 4.(b) presents the time series of the prey and predator pop-
ulations under state feedback control for speci�c parameter values. The trajectories clearly
converge to the positive equilibrium point, con�rming the stabilizing e�ect of the control
mechanism. In contrast, Figure 5 shows the variation of the maximum Lyapunov exponent
as the bifurcation parameter b 2 [1:3; 1:9] varies. This diagram indicates a transition from
stable behavior (negative exponent) to chaotic dynamics (positive exponent), highlighting the
onset of complex population oscillations beyond a critical bifurcation threshold. Together,
these �gures demonstrate both the potential for chaos in the uncontrolled system and the
ability of feedback control to suppress such undesirable dynamics. These simulations not
only corroborate the analytical results but also demonstrate the practical implementation of
chaos control methods in ecological modeling.
Example 2.4. Let consider the following system with parameter valuese = 0 :2; c = 1 ;
h = 1 ; � = 0 :9 taken from [19],

xn+1 = xn + 4 :95xn (1 � xn ) � 0:9xnyn � 0:9xn(29)
yn+1 = yn + 1 :44xnyn � 0:18yn :

wherea = 5 :5 and b �= 1:6: The positive coexistence �xed point is(x; y) = (0 :125; 3:8125); and
the Jacobian matrix evaluated at this point is:

J(x;y) =
�

0:38125 � 0:1125
5:49 1

�
:

The eigenvalues of the Jacobian matrix are:
� 1;2 = 0 :690625� 0:722435i

such that j� 1;2j �= 1: The corresponding complex eigenvectorsq; p � C2 are

q s (� 0:1315910470� 0:056352459i; i )T

and

p s (6:421643092� 2:75i; � i )T :
The normalized adjoint vector p� satisfying < p � ; q >= 1 is:

p� s (� 2:62199249 + 2:75i; 0:214119654 + 0:50i )T :
By applying the coordinate transformation

un = xn � 0:125; vn = yn � 3:8125
the system (29) becomes:

un+1 = 0 :38125un � 0:1125vn � 0:9unvn � 4:95u2
n

yn+1 = 5 :49un + vn + 1 :44unvn :

The coe�cients in the normal form expansion ( from (20)) are calculated as:
g20(b1) = 0 :725879 + 0:265549i
g11(b1) = 0 :231208 + 0:360091i
g02(b1) = 0 :609655 + 0:899999i
g21(b1) = 0 :

8 / 193



Neimar-Sacker Bifurcation and control of chaos

From (21), we compute ’ (bNS ) = � 0:487478 < 0: Thus, a supercritical Neimark{Sacker
bifurcation occurs at bNS = 1 :60247: This result con�rms that the system undergoes a qual-
itative change at the critical threshold, the �xed point loses its stability and a stable closed
orbit appears, indicating the onset of sustained oscillatory behavior.

Figure 2. Bifurcations diagram of the system (2)
for b 2 (1:3; 1:8) with the parameter values a = 5 :5;
e = 0 :2; c = 1 ; h = 1 ; � = 0 :9 and the initial
conditions (x0; y0) = (0 :3; 3:5):

(a) b = 1 :3 (b) b = 1 :4
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(c) b = 1 :5 (d) b = 1 :60247

(e) b = 1 :7 (f) b = 1 :8

Figure 3. The phase portraits of system (2) for various values ofb, demon-
strating the evolution of the invariant curve as b increases. Parameters:
a = 5 :5, e = 0 :2, c = 1, h = 1, � = 0 :9, and the initial condition
(x0; y0) = (0 :3; 3:5).

Example 2.5. In this example, a state feedback control strategy is applied to stabilize the
system (2). The parameter values are taken as(e; a; c; h; �; b) = (0 :2; 5:5; 1; 1; 0:9; 1:9) with
the initial condition (x0; y0) = (0 :3; 3:5): The corresponding controlled system is given by:

xn+1 = xn+0 :9(5:5xn (1 � xn ) � xnyn � xn ) � k1(xn � 0:105263)(30)
� k2(yn � 3:92105)

yn+1 = yn+0 :9[(1:9xnyn � 0:2yn ]:

By analyzing the marginal stability conditions given in equations(26)-(28), we obtain the
corresponding marginal lines in thek1k2-plane:

l1 = 0 :114158� k1 + 6 :705k2 = 0
l2 = 0 :635211 + 6:705k2 = 0

and

l3 = 3 :59311� 2k1 � 6:705k2 = 0 :
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(a)

(b)

Figure 4. (a) Stability region of the controlled system (30) in the k1k2 plane.
(b) Time series of the prey and predator populations for the controlled system with
parameters a = 5 :5, b = 1 :9, c = 1, h = 1, e = 0 :2, � = 0 :9, and control coe�-
cients k1 = 0 :61, k2 = 0 :005. The system stabilizes at the positive equilibrium point
(x � ; y� ) = (0 :105263; 3:92105), illustrating the e�ectiveness of the state feedback con-
trol.
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Figure 5. Maximum Lyapunov exponent of system (2) with respect to the bifur-
cation parameter b 2 [1:3; 1:9], illustrating the transition to chaos. The parameter
values area = 2 :5, e = 0 :2, c = 1, h = 1, and � = 0 :9.

3. Conclusion

In this study, a more in-depth analysis of the e�ects of a di�erent bifurcation parameter on
the predator-prey model discussed in [3] was conducted; and a more comprehensive under-
standing of the dynamic behavior of the model was developed. Focusing speci�cally on the
parameter "conversion e�ciency of prey into predator", the stability of the positive coexis-
tence equilibrium point, the Neimark-Sacker bifurcation, and chaos control were investigated.
This advanced analysis, which was performed while preserving the same model structure, al-
lowed the e�ects of parameter-dependent changes on the system dynamics to be identi�ed
in an isolated manner. Thus, the complex behavior patterns and chaotic transitions of the
model were determined more clearly depending on the parameterb; and important inferences
were obtained in terms of control mechanisms. It was also shown that the chaotic behavior
of the system could be stabilized using the state feedback control method.

The system (2) exhibits a Neimark-Sacker bifurcation at the positive coexistence �xed point
E2. The asymptotic stability conditions of the �xed point E2 = ( e

b; ab� ae� bh)
bc ); ab > ae + bh

are investigated by using the linearization method. Moreover, we demonstrate that system (2)
undergoes a Neimark{Sacker bifurcation when the bifurcation parameterb1 = a+ ae�

(a� h) � using
bifurcation theory. It is evident that a Neimark{Sacker bifurcation emerges when the system
parameters vary in the neighborhoodb = b1, b > 1

2

�
ae

a� h + a
a� h

p
e(a � h + e)

�
: The dynamic

properties of system (2) with the parameter b = 1 :60247 (also, according to di�erent values
of b), e = 0 :2; a = 5 :5; c = 1 ; h = 1 ; � = 0 :9 and the initial conditions ( x0; y0) = (0 :3; 3:5)
are represented by some Figures. On the other hand, parameter values are taken from the
article [19] in order to ensure consistency with biological reality. By choosing the value ofb
as bifurcation parameter, the bifurcation state is observed. Chaos is controlled via a state
feedback method for the parametere = 0 :2; a = 5 :5; b = 1 :9; c = 1 ; h = 1 ; � = 0 :9:

Using the parameter values given in [19], the e�ect of harvest e�ort on the prey population
instead of the predator population is displayed in Figure 6. For the parameter valuesa = 2 :5;
e = 0 :2; c = 1 ; h = 1 ; � = 0 :9; the bifurcation point of system (2) is b = 2. In the
model studied in [19], we see that the bifurcation point isb = 2 :3111 for the same values.We
therefore conclude that harvesting e�ort in the prey population causes the system to reach
the bifurcation point at a lower value of the bifurcation parameter b.
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Figure 6. Bifurcation diagrams of the system (2) over the interval b 2 (1; 3) with
parameter valuesa = 2 :5, e = 0 :2, c = 1, h = 1, � = 0 :9, and the initial conditions
(x0; y0) = (0 :3; 0:4).

The parameter h in the model represents the harvesting pressure on the prey species (e.g.,
�shing activity). If the harvesting rate is too high, the prey population declines, leading to a
shortage of food for the predator (such as tuna or sharks). This can destabilize the ecosystem
and potentially result in the collapse of �sh stocks. Speci�cally, the control parameters
k1 and k2 represent external interventions (e.g., controlled harvesting, or releasing natural
enemies). The model can be used to predict when and how much intervention is needed
to bring the populations to a sustainable level. In contrast to the results presented in [3],
where bifurcation dynamics were investigated in terms of the step parameter� , this study
reveals qualitatively di�erent dynamic behaviors by treating parameter b as the bifurcation
parameter, thus providing new insights into the role of predation e�ciency in system stability
and control.

To assess the sensitivity of the system to parameter variations, we present in Table 1
both the parameter values used in the original study and newly adopted values from the
literature. The corresponding time series of prey and predator populations based on the new
parameter set is depicted in Figure 7. The intrinsic growth rate of prey (a = 0 :48) is taken
from Cendrero, O., Cort, J.L., and de Cardenas, E. (1981).Revisi�on de algunos datos sobre
la biolog��a de la anchoa, Engraulis encrasicolus (L.) del Mar Cant�abrico. Bol. Inst. Esp.
Oceanogr.,6, 117{124. The other parameter values (b = 0 :5, c = 1, h = 0 :2, e = 0 :2) are
adopted from Xiao, Y., and Jennings, S. (2005). Trade-o�s between carrying capacity and
productivity: Implications for managing marine �sh . SIAM Journal on Applied Mathematics,
65(6), 2107{2126.

Figure 1.(a) shows the time series behavior of the discrete predator-prey system under the
original parameter values used in the study. In this case, both prey and predator populations
converge relatively quickly to a stable equilibrium point and exhibit moderately damped
oscillations. The system shows a rapid approach to stability, with the 
uctuations decaying
over a short time horizon. In contrast, Figure 7 presents the system dynamics based on new
parameters obtained from the literature. Under this con�guration, the system exhibits a
slower convergence to equilibrium, but stability persists for a very long time. The critical
bifurcation value calculated for the new parameter set is approximatelyb = 17:49, which is far
beyond biologically plausible limits. This indicates that the system remains in a sustainably
stable regime.This comparison highlights how parameters can signi�cantly a�ect the temporal
evolution and stability properties of ecological systems.
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Parameter Description Value in Study New Value (Reference)
a Intrinsic growth rate of

prey
5.5 0.48 [Cendrero et al., 1981]

b Conversion e�ciency
(prey ! predator)

1.9 0.5 [Xiao & Jennings, 2005]

c Predation rate 1 1 [Xiao & Jennings, 2005]
h Harvest rate of prey 1 0.2 [Xiao & Jennings, 2005]
e Mortality rate of preda-

tor
0.2 0.2 [Xiao & Jennings, 2005]

� Step size 0.9 0.1

Table 1. Comparison of parameter values used in the study and newly
adopted values (Comparison of parameter values used in the study and newly
adopted values (growth rate from Cendrero et al., 1981; other values from
Xiao and Jennings, 2005)

.

Figure 7. Time series of the prey (xn ) and predator (yn ) populations based on
the newly adopted parameter set: a = 0 :48, b = 0 :5, c = 1, h = 0 :2, e = 0 :2,
and � = 0 :1, with initial conditions ( x0; y0) = (0 :3; 0:8). The prey and predator
populations converge to a biologically feasible steady state after a series of oscillations.
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railway track pro�le irregularities
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Abstract . Wavelet transformation provides a time-frequency analysis of non-stationary
signals. It enables the detection of local events occurring within short time intervals. This
capability is particularly critical for the analysis of railway track pro�le geometry [1], which
often exhibits rapid and abrupt vertical irregularities over speci�c distances due to various
mechanical factors. These factors include local voids in the supporting soil, rapid variations in
track layer thickness, ballast wear and contamination, the existence of rail-ends and turnouts,
and the discontinuous support provided by sleepers. Inspection vehicles equipped with special
measurement sensors can convert these geometric changes into a continuous signal.

Through multi-level wavelet decomposition, the dominant characteristics of the track pro-
�le signal can be extracted, along with detailed sub-signals of di�erent frequencies and wave-
lengths [2]. These sub-signals represent the contribution of each underlying cause to the
observed rail pro�le irregularities [3]. This study presents a case study where wavelet decom-
position is applied to a track pro�le data collected from UK. The track pro�le is isolated into
sub-parts, and possible causes of the overall deformation is investigated independently. The
�ndings can contribute to developing e�ective maintenance strategies that enhance safety
and extend the service life of railway tracks.

2020 Mathematics Subject Classifications : 42C40, 94A12

Keywords: Railway track analysis, Wavelet decomposition, Rail pro�le irregularities

1. Introduction

Wavelet transformation, frequently used in signal and image processing, enables complex
data composed of di�erent components to be expressed using discrete mathematical functions.
Due to its ability to precisely reveal the time and frequency characteristics of the oscillations
that form a signal, wavelets have a wide range of applications across various disciplines.
Compression, �ltering, and noise reduction can be performed on audio, image, and vibration
data. Furthermore, the frequency bands corresponding to the individual components of a
signal can be identi�ed. Wavelet transformation is used for acoustic signal analysis, extraction
of track deformations, and the detection of track damage in railway tracks.

Track measurement vehicles passing over a railway track record acceleration values result-
ing from irregularities along the track. These data are passed through a high-pass �lter to
remove the earth component and then double-integrated to obtain the track deformation val-
ues. Deformation values depending on location or time constitute a continuous signal. This
signal is a combination of various track irregularities with di�erent frequencies. These irreg-
ularities may arise from factors such as variations in track layer thickness along a speci�c
distance, localised soil settlements, sleeper cracks, worn ballast particles, frost conditions,
rail wear, insulated rail joints, or turnout areas. As a train passes over these irregularities, it
transfers a dynamic force onto the track that exceeds its static force. The dynamic impact
force is correlated with the horizontal track section (L) where the irregularity occurs and the
irregularity’s amplitude (h). The Extended Bezgin Equations were developed to estimate
dynamic impact forces based on the application of the Bezgin Method -originally introduced
in 2017- [4] to track pro�le irregularities. The equation results show up to 98 % agreement
with the �nite element model, particularly in the comparisons conducted at the rail ends
and the turnouts [5, 6]. In this study, Wavelet Transformation is applied to raw geometry
data collected from a railway track in the UK to extract deformations in di�erent frequency
bands. Then, the irregularity data obtained from the approximation signal, which re
ects
the geometric characteristics of the signal, will be used as input parameters for the Extended
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Bezgin Equations, and the peak dynamic impact forces on the track will be estimated. This
study establishes a methodological basis for analyzing the mechanical e�ects of distinct track
irregularities.

2. Wavelet Transformation

The Wavelet Transform expresses the original main signal as the sum of sub-signals with
di�erent frequencies and wavelengths. The signal is �rst decomposed at a certain level to
obtain the wavelet coe�cients. Then, the signal is reconstructed to obtain approximation
and detail signals. This process is accomplished by scaling and translation operations on a
mother wavelet that can best represent the original signal. The scaled and shifted version of
the mother wavelet is as shown in Equation 1.

(1)  a;b(t) =
1

p
a

 
�

t � b
a

�

In this formulation, t represents the independent variable (such as time or position), (t)
denotes the mother wavelet function,a 2 R+ is the scale parameter, andb 2 R+ is the trans-
lation parameter. The Continuous Wavelet Transform (CWT) of a signal f (t) is expressed
as:

(2) Wf (a; b) =
Z 1

�1
f (t)

1
p

jaj
 

�
t � b

a

�
dt

The Continuous Wavelet Transform can often be unnecessary in practical applications
in terms of functionality. Unlike the Continuous Wavelet Transform, the Discrete Wavelet
Transform develops solutions using a limited number of scales. The selection of scales as
powers of 2 can signi�cantly increase computational e�ciency. Nevertheless, the Discrete
Wavelet Transform is continuous in terms of the translation of the wavelet. During the
computation, the selected mother wavelet is shifted sequentially along the original signal,
starting from its initial point, comparing the wavelet with the entire signal in this manner.
Subsequently, the mother wavelet is scaled (resized), and the same process is repeated for
each new scale until no further scales remain. This process yields approximation and detail
signals.

3. Multi-Level Transformation

In Wavelet Transform, a decomposition level is selected based on a speci�c evaluation crite-
rion or wave characteristic. As a result of decomposition at multiple levels, the original signal
is broken down into numerous smaller, lower-resolution fragments. A Wavelet Decomposition
Tree is constructed by representing these fragments and their subsequent sub-fragments in a
hierarchical diagram, as shown in Figure 1.

Figure 1. Sub-signals obtained from the 3rd-level wavelet transform [3].

When "n" decompositions are performed in multi-level decomposition, a �nal approxima-
tion signal and "n" detail signals are obtained. The relationship between the approximation
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signal (A), detail signals (D), and the original signal obtained as a result of multi-level de-
composition is as shown in Equation 3.

(3) S = An +
nX

j =1

D j

By performing multi-level decomposition on a railway track pro�le composed of multiple
components, irregularities at di�erent frequency bands can be separately identi�ed. The
geometric properties of the yielded signals can be used as input parameters in the Extended
Bezgin Equations, along with relevant track and train parameters [7]. This enables the
estimation of dynamic impact forces associated with each distinct irregularity.

4. Extended Bezgin Equations

Track sti�ness as well as rail pro�le can vary along the railway track. Figure 2 shows the
passage of a train wheel over a track irregularity with a wavelength of� . The irregularity
consists of a descending and ascending pro�le. The transition length for the descending and
ascending pro�le is "L" and the vertical variation in the pro�le is denoted by "h." If there is
a variation in track sti�ness, the track initially deforms by an amount "a" under the static
wheel load. By the end of the sti�ness transition zone, the static deformation reaches "b."
However, due to the dynamic forces generated during passage through this irregularity, it
deforms by a value of "c" higher than "b."

Figure 2. A track irregularity with a wavelength of � [3].

The dynamic impact force factor is represented byK 0
B 1;d for descending track pro�le case,

while it is denoted by K 0
B 2;a for the ascending track pro�le case. In addition, there is a

secondary impact force,K J , that occurs when the wheel momentarily loses contact after
passing through the irregularity and then suddenly falls back onto the track.

The dynamic impact force factors obtained using the Bezgin Method are presented in
Equations 4-6. The system sti�ness is the combination of track sti�ness and the sti�ness of
the rolling stock elements. Accordingly, a0 and b0 represent the static system deformations
in regions with di�erent system sti�ness. The train speed is expressed asv, the system
damping ass, the gravitational acceleration as g, the vertical pro�le variation as h, and the
horizontal length at which the irregularity occurs as L . The impact reduction factor ( f ),
which determines the level of impact that will be transferred to the track, is presented in
Equation 7. This concept relates to the proportion of the wheels’ theoretical free-fall time
(t fall ) from a height to the passage time (tpass) required to cover a distanceL .
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K 0
B;d = 1 +

r
2h
a0 (1 � f � s)(4)

K 0
B;a = 2

r
h

2a0(1 � f � s) + 1 � 1(5)

K j =
2ha

g

� v
L

� 2
(6)

f = 1 �
t fall

tpass
= 1 �

v
L

s
2h
g

(7)

The maximum dynamic impact force during the approach to a civil structure (ascending
pro�le) is estimated using the terms K 0

B 2;a + K j . While wheel departures from the structure
(descending pro�le), the peak dynamic force factor isK 0

B 1;d.

5. Estimation of Dynamic Impact Force from Railway Track Data

Application of wavelet transformation on irregular track pro�le data yields an approxima-
tion signal that highlights the main characteristics of the original signal. Figure 3 presents
the comparison of the pro�le data obtained from a railway track located in the East Mid-
lands, UK, and the approximation signal yielded by the 5th-order wavelet transformation.
The wavelengths and amplitudes of the track irregularities are visible in the approximation
signal. This allows the application of the Bezgin Method using the "h" and "L" values, which
are the vertical and horizontal variations between each peak and valley in the signal. The
dynamic impact force estimations for the irregularities derived from approximation signal are
shown in Figure 4. In the calculations, the track sti�ness was considered to be 60 kN/mm,
and sti�ness values of the wheel and bogie suspension springs were taken as 5 kN/mm and
2.5 kN/mm. The static wheel force is 90 kN and the train speed is considered as 160.5 km/h.

Figure 3. Track pro�le deformations from the East Midlands study area and
the approximation signal obtained from the 5th-level wavelet transformation

Figure 4. Estimated dynamic impact force factors derived from the approx-
imation signal

The analysis conducted for the selected track section reveals that the dynamic impact force
factors resulting from ascending and descending pro�le irregularities vary between 1.0 and
1.39. This indicates that the train has the potential to transfer a force 39% greater than its
static force to the track. The irregular track data shows signi�cant 
uctuations around 20th
m and 100th m. The maximum dynamic forces on the track occurred around these regions.
The mechanical e�ects of track irregularities with shorter wavelengths can be revealed by
using the geometric parameters extracted from detail signals as input in the Extended Bezgin
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Equations. A combined evaluation of visual observations and the sub-signals obtained from
the wavelet transform sheds light on the potential risks posed by irregularities at di�erent
frequencies.

6. Conclusion

The �ndings of this study highlight the value of Wavelet Transformation in understanding
the mechanical behavior of railway tracks. Wavelet Transformation o�ers a simpli�ed ap-
proach for applications where various geometric and mechanical irregularities with di�erent
wavelengths coexist, such as railway tracks. By separating the track pro�le signal into dif-
ferent frequency bands, it becomes possible to interpret the e�ects of irregularities in each
frequency band separately.

Integrating this analytical approach with the Bezgin Method, the study provides a sys-
tematic framework to identify critical sections of the track subject to elevated mechanical
stress. The methodology was demonstrated through a case study involving real-world data
collected from a railway section in the UK, con�rming the practical utility of the proposed
approach. In fact, in areas with high pro�le variations, an additional dynamic force of up to
39% was observed. Furthermore, no signi�cant dynamic force was observed in stable areas
of the track. Long-wavelength irregularities can be analyzed with the approximity signal,
while relatively smaller wavelength irregularities can be interpreted with the detail signals.
By determining a wavelet transform level considering the wavelengths of the irregularities
observed on the track, the dynamic impact forces caused by these irregularities can be esti-
mated individually. This approach provides insights for e�ective maintenance planning and
prioritizing track interventions. Therefore, it contributes to enhancing the safety, e�ciency,
and service life of the railway tracks.

Acknowledgment

This study was supported by The Scienti�c and Technological Research Council of T�urkiye
(T �UB_ITAK) under the 2224-B Grant Program for Participation in National Scienti�c Activ-
ities.

References
[1] Zhiping, Z., Fei, L., Yong, Z. (2010). Wavelet Analysis of Track Pro�le Irregularity for Beijing-Tianjin

Intercity High Speed Railway on Bridge. International Conference on Intelligent Computation Technology
and Automation, , 3, 1155{1158. IEEE.

[2] Costa, M. A., Costa, J. N., Andrade, A. R., Ambr�osio, J. (2023). Combining Wavelet Analysis of Track
Irregularities and Vehicle Dynamics Simulations to Assess Derailment Risks. Vehicle Syst. Dyn., 61(1),
150{176.

[3] Balc�, E. (2024). Demiryolu Hatlar� �Uzerine, Hat ve Tren Tekerleklerindeki D�uzensizlikler Nedeniyle Etki
Eden Dinamik Darbe Kuvvetlerinin Analitik Olarak C� �oz�umlenmesi . PhD Thesis, Istanbul University-
Cerrahpa�sa.

[4] Bezgin, N. �O. (2017). Development of a new and an explicit analytical equation that estimates the vertical
dynamic impact loads of a moving train. Procedia Engineer., 189, 2{10.

[5] Bezgin, N. �O., Wehbi, M., Balc�, E. (2023). Application of the Bezgin Method to Estimate the Highest
Values of Dynamic Impact Forces at Railway Turnouts and Comparison of Estimates with Numerical
Estimates and Turnout Site Assessments. 102nd Annual Meeting of the Transportation Research Board ,
Washington, D.C.

[6] Balc�, E., Bezgin, N. �O. (2023). Analytical Estimation of the Highest Dynamic Impact Forces due to Abrupt
Changes in Track Pro�le by the Bezgin Method and Comparison of the Highest Analytical Estimates with
the Findings of Numerical and Experimental Studies. 102nd Annual Meeting of the Transportation Research
Board, Washington, D.C.

[7] Wehbi, M., Bezgin, N. �O. (2019). Proposal and application of a new technique to forecast railway track
damage because of track pro�le variations. Transp. Res. Record, 2673(4), 568{582.

20 / 193



Application of wavelet transformation in analyzing railway track pro�le irregularities

ERDEM BALCI � 1 (corresponding author)
Zonguldak B �ulent Ecevit University, Alapl� Vocational School,
Construction Department
N_IYAZ _I �OZG �UR BEZG _IN 2

Istanbul University-Cerrahpas�a, Engineering Faculty,
Civil Engineering Department
MOHAMAD WEHBI 3

Geobear Global, England, UK

Email(s): erdembalci@outlook.com� 1(corresponding author), ozgur.bezgin@iuc.edu.tr2,
mohamed.wehbi@geobear.com3

21 / 193



3rd International Conference: Constructive Mathematical
Analysis

Fixed point results for generalized cyclic
� -f �$ -contractions

Abderrahmane Boudraa� , Taieb Hamaizia

Abstract . In this paper, we introduce a new class of such contractions and demonstrate
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2020 Mathematics Subject Classifications : 47H10, 54H25.

Keywords: b-metric-like space, Fixed point, Cyclic contractions.

1. Introduction

Fixed point theory is one of the most important areas of mathematical analysis and has
a wide range of applications in nonlinear analysis, optimization and di�erential equations
among many others. Many generalizations of the Banach contraction principle have been
proposed in the past to cover more general mathematical objects. It is natural to investigate
contractions in b-metric and b-metric-like spaces, which represents a generalization of the
classical metric space by removing the triangle property (see [4]-[8]).

In [7], the concept of cyclic � � f �$ � contractions was introduced, and several �xed point
theorems were established. Motivated by these developments, we extend this framework by
introducing the notion of cyclic � � f �$ � contractive pairs of mappings. Our work further
advances the theory by formulating these results within the setting of b-metric-like spaces,
which generalize classical metric structures, we present two new �xed point theorems, one
for � � f �$ � contractive pairs and another for cyclic � � f �$ � contractive pairs. These
theorems are supported by new contractive conditions, and they apply to a broader class of
mappings than those previously studied.

1.1. Preliminaries. We start with a series of de�nitions and notations that will serve for
the rest of the analysis.

De�nition 1.1. [1] A b-metric-like on a nonempty set � is a function d : � � � ! [0; + 1 )
such that for a value1 � s and for all x; y; z 2 � the following three conditions hold true
(D1) if d(x; y) = 0 then x = y;
(D2) d(x; y) = d(y; x);
(D3) d(x; z) � s(d(x; y) + d(y; z)) .
The pair (� ; d) is then called a b-metric-like space.

Example 1.2. [1] Let � = f 0; 1; 2g, and let

d(x; y) =

(
2; x = y = 0
1
2 ; otherwise.

Then (� ; d) is a b-metric-like space with the constants = 2 .

A sequencef xng in the b-metric-like space (� ; d) converges to a pointx 2 � if and only if
d(x; x ) = lim n ! + 1 d (x; x n ).
A sequencef xng in the b-metric-like space (� ; d) is called a Cauchy sequence if there exists
limn;m ! + 1 d (xm ; xn ) (and it is �nite)(0-cauchy if the limit is also null).
A b-metric-like space is calledd-complete if every Cauchy sequencef xng in � converges to a
point x 2 � such that lim n ! + 1 d (x; x n ) = d(x; x ) = lim n;m ! + 1 d (xm ; xn ). A b-metric-like
space is called 0-d-complete if every 0-Cauchy sequencef xng in � converges to a point x 2 �
such that d(x; x ) = 0 and lim n ! + 1 d (x; x n ) = lim n;m ! + 1 d (xm ; xn ) = 0.
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De�nition 1.3. [3, 6] A C-class function is a continuous functionF : [0; + 1 ) � [0; + 1 ) ! R
such that for any x; y 2 [0; + 1 ), the following conditions hold:
(C1) F (x; y) � x.
(C2) F (x; y) = x implies that either x = 0 or y = 0 .

De�nition 1.4. [6] Let � be a self-mapping on a nonempty set� and � : � � � ! [0; + 1 )
be a function. � is called an � -admissible mapping if � (� �; � � ) � 1, for all �; � 2 � with
� (�; � ) � 1.

Let � = f � : [0; + 1 ) ! [0; + 1 ) : � is increasing and continuousg and‘
= f $ : [0; + 1 ) ! [0; + 1 ) : $ is increasing and lower semi-continuousg:

De�nition 1.5. [7] A triple (�; $; f ) where � 2 � ; $ 2 q and f a C-class function is said
to be monotone if

� � � implies f (� (� ); $ (� )) � f (� (� ); $ (� ))
for any �; � 2 [0; + 1 ).

Example 1.6. [7] Let f (u; v) = u � v; $ (� ) =
p

� and

� (� ) =
� p

�; if 0 � � � 1
�2; if � > 1:

Then (�; $; f ) is a monotone triple.

De�nition 1.7. [7] Let (� ; d̂) be a b-metric-like space, and let � : � � � ! [0; + 1 ) be a
function. Then, � : � ! � is said to be� -continuous on (� ; d̂) if

�n ! � and � (�n ; �n+1 ) � 1 for all n 2 N implies � � n ! � � .

2. Main results

In this section, we show some �xed point theorems for cyclic contraction on b-metric-like
spaces, let� 2 � ; $ 2 q and f 2 C such that
( � ) � (� ) � f (� (� ); $ (� )) > 0 for all � > 0 and � = � or � = 0.

De�nition 2.1. Let (� ; d̂) be a 0 - d̂-complete b-metric-like space,p 2 N and � 1; � 2; : : : ; � p,
be d̂-closed nonempty subsets of� . Let � =

S p
i =1 � i and � : � � � ! [0; + 1 ) be a mapping.

(� ; � ) : � ! � is called a cyclic � � f �$ � contractive ordered pair of mappings if
(1) � (� j ) � � j +1 and � (� j ) � � j +1 , for all j = 1 ; 2; : : : ; p, where � p+1 = � 1;
(2) for any � 2 � i and � 2 � i +1 ; (i = 1 ; 2; : : : ; p), where � p+1 = � 1 and

max(� (�; � � ) ; � (�; �� )) � 1;
we have

(1) �
�

d̂ (� �; �� )
�

� f (� (M �; � (�; � )) ; $ (M �; � (�; � ))) ;

where � 2 � ; $ 2 q and f 2 C such that the triple (�; $; f ) is monotone and satis�es the
condition ( � ) and

(2) M �; � (�; � ) = qmax

 

d̂(�; � ); d̂(�; � � ); d̂(�; �� );
d̂(�; �� ) + d̂(�; � � )

2

!

;

for every �and � in � and q is a constant so that

0 < q <
1
2s

:

Remark 1. If (� ; � ) was a cyclic � � f �$ � contractive ordered pair of mappings ,this
does not imply necessarily that(�; �) is also a cyclic � � f �$ � contractive ordered pair of
mappings.

Remark 2. If in De�nition 2.1, � 1 = � 2 = � � � = � p, then we say(� ; � ) is an � � f �$ �
contractive ordered pair of mappings.

Lemma 2.2. Every sequence(xn )n2 N of elements from a b-metric-like space(X; d ) of con-
stant s, having the property that there exists0 � 
 < 1 such that

d (xn+1 ; xn ) � 
d (xn ; xn � 1) ;
for every n 2 N, is 0-d-Cauchy.
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Theorem 2.3. Let (� ; d̂; s) be a0 � d̂-complete b-metric-like space (1 � s) and � : � � � !
[0; + 1 ) be a mapping. Assume that(�; � ) : � ! � is an � � f �$ � contractive ordered pair
of mappings and(� ; � ) satis�es the following assertions
(i) � and � are � -admissible mappings,
(ii) � (�0; � (� �0)) � 1 for an element �0 in � ,
(iii) � and � are � -continuous.
Then (� ; � ) admits a common �xed point in � . Moreover, if
(iv) � (�; � ) � 1, whenever�; � 2 Fix (�) \ Fix(� ), then (� ; � ) admits a unique common �xed
point.

Proof. De�ne Picard’s sequence�2n+1 = � �2n , and �2n+2 = �� 2n+1 where �0 is the given
point for which � (�0; � (� �0)) = � (�0; �2) � 1. Since � is an � -admissible mapping, we get
that � (� �0; � �2) = � (�1; �3) � 1. Again. Since � is an � -admissible mapping , it follows
that � (�� 1; �� 3) = � (�2; �4) � 1. Continuing this process we have� (�n ; �n+2 ) � 1 for all
n 2 N, and so, max(� (�2n ; �� 2n+1 ) ; � (�2n ; � �2n+1 )) � 1 for all n 2 N. Now, we show that
the sequenced̂ (�n ; �n+1 ) is decreasing. Set

� = qmax

 

d̂ (�2n+1 ; �2n ) ; d̂ (�2n ; � �2n ) ; d̂ (�2n+1 ; �� 2n+1 ) ;
d̂ (�2n ; �� 2n+1 ) + d̂ (�2n+1 ; � �2n )

2

!

:

By (1) and (2) we get

(3)
�

�
d̂ (�2n+1 ; �2n+2 )

�
= �

�
d̂ (� �2n ; �� 2n+1 )

�

� f (� (�) ; $ (�)) :

On the other hand, we have
d̂ (�n ; �n ) � 2sd̂ (�n � 1; �n ) ;

and
d̂ (�n � 1; �n+1 ) � s(d̂ (�n � 1; �n ) + d̂ (�n ; �n+1 )) ;

for all n 2 N, therefore, from (3) we get

�
�

d̂ (�2n+1 ; �2n+2 )
�

� f (� (B ); $ (B )) ;

where

B = qmax
�

d̂ (�2n+1 ; �2n ) ; d̂ (�2n+1 ; �� 2n+1 ) ; s
�

3
2

d̂ (�2n+1 ; �2n ) +
1
2

d̂ (�2n+2 ; �2n+1 )
��

;

and since (�; $; f ) is monotone

(4) d̂ (�2n+1 ; �2n+2 ) � B

max(� (�2n+1 ; �� 2n+2 ) ; � (�2n+1 ; � �2n+2 )) � 1:
Hence, it follows by a similar approach that

(5) d̂ (�2n+2 ; �2n+3 ) � A;

where

A = qmax
�

d̂ (�2n+1 ; �2n+2 ) ; d̂ (�2n+2 ; � �2n+2 ) ; s
�

3
2

d̂ (�2n+1 ; �2n+2 ) +
1
2

d̂ (�2n+2 ; �2n+3 )
��

:

From (4)and (5) we �nd that

d̂ (�n ; �n+1 ) � qmax
�

d̂ (�n � 1; �n ) ; d̂ (�n ; �n+1 ) ; s
�

3
2

d̂ (�n � 1; �n ) +
1
2

d̂ (�n ; �n+1 )
��

:

For all n 2 N, thus

d̂ (�n ; �n+1 ) � qs
�

3
2

d̂ (�n � 1; �n ) +
1
2

d̂ (�n ; �n+1 )
�

d̂ (�n ; �n+1 ) < qs
�

2d̂ (�n ; �n � 1)
�

d̂ (�n ; �n+1 ) < 2sqd̂ (�n ; �n � 1)
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(6) d̂ (�n ; �n+1 ) < 
 d̂ (�n ; �n � 1) ; 
 = 2qs < 1:

Using (6) and Lemma 2.2, we conclude that the sequencef �ng is a 0� d̂� Cauchy sequence.
Since (� ; d̂) is 0� d̂-complete, there exists �� 2 � such that lim n ! + 1 �n = �� .
Equivalently, we have

d̂(��; �� ) = lim
n ! + 1

d̂ (��; � n ) = 0 :

And using (iii), � is � -continuous. Then

�� = lim
n ! + 1

�2n+2 = lim
n ! + 1

�� 2n+1 = � ��;

i.e., �� is a �xed point of � , and � is � -continuous. Then

�� = lim
n ! + 1

�2n+1 = lim
n ! + 1

� �2n = �� �;

i.e., �� is a �xed point of �; thus, it is a common �xed point.

For the uniqueness of the common �xed point of the pair (� ; � ), suppose that ��; �� (�� 6= �� )
are two �xed points of �.
Since ��; �� 2 Fix (�) \ Fix( � ), we have d̂(��; �� ) > 0 and � (��; �� ) � 1 (according to (iv)).
So, max(� (��; �� � ); � (��; � �� )) � 1, we have

d̂(��; �� ) = d̂(��; �� ) = 0 :

Further, using (1)

� (d̂(�� �; � �� )) � f (� (� ��; �� ) ; $ (� ��; �� )) ;
where

� ��; �� = qmax

(

d̂(��; �� ); d̂ (��; � �� ) ; d̂(��; � �� );
d̂(��; � �� ) + d̂ (��; � �� )

2

)

� ��; �� = qmax

(

d̂(��; �� );
d̂(��; � �� ) + d̂ (��; � �� )

2

)

� ��; �� = qd̂(��; �� );

so
� (d̂(��; �� )) � f (� (qd̂(��; �� )) ; $ (qd̂(��; �� ))) � f (� (d̂(��; �� )) ; $ (d̂(��; �� ))) ;

that is d̂(��; �� ) = 0, which is a contradiction. This �nishes the proof. �

Theorem 2.4. Let (� ; d̂) be a 0-̂d-complete b-metric-like space with a constants. Let p
be a positive integer, � 1; � 2; : : : ; � p be nonempty d̂-closed subsets of� , � =

S p
i =1 � i and

� : � � � ! [0; + 1 )be a mapping.Assume that(�; � ) : � ! � is a cyclic � � f �$ �
contractive ordered pair of mappings satisfying the following assertions:
(i) � and � are � -admissible mappings,
(ii) � (�0; � (� �0)) � 1 for an element �0 in � ,
(iii) � and � are � -continuous.
Then (� ; � ) admits a common �xed point in

T p
i =1 � i . Moreover, if

(iv) � (�; � ) � 1, whenever�; � 2 Fix (�) \ Fix(� ), then (� ; � ) admits a unique common �xed
point.

Proof. De�ne Picard’s sequence�2n+1 = � �2n , and �2n+2 = �� 2n+1 where �0 is the given
point in � for which � (�0; � (� �0)) = � (�0; �2) � 1. Then there exists somei 0 such that
�0 2 � i 0 :� (� i 0 ) � � i 0+1 implies that

�1 = � �0 2 � i 0+1 ;

and so
�2 = �� 1 2 � i 0+2 :

Since � is an � -admissible mapping, we get that� (� �0; � �2) = � (�1; �3) � 1 and �3 2 � i 0+3 .
Again. Since � is an � -admissible mapping , it follows that � (�� 1; �� 3) = � (�2; �4) � 1; and
�4 2 � i 0+4 .
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Continuing this process we have� (�n ; �n+2 ) � 1 and there existsi n 2 f 1; 2; : : : ; pg such that
�n 2 � i n for all n 2 N, and so

max(� (�2n ; �� 2n+1 ) ; � (�2n ; � �2n+1 )) � 1;

for all n 2 N. Set

� = qmax

 

d̂ (�2n+1 ; �2n ) ; d̂ (�2n ; � �2n ) ; d̂ (�2n+1 ; �� 2n+1 ) ;
d̂ (�2n ; �� 2n+1 ) + d̂ (�2n+1 ; � �2n )

2

!

:

By (1) and (2) we get

(7)
�

�
d̂ (�2n+1 ; �2n+2 )

�
= �

�
d̂ (� �2n ; �� 2n+1 )

�

� f (� (�) ; $ (�)) ;

by the same method as Theorem 2.3, we �nd thatf �ng is a 0� d̂� Cauchy sequence. Since
� is d̂-closed in (� ; d̂), this means that there exists a unique �� 2 � such that

d̂(�{; �� ) = lim
n ! + 1

d̂ (�n ; �� ) = lim
n;m ! + 1

d̂ (�n ; �m ) = 0 :

Further, as � (� i ) � � i +1 , � (� j ) � � j +1 and� p+1 = � 1, it follows that the sequencef �ng
has in�nitely many terms in each � i for i 2 f 1; 2; : : : ; pg. Hence, we have the subsequences
f �n i g of f �ng where f �n i g � � i ; i = 1 ; 2; : : : ; p. It is clear that each �n i converges to �� . It
follows that � = \ p

i =1 � i 6= ; , because it contains at least the element �� . Obviously, (� ; d̂) is
a 0 � d̂� complete b-metric-like space and � : � ! �. Also, the restrictions � j � and � j � of
�and � on � satisfy all conditions of Theorem2.3.
Hence, (� ; � ) admits a unique common �xed point �� in �. This completes the proof of the
theorem. �

Corollary 2.5. Let
�

� ; ed
�

be a ed� complete metric-like space (see[2]). And � : � � � !
[0; + 1 ) be a mapping. Assume that(� ; � ) : � ! � is a � � F  $ � contractive ordered pair
of mappings satisfying the following assertions
(i) � and � are � � admissible mappings,
(ii) � (�0; � (� �0)) � 1 for an element �0 in � ;
(iii) � and � are � � continuous.
Then � and � have common �xed point in � .
Moreover, if
(iv) � (�; � ) � 1; whenever�; � 2 F ix (�) \ F ix (� ) ; then � and � have a unique common
�xed point in � .

Proof. By setting s = 1 in De�nition 2.1 and applying the Theorem 2.3, we obtain the
result. �

Remark 3. In Corollary 2.5, if we take � = � and then replace condition(ii ) with

� (�0; � �0) � 1;

for an element �0 in � ;we will obtain a proof that � has a �xed point. And it is similar to
the main result found in [7].

Example 2.6. Let � = [0 ; + 1 ) and de�ne the b-metric-like function d̂ : � � � ! [0; + 1 )
by

d̂(�; � ) = ( � + � )2;

this b-metric-like has a constants = 2 .
De�ne �; $ : [0; + 1 ) ! [0; + 1 ) by

� (t) =
t

16
; $ (t) = 1 ;

and the C-class function

f (s; t) =
s

1 + t
:
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Let � : � ! � be the function de�ned as follows

� (� ) =

(
�
4 ; if � 2 [0; 0:25]
�; if � > 0:25;

and de�ne � : � � � ! [0; + 1 ) by

� (�; � ) =

(
5; if (�; � ) 2 [0; 0:25]2

0; otherwise:

Let � : � ! � be de�ned by

�( � ) =

(
0; if � 2 [0; 0:25]
�; if � > 0:25:

Now we take

M �; � (�; � ) = q � max

(

d̂(�; � ); d̂(�; �( � )) ; d̂(�; � (� )) ;
d̂(�; � (� )) + d̂(�; �( � ))

2

)

;

with q = 1
8 .

We verify that

If max ( � (�; �( � )) ; � (�; � (� ))) � 1;

then

�
�

d̂(�( � ); � (� ))
�

� f (� (M �; � (�; � )) ; $ (M �; � (�; � ))) :

Let �; � 2 [0; 0:25] . Then

�( � ) = 0 ; � (� ) =
�
4

d̂(�( � ); � (� )) = (
�
4

)2 � 0:00390625

M �; � (�; � ) �
1
8

� 0:25 = 0:03125

� (M ) =
0:03125

16
= 0 :001953125

f (� (M ); 1) =
0:001953125

2
= 0 :0009765625

� (d̂(�( � ); � (� ))) =
( �

4 )2

16
�

0:015625
16

= 0 :0009765625

Thus, (�; � ) is an � � f �$ � contractive ordered pair of mappings.
The conditions (i)-(iii) of Theorem 2.3 also hold true here, it follows that � and � have a
common �xed point.

3. Conclusion

We presented and developed a new family of generalized cyclic� � f �$ � contractions in
b-metric-like spaces. With this new hybrid type of contraction, which brings together control
functions, admissibility, and cyclic nature, we have provided new existence results for �xed
points via several new �xed point theorems. These theorems new results take a general and
extensible form from what is found in the literature. The approach presented here not only
adds to the theoretical structure of �xed point theory in generalized metric-type spaces, but
it also illuminates the 
exibility which a b-metric-like framework has to include more general
classes of mappings. These e�orts pave the way for more work, or the beginning of that work
in nonlinear analysis and in general mathematics.
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Sets of functions with the property (V). Density
theorems

Ileana Bucur � , Gavriil Paltineanu

Abstract . In this paper, some density theorems in the setC(X ; I ) of all continuous
functions de�ned on a compact X with values in the unit interval I = [0 ; 1] are presented.
We say that a subsetF of C(X ; I ) has the property (V) if, 1 � f and f � g belong to F for
any f; g from F .

Von Neumann is the one who drew attention to this collections of functions in [4]. Moreover,
he claims, without proof, a density theorem for such families of functions. A careful analysis
of these sets and their properties was made by R.I. Jewett in [3]. In this paper, almost all the
results from [3] are generalized. Thus we mentioned Theorems 4.1 and 4.6, which generalize
Von Neumann’s density Theorem and also Theorem 1 of [3]. We also mention Theorems 4.1
and 4.8 which connect the properties (V) and the Uryson property and allow to recover most
of the results from [5] and [6].

2020 Mathematics Subject Classifications : Primary : 41A10 Secondary: 46J10.

Keywords: Property (V), Property (VN), Property Uryson, Point-separating Property,
Lattice.

1. Introduction

If X is a Hausdor� compact space andI = [0 ; 1], then we will denote by

C(X ; I ) = f f : X ! I; continuous g:

Clearly, duality theory does not apply for the set C(X ; I ), because this set is not a vector
space.

De�nition 1.1. We say that a subsetF � C(X ; I ) has the property(V ) if:

(i) 1 � f 2 F; 8f 2 F ;

(ii) f � g 2 F; 8f; g 2 F:

The result stated by Von Neumann in [4], without proof, says that any subsetF � C (I n ; I )
which has the property (V ), contains the projections and at least a constantc 2 (0; 1) is dense
in C (I n ; I ).This result was proved by R.I. Jewett in [3].

1.1. Preliminaries.

De�nition 1.2. We say that a subsetF � C(X ; I ) has the property(V N ) if:

’ � f + (1 � ’ ) � g 2 F; 8’; f; g 2 F:

Remark 1. If the subsetF has the property(V N ) and contains the constant functions0 and
1, then F has the property(V ).

Indeed, 1� ’ 2 F; 8’ 2 F , because 1� ’ = ’ � 0 + (1 � ’ ) � 1 and ’ � f 2 F; 8’; f 2 F ,
because’ � f = ’ � f + (1 � ’ ) � 0.

The de�nition of a family of functions that has the ( V N ) property and some density results
for such families were studied by J.B. Prolla in [6].

Also, these families of functions were also studied in [5], where the connection between the
property ( V N ) and the notion of Uryson families was shown.

It is clear that the closure of a set which has the property (V ) is also a set which has the
property ( V ) and any intersection of such sets has the property (V ), also. Thus, any subset
of C(X ; [0; 1]) is contained in a smallest subset which has the property (V ), respectively in a
smallest closed subset with this property.
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In the particular case where X = I n , we will denote by Pn the smallest subset of the
set C (I n ; I ) that has the property ( V ) and contains the n projections, i.e. the functions:
(x1; : : : ; x i ; : : : ; xn ) ! x i : I n ! I; 8i = i; n:

For instance P1 is the smallest subset of having the property (V ) containing the identity
x ! x : I ! I . The examples of elements ofP1 are: x; 1 � x; xm ;
1 � xm ; (1 � xm )n ; : : :.

Remark 2. Let F � C(X ; [0; 1]) be a subset which has the property(V ) and p 2 P n . If we
denote byh : X ! [0; 1] the function:

h(x) = p[f 1(x); : : : ; f n (x)]; 8x 2 X;
then h 2 F; 8f 1; : : : ; f n 2 F .

Indeed, if we denote byQ the set of all functions q : I n ! [0; 1] with the property that
q(f 1; : : : ; f n ) 2 F; 8f 1; : : : ; f n 2 F , then the set Q has the property (V ) and contains the
projection functions, so Q � P n .

The following Lemma plays a central role in the entire work of [3] and also in this work.
A nice and simple proof of this lemma can be found in [5].

Lemma 1.3 (Jewett [3]). Let a; b 2 R be two real numbers such that0 � a < b � 1. Then,
for any " > 0 there are m; n 2 N� such that the polynomial function:

p(x) = (1 � xm )n ; x 2 [0; 1]
has the following properties:
(i )p(x) > 1 � "; 8x 2 [0; a];
(ii )p(x) < "; 8x 2 [b;1]:

Corollary 1.4. (See[5], Theorem 2.1) Let k 2 N� ; k � 2 and let a; b2 R be two real numbers
such that0 � a < 1

k < b � 1. Then, for any " > 0, there are m 2 N� such that the polynomial
function:

p(x) = (1 � xm )km
; x 2 [0; 1]

has the following properties:
(i )p(x) > 1 � "; 8x 2 [0; a];
(ii )p(x) < "; 8x 2 [b;1]:

The statement follows from Lemma 1.3, if we choosen = km and take into account that
k � b > 1.

2. Connection with Uryson families

Lemma 2.1. For any point interior point a = ( a1; : : : ; an ) 2 I n and any
" > 0; � > 0, there exists a polynomial functionp 2 P n with the properties:

p(x) > (1 � " )2n ; 8x = ( x1; : : : ; xn ) 2 [a1 � �; a 1 + � ] � : : : � [an � �; a n + � ]
p(x) < "; 8x = ( x1; : : : ; xn ) 2 I nn[a1 � 2�; a 1 + 2 � ] � : : : � [an � 2�; a n + 2 � ]:

Proof. From Lemma 1.3, it follows that there are 2n polynomial functions pi ; p0
i 2 P 1; i = 1; n

such that:
(i ) pi (t) > 1 � "; 8t 2 [0; ai + � ];
(ii ) pi (t) < "; 8t 2 [ai + 2 �; 1];

and
(iii ) p0

i (t) > 1 � "; 8t 2 [ai � �; 1];
(iv ) p0

i (t) < "; 8t 2 [0; ai � 2� ];
If we denote by: A = [ a1 � �; a 1 + � ] � : : : � [an � �; a n + � ] and

B = [ a1 � 2�; a 1 + 2 � ] � : : : � [an � 2�; a n + 2 � ], then the product function:

p : I n ! I , de�ned by p(x) = p(x1; : : : ; xn ) =
nQ

i =1
pi (x i ) � p0

i (x i ); 8x = ( x1; : : : ; xn ) 2 I n

belongs toPn and it has the properties:
p(x) > (1 � " )2n ; 8x = ( x1; : : : ; xn ) 2 A

p(x) < "; 8x = ( x1; : : : ; xn ) 2 I nnB:
and so the proof is �nished. �

The set of functions with Uryson property was introduced by I.Bucur in [5].
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De�nition 2.2. We say that a family U � C(X ; I ) has the Uryson property onX if for any
two disjoint closed subsetA; B of X and any " 2 (0; 1) there exists a function u 2 U such
that:

u(x) � 1 � "; 8x 2 A and u(x) � "; 8x 2 B:

The main result regarding Uryson families is Theorem 3.3 from [5] which establishes that
if U � C(X ; I ) has the Uryson property, then:

co(U) = C(X ; I ):

Theorem 2.3. The set Pn has the Uryson property.

Proof. Let A; B � I n be two closed disjoint closed subsets such thatd(A; B ) = 4 r > 0. For
any point a = ( a1; : : : ; an ) 2 A we haveD (a; 2r ) \ B = ; , where:

D (a; 2r ) = [ a1 � 2r; a1 + 2 r ] � : : : � [an � 2r; an + 2 r ]:

Taking into account that the subset A is compact it results that there is a �nite number of
points ak = ( ak1; : : : ; akn ) 2 A; k = 1; m such that:

A �
m[

k=1

D (ak ; r ):

According to Lemma 2.1, for any " > 0, there existspk 2 P k such that:

pk >
�

1 �
"

4nm

� 2n
on D (ak ; r ) and pk <

� "
4nm

�
on I nnD (ak ; 2r ) � B:

If we denote by q0 = (1 � p1)(1 � p2) : : : (1 � pm ), then q0 2 P n and, for any a 2 A there
exists k = 1; m such that a 2 D (ak ; r ), whence it follows:

pk (a) >
�

1 �
"

4 � n � m

� 2�n
�

�
1 �

"
4 � n

� 2�n
� 1 � 2 � n �

"
4 � n

> 1 �
"
2

> 1 � ":

Further we have:
q0(a) � 1 � pk (a) < "; 8a 2 A:

On the other hand, if b 2 B , then pk (b) <
� "

4mn
�

� "
4m whence it follows:

q0(b) >
�

1 �
"

4m

� m
� 1 �

"
4

> 1 � "; 8b 2 B:

�

3. Main results

Lemma 3.1 (Jewett [3]). Let A; B � I n be two closed disjoint subsets. Then for any" > 0
and any p 2 P n , there are q;~q 2 P n with the properties:

(a) q � p; on I n (a’) ~q � p; on I n

(b) q > 1 � "; on A (b’) ~q < "; on A
(c) q < p + "; on B (c’) ~q > p � "; on B

Proof. Let A; B � I n be two closed disjoint closed subsets.
According to Theorem 2.3 there exists a functionq0 2 P n with the properties:

q0 < " on A and q0 > 1 � " on B:

Let p 2 P n be arbitrary and let q = 1 � (1 � p) � q0. Then we have:

q = 1 � (1 � p) � q0 � 1 � (1 � p) = p:

If a = ( a1; : : : ; an ) 2 A, then:

q(a) = 1 � (1 � p(a)) � q0(a) � 1 � q0(a) > 1 � ":

On the subsetB we have:

q � p = 1 � q0 + p � q0 � p = (1 � q0)(1 � p) < 1 � q0 < ":

Similarly, for 1 � p we deduce that there isq0
0 2 P n with the properties:

q0 � 1 � p on I n

q0 > 1 � " on A
q0 < 1 � p + " on B:
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Obviously, if we denote by ~q = 1 � q0, then we have:

(a’) ~q � p; 8(x; y) 2 I n

(b’) ~q < "; 8(x; y) 2 A
(c’) ~q > p � "; 8(x; y) 2 B:

�

Lemma 3.2 (Jewett [3]). For any ak ; bk 2 [0; 1]; k 2 f 1; 2; : : : ; ng we have:
�����

nY

k=1

ak �
nY

k=1

bk

�����
�

nX

k=1

jak � bk j:

Proof. We assume by mathematical induction that:
�����
a =

n � 1Y

k=1

ak � b =
n � 1Y

k=1

bk

�����
�

n � 1X

k=1

jak � bk j:

Further we have:

ja � an � b � bn j � j a � an � b � an j + jb � an � b � bn j
= ja � bj � j an j + jbj � j an � bn j

� j a � bj + jan � bn j =
nX

k=1

jak � bk j

�

Theorem 3.3. Let h : I n ! I be a continuous function, " > 0 be such that" < 1
4 and let

K " = f x = ( x1; : : : ; xn ) 2 I n ; " � h(x) � 1 � "g. If we additionally assume that there is a
non-constant function p 2 P n , such that 1 > p (x1; : : : ; xn ) > 1 � "; 8(x1; : : : ; xn ) 2 K " , then
there exists a functionq 2 P n such that:

jh(x) � q(x)j < "; 8x 2 I n :

Proof. For any k 2 N� we will denote by:

Ak =
�

x 2 K " ; pk (x) � h(x)
	

;
Bk =

�
x 2 K " ; pk (x) � h(x)

	
:

Clearly we have: A1 = K " ; Ak � Ak+1 ; Bk � K " nAk ;Ak+1 \ Bk = � and
Bk � Bk+1 .

Since
1T

1
Ak = ; and K " is a compact subset, it follows that there is

n 2 N; n > 1 such that An = ; . Therefore:

K " =
n � 1[

k=1

(AknAk+1 ):

We notice that if x 2 K " then, there is k = 1; n � 1 such that x 2 AknAk+1 and so we have:

0 � pk (x) � h(x) < p k (x) � pk+1 (x) = pk (x) � (1 � p(x)) � 1 � p(x) < ":

On the other hand, applying Lemma 3.1 for , there existsqk 2 P n with the properties:

qk � p;8x 2 I n

qk > 1 � "
n ; 8x 2 Bk � 1

qk < p + "
n ; 8x 2 Ak

If we denote by: q = q1 � q2 � : : : � qn , then q 2 P n and for any x 2 K " we have:

jq(x) � h(x)j < 4":

Indeed, let x 2 K " be an arbitrary point and let k 2 N � be such that
x 2 AknAk+1 . Then, we have:
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���pk � q
��� �

���pk � pk+1
��� +

���pk+1 � q
��� < " +

������
pk+1 �

nY

j =1

qj

������
= " +

������
pk+1 �

k+1Y

j =1

qj +
k+1Y

j =1

qj �
nY

j =1

qj

������

� " +
kX

j =1

jp � qj j + jp � qk+1 j +
k+1Y

j =1

qj

������
1 �

nY

j = k+2

qj

������
� " +

kX

j =1

jp � qj j + jp � qk+1 j +

������
1 �

nY

j = k+2

qj

������

� " +
kX

j =1

jp � qj j + jp � qk+1 j +
nX

j = k+2

j1 � qj j � " + k �
"
n

+ (1 � p) + ( n � k � 1) �
"
n

< " + ( n � 1) �
"
n

+ " < 3 � ":

Therefore, if x 2 K " ) j q(x) � h(x)j �
��q(x) � pk (x)

�� +
��pk (x) � h(x)

�� < 3 � " + " = 4 � " .
Next we denote by:

C = f x 2 I n ; h(x) � 1 � "g
and by:

D = f x 2 I n ; h(x) � 1 � 2"g
From Lemma 3.1, it results that there exists q0 2 P n with the properties:

q0 � q; on I n

q0 > 1 � " on C
q0 < q + " on D:

Let observe that if h(x) � " , then jq0(x) � h(x)j < 5 � " .
Indeed:

f x 2 I n ; h(x) � "g = C [ f x 2 I n ; " � h(x) � 1 � 2 � "g [ f x 2 I n ; 1 � 2 � " � h(x) � 1 � "g

If x 2 C ) 1 � q0(x) > 1 � " and 1 � h(x) > 1 � " ) j q0(x) � h(x)j � " .
On the set f x 2 I n ; " � h(x) � 1 � 2"g � K " \ D we have:

��q0(x) � h(x)
�� �

��q0(x) � q(x)
�� + jq(x) � h(x)j < " + 4 � " = 5 � "

On the set f x 2 I n ; 1 � 2" � h(x) � 1 � "g � K " we have:

� 4 � " � q(x) � h(x) � q0(x) � h(x) � 1 � h(x) � 2 � " � 4 � ";

whence we deduce that:
jq0(x) � h(x)j � 4 � ":

Let E = f x 2 I n ; h(x) � "g and F = f x 2 I n ; h(x) � 2"g. Applying again Lemma 3.1, for
E; F and q0 it results that there exists ~q 2 P n with the properties:

~q � q0; on I n

~q < " on E
~q > q0� " on F:

If x 2 E ) j ~q(x) � h(x)j � ~q(x) + h(x) < 2 � " .
If x 2 F ) j ~q(x) � h(x)j � j ~q(x) � q0(x)j + jq0(x) � h(x)j < " + 5 � " = 6 � " .
If " � h(x) � 2" , then ~q(x) � q0(x) < h (x) + 5 � " � 2 � " + 5 � " = 7 � " and so:

j~q(x) � h(x)j � ~q(x) + h(x) < 7 � " + 2 � " = 9 � ":

Therefore we have:
j~q(x) � h(x)j � 9 � "; 8x 2 I n :

�

Theorem 3.4. For any " > 0 there exists a functionp 2 P n such that:

jx1 ^ ::: ^ xn � q(x1; :::; xn )j < "; 8(x1; :::; xn ) 2 I n :

Proof. The proof follows from Theorem 3.3, forh(x1; :::; xn ) = x1 ^ ::: ^ xn ;
8(x1; :::; xn ) 2 I n . Indeed, if (x1; :::; xn ) 2 K " = f (x1; :::; xn ); " � x1 ^ ::: ^ xn � 1 � "g, then
0 < x 1 � x2 � : : : � xn < 1 � " . Obviously, there exists m 2 N� such that xm

1 � : : : � xm
n < 1 � " ,

whence we deduce that the functionp(x1; : : : ; xn ) =
= 1 � xm

1 � : : : � xm
n has the properties required in the hypothesis of the Theorem 3.3, that is

p 2 P n and 1 > p (x1; : : : ; xn ) > 1 � "; 8(x1; : : : ; xn ) 2 K " .
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Sincex1 _ ::: _ xn = 1 � (1 � x1) ^ ::: ^ (1 � xn ), we deduce that the function

(x1; : : : ; xn ) 7! x1 ^ : : : ^ xn : I n ! I

can also be uniformly approximated with a function of Pn . �

Theorem 3.5 (Jewett [3]). Any closed subsetF � C(X ; [0; 1]) that has the property (V ) is
a lattice.

Proof. According to Theorem 3.4, for any n 2 N� , there exists pn 2 P 2 such that:

jpn (x; y) � x ^ yj <
1
n

; 8(x; y) 2 [0; 1] � [0; 1]:

In particular, for any f; g 2 F and any x 2 X we have:

jpn [f (x); g(x)] � f (x) ^ g(x)j <
1
n

; 8x 2 X:

On the other hand, from Remark 2, it follows that the function hn : X ! [0; 1] de�ned by:

hn (x) = pn [f (x); g(x)]; 8x 2 X;

belongs toF .
Sincehn

u�!
X

f ^ g and the subsetF is closed, it results that f ^ g 2 F , so F is lattice. �

From Remark 1 and Theorem 3.4 it results immediately the following Prolla’s result:

Corollary 3.6 (Theorem 4.12, [5]). Let M � C(X ; [0; 1]) be an uniformly closed subset with
the (V N )� property, containing the constant functions 0 and 1, then M is a lattice.

Theorem 3.7 (Von Neumann.). If we assume that there exists a constant functionc 2
Pn ; c 2 (0; 1), then Pn is dense inC (I n ; I ).

Proof. Let h : I n ! I be an arbitrary continuous function, let " 2
�
0; 1

4
�

be also arbitrary
and let K " = f x = ( x1; :::; xn ) 2 I n ; " � h(x) � 1 � "g. If we denote by:

r (x) = c � (1 � c � x1 � : : : � xn ); 8x = ( x1; : : : ; xn ) 2 K " ;

where c is the function from the hypothesis, then r 2 P n and 0 < r (x) < 1.
Clearly, if we choose" < 1 � M , where M = sup f r (x); 8x 2 K " g < 1, then:

r (x) < 1 � "; 8x 2 K " :

Obviously, there is m 2 N� such that r m (x) < " . If we denote now by
p(x) = 1 � r m (x); 8x 2 I n , then p 2 P n and 1 > p (x) > 1 � "; 8x 2 K " .
The proof follows now from Theorem 3.3. �

Lemma 3.8. For any 0 < a < b < 1; � 2 (0; 1) there exists a function ’ 2 P 1 with the
properties:

j’ (a) � � j < " and ’ (x) > 1 � "; 8x 2 [b;1]:

Proof. According to Lemma 1.3, there arem; r 2 N� such that the polynomial function:

p(x) = (1 � xm )r ; x 2 [0; 1]

has the following properties:
(i) p(x) > 1 � "; 8x 2 [0; a]
(ii) p(x) < "; 8x 2 [b;1].

Obviously, we can suppose that" < 1 � � . Then we havep(a) > 1 � " > � , and so, there is
k 2 N such that pk (a) � � > p k+1 (a).
Sincepk (a) � pk+1 (a) = pk (a) [1 � p(a)] < 1 � p(a) < " , it follows that:

���pk (a) � �
��� < ":

If we denote by n = r � k, then then the function ’ 0(x) = pn (x) has the properties:
�� ’ 0(a) � �

�� < " and ’ 0(x) < "; 8x 2 [b;1]:

Similarly, for a; b and 1 � � , there exists a function ’ 002 P 1 such that:
�� ’ 00(a) � (1 � � )

�� < " and ’ 00(x) < "; 8x 2 [b;1]:

If we denote by ’ = 1 � ’ 00, then ’ 2 P 1 and we have:

j’ (a) � � j < " and ’ (x) > 1 � "; 8x 2 [b;1]:
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�

Theorem 3.9. Let a; b 2 R; 0 < a < b < 1 and let r1; r2 2 (0; 1) be two arbitrary numbers.
Then for any 0 < " < 1 there exists function q 2 P 1 such that:

jq(a) � r1j < "; jq(b) � r2j < ":

Proof. From Lemma 3.8 it results that there is a function ’ 2 P 1 with the propertiesL

j’ (a) � r1j < " and ’ (x) > 1 � "; 8x 2 [b;1]:

Through a slight change of the proof of Lemma 3.8 it can be shown that there is a function
of  2 P 1 with the properties:

j (b) � r2j < " and  (x) > 1 � "; 8x 2 [0; a]:

Indeed, it is su�cient to replace the function p with q = 1 � p and a with b.
We note now that the function q = ’ �  2 P 1 satis�es the requirements of the statement of
the theorem. Indeed, we have:

r1 � " < ’ (a) < r 1 + " and 1 � " <  (a) < 1;

whence it is easily deduced that:

r1 � 2" < q (a) < r 1 + 2 " hencejq(a) � r1j < 2":

Similarly we have:
jq(b) � r2j < 2":

�

Theorem 3.10. Let X be an arbitrary set and let F � C(X ; I ) be a subset which has the
property (V ), separates the points ofX and contains at least function constantc 2 (0; 1).
Then for any " 2 (0; 1), any u; v 2 X; u 6= v and any r1; r2 2 [0; 1] there existsH 2 F such
that:

jH (u) � r1j < "; jH (v) � r2j < ":

Proof. Let u; v 2 X; u 6= v be two arbitrary points. Since F separates the points ofX it
results that there exists g 2 F such that g(u) 6= g(v). Let’s suppose that g(u) < g (v).
Without restricting the generality we can assume that g(u) + g(v) 6= 1. For the moment we
will show that there exists h 2 F such that: h(u); h(v) 2 (0; 1) and h(u) 6= h(v). Indeed, if
we denote byh1 = c � g, then we have:

h1(u) < h 1(v) < 1;

whence we deduce thath1(v) 2 (0; 1) and h1 2 F . If h1(u) > 0, the assertion is proved.
If h1(u) = 0, then the function h0

1 = 1 � h1 2 F and has the properties:

h0
1(v) 2 (0; 1) and h0

1(u) = 1 :

If we denote by h2 = c(1 � g), then we have:

h2(v) < h 2(u) < 1;

so, h2(u) 2 (0; 1) and h2 2 F . If h2(v) > 0, the assertion is proved. Otherwise, we denote by
h0

2 = 1 � h2 2 F and we have:

h0
2(u) 2 (0; 1) and h0

2(v) = 1 :

It is obvious the function h = h0
1 � h0

2 has the properties:

h 2 F; h(u); h(v) 2 (0; 1):

In addition we have:
h(u) 6= h(v):

Indeed, if we assume thath(u) = h(v), then it results g(u) + g(v) = 1, which contradicts
the above hypothesis. Let’s suppose thath(u) < h (v). Then, taking a = h(u); b = h(v) and
r i 2 (0; 1); i = 1 ; 2 in the Theorem 3.7 we deduce that there existsq 2 P 1 such that:

jq(a) � r1j < "; jq(b) � r2j < ":

Clearly, the function H = q � h 2 F and:

jH (u) � r1j < "; jH (v) � r2j < ":

�

35 / 193



Sets of functions with the property (V). Density theorems

Theorem 3.11. Let X be a compact Hausdor� space and letF � C(X ; I ) be a closed subset
which has the property(V ), separates the points ofX and contains at least function constant
c 2 (0; 1). Then:

F = C(X; I ):

Proof. According to Theorem 3.4,F is a lattice and therefore, according to Lemma 16.3 of
[2], it is su�cient to show that any function f 2 C(X ; I ) can be approximated by a function
from F at any two points u; v 2 X . Let f 2 C(X ; I ) be arbitrary and let u; v 2 X; u 6= v be
two arbitrary points. From Theorem [2] for r1 = f (u); r2 = f (v) it follows that there exists
H 2 F such that:

jH (u) � f (u)j < "; jH (v) � f (v)j < ";
and with this theorem is proved. �

Theorem 3.12 (Stone-Weierstrass). Let X be a compact Hausdor� space and letA �
C(X ; R) be an algebra which separates the points ofX and contains the constant functions.
Then:

�A = C(X ; R):

Proof. If we denote by A1 = f a 2 A; 0 � a � 1g, then A1 ful�lls the conditions of Theorem
3.11, so �A1 = C(X ; I ). Since for any f 2 C(X ; R) the function f + kf k

kf + kf kk 2 �A1 it follows that
f 2 �A. �

Corollary 3.13 (Theorem 4.18 , [5]). Let X be a compact Hausdor� space and letF �
C(X ; [0; 1]) be a closed subset which has the property(V N ), separates the points ofX , con-
tains the constant functions 0 and 1 at least one constant functionc 2 (0; 1). Then:

F = C(X ; I ):

The statement follows from Remark 1 and Theorem 3.11.

Lemma 3.14. Let F � C(X ; [0; 1]) be a closed subset with property(V ), which separates
the points of X . Let x0 2 X and U be an open neighborhood ofx0. Then there exists an
open neighborhoodV of x0; V � U such that for every0 < " < 1 there is a f 2 F with the
properties:
1) f (x) < " if x =2 U;
2) f (x) > 1 � " if x 2 V .

Proof. Let K = X nU. Obviously, K is a compact subset. Ify 2 K , then y 6= x0 and so there
is a f y 2 F such that f y(y) 6= f y(x0). We suppose that f y(y) < f y(x0). From Lemma 1.3 and
" = 1

4 , it results that there exists a polynomial of the form py(x) = (1 � xm )n such that :

py(f y(y)) >
3
4

and py(f y(x0)) <
1
4

:

Let Wy =
�

x 2 X ; py(f y(x)) > 3
4
	

. Since F has property (V ), it follows that py(f y) 2 F .
Clearly, Wy is disjoint from x0. By the compactness ofK we infer that there are yi 2 K; i =
1; 2; : : : ; k such that:

K � Wy1 [ : : : [ Wyk :
We shall denote by: gi = pyi (f yi ); i = 1 ; : : : ; k and by:

h = g1 _ ::: _ gk :

As F is lattice it results that h 2 F . We notice that h(x0) < 1
4 and h(x) > 3

4 ; 8x 2 K . Let
V =

�
x 2 X ; h(x) < 1

4
	

. Obviously, x0 2 V � U and V is an open neighborhood ofx0. If
one denotes by:

qn = (1 � hn )3n
;

then qn 2 F . On the other hand, from Corollary 1.3 (for a = 1
4 < 1

k = 1
3 < b =

= 3
4 ) it results that f qngn converges to 1 onV and to 0 on K . Therefore for n su�ciently

large f = qn > 1 � " on V and f < " on K = X nU. �

Theorem 3.15. Let F � C(X ; [0; 1]) be a closed subset with the property(V ), which separates
the points of X . Then F is an Uryson family on X .
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Proof. Let A; B be two disjoint closed subsets of andA. If we denote with U = X nB , then
U is an open neighborhood ofA. From Lemma 3.8 it results that for every x 2 A there exists
an open neighborhood ofx; Vx � U and a function f x 2 F such that:

f x < " on Vx
f x > 1 � " on B :

As A is a compact set and,A �
S

x2 A
Vx , it follows that there are x1; : : : ; xn 2 A such that

A �
nS

i =1
Vx i . According again to Lemma 3.8 there isf i 2 F with the properties:

f i (x) <
"
n

; 8x 2 Vx i and f i (x) > 1 �
"
n

; 8x 2 B:

If we denote by: f (x) = f 1(x) � f 2(x) � : : : � f n (x); x 2 X , then f 2 F . Let x 2 A everyone.
Then there exists 0 � j � n such that x 2 Vx j and so f (x) < "

n < " . If x 2 B , then
f (x) >

�
1 � "

n
� n � 1 � n "

n = 1 � " . �

Corollary 3.16 (Theorem 4.16 [5]). Let M � C(X ; I ) be a closed subset with(V N ) property
which contains the constant functions0 and 1 and separates the points ofX .
Then M is a Uryson family on X .
The assertion follows from Theorem 3.12 and Remark 1.

Theorem 3.17 (Theorem 4.18 [5]). Let M � C(X ; I ) be a closed subset with(V N ) property
which contains the constant functions0 and 1 separates the points ofX .
If M contains a constant function 0 < c < 1 then M = C(X ; I ).

The assertion follows from Theorem 3.11 and Remark 1.
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Abstract . Classifying trees according to their algebraic connectivity values has been
an interesting area of study. Yuan et al. classi�ed trees such that� (T ) � 2 �

p
3, Wang

and Tan classi�ed trees such that � (T ) � 5�
p

21
2 where � (T ) denotes algebraic connectivity

of tree T . Later, Belay et al. found new tree classes such that� (T ) � 2
�
1 � cos(�7 )

�
.

In this study, we give new limit points and �nd new tree classes with algebraic connectivity
greater than or equal to � (T ) � 2

�
1 � cos(�9 )

�
.
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1. Introduction

Let A be the adjacency matrix of a simple, undirected graphG with n vertices. The
Laplacian matrix L of G is given by L = D � A, where D is the diagonal matrix of vertex
degrees.

The second smallest eigenvalue of the Laplacian matrix ofG is called algebraic connectivity
and is often denoted by � (G) in the literature. From the Perron-Frobenius theorem, the
algebraic connectivity of disconnected graphs is zero. For more detailed information about
algebraic connectivity, [1, 4] can be examined.

Let T be a tree. Let � (T ) represent the algebraic connectivity of the treeT . The impor-
tance of the problem of classifying trees according to algebraic connectivity was mentioned
in [5]. In [12], Yuan et al. classi�ed trees with n � 15 vertices as� (T ) � 2 �

p
3. Extending

this work, Wang and Tan introduced four new tree classes in [11] and proved the inequality
5�

p
21

2 � � (T ) � 2 �
p

3 for the algebraic connectivity of these tree classes forn � 45. In
[2], Belay et al. expanded the previous two studies and showed that the tree classes such
that � (T ) � (2

�
1 � cos

� �
7
��

for n � 32. In addition, for n � 45, they ordered these classes
according to their algebraic connectivities.

The research of the limit points of the eigenvalues of graphs was started by Ho�man in [7].
In [6], Guo studied the limit points of the Laplacian eigenvalues of graphs. In addition, he
also gave the two largest limit points for the algebraic connectivity of trees. In [9], Kirkland
et al. studied the Perron value for path graphs and star graphs. Kirkland, who also used the
Perron value, showed the four largest limit points for trees in [8]. These four limit points are
3�

p
5

2 ; 2 �
p

3; 5�
p

21
2 and 2

�
1 � cos(�7 )

�
.

The aim of our study is to �nd new tree classes according to algebraic connectivity values
less than 2

�
1 � cos

� �
7
��

and to show that each of them has a limit point.

2. Preliminaries

A vertex v of a tree T is a cutpoint if T � v, the graph obtained by deleting v and
all of its incident edges, is disconnected. In here,T � v = T1 _[ T2 _[ : : : _[ Tk , and we called
Ti ; 1 � i � k the brances ofT at v. The bottleneck matrix M i , for the branch Ti is the
inverse of the principal submatrix of L (T ) on the rows and columns of the vertices of this
branch. A branch Tj is said to be Perron branch ofT at v if its bottleneck matrix M j satis�es
� (M j ) = max f � (M i )j i = 1 ; 2; : : : kg, where � (M i ) denotes the largest eigenvalue ofM i [2, 9].

Theorem 2.1. [12, 9] Let M be the bottleneck matrix of a Perron branch of a treeT at a
vertex v. Then � (T ) � 1

� (M ) and equality holds if there are at least two Perron branches of
T at v.
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Theorem 2.2. [12] If T 0 is a subtree of treeT , then � (T 0) � � (T ).

For a connected graphG, v 2 V (G), and l � k � 1, let Gk;l be the graph obtained from
G by attaching two new paths of length k and l , respectively, at v. We say that the graph
Gl � 1;k+1 is obtained from Gk;l by grafting an edge.

Theorem 2.3. [10] Let G be a tree onn � 2 vertices and letv be a vertex ofG. If l � k � 1,
then � (Gl � 1;k+1 ) � � (Gk;l ).

The following six tree classes were introduced and examined by Yuan et al. in [12].

De�nition 2.4. [12] Let n; k; p and q be nonnegative integers with3k + 2p + q = n � 1.
Let T (k; p; q) be the tree of ordern which contains a vertexv such that T (k; p; q) � v0 =
kK 1;2 _[ pK 1;1 _[ qK1: The following classes of trees are de�ned:

(1) C1 = f T (0; 0; n � 1)g
(2) C2 = f T (0; 1; n � 3)g
(3) C3 = f T (0; p; q) : p � 2g
(4) C4 = f T (1; 0; n � 4)g
(5) C5 = f T (1; p; q) : p � 1g
(6) C6 = f T (k; p; q) : k � 2g :

The tree obtained from the path Pd� 1, d � 3, connectings vertices to one pendant vertex
and t to the other is indicated by B (s; t; d).

T (n; b; h1; h2; h3; :::; hb) tree of order n is obtained from the star graphs,K 1;b; K 1;h1 ; : : : K 1;hb ,
by identifying the pendant vertices of K 1;b and the centers ofK 1;h1 ; : : : K 1;hb , respectively,
where h1 � h2 � � � � hb � 0, h1 � h2 > 0 and 1 + b+ h1 + � � � + hb = n [2, 11].

To expand the above de�nition, Wang and Tan [11] proposed four new classes of trees
according to their algebraic connectivities.

De�nition 2.5. [11] Let T (n; b; h1; h2; h3; :::; hb) be a tree of ordern and diameter 4. The
following classes of trees are de�ned:

(1) C1
0 = f B (3; n � 5; 3)g

(2) C2
0 = f T (n; b;3; 1; h3; :::; hb)g ;

(3) C3
0 = f T (n; b;3; 2; h3; :::; hb)g ;

(4) C4
0 = f T (n; b;3; 3; h3; :::; hb)g :

The four classes given in the above de�nition are subsumed by the following classes given
by Belay et al.

De�nition 2.6. [2] Let T (i; j; k; p; q ) be a tree of ordern containing a vertex v0 such that
T (i; j; k; p; q ) � v0 = iP3 _[ jK 1;3 _[ kK 1;2 _[ pK 1;1 _[ qK1. The following classe of trees are de�ned:

(1) C7 = f T (0; 1; k; p; q)g
(2) C8 = f T (0; j; k; p; q)g
(3) C9 = f T (1; j; k; p; q)g
(4) C10 = f T (i; j; k; p; q ) : i � 2g :

The following conclusions expressed by Belay et al. will be used in our main results.

Theorem 2.7. [2] Let T be a tree of ordern � 32 and T =2 [ 10
i =1 Ci , then � (T ) < 2

�
1 � cos

� �
7
��

.

Theorem 2.8. [2] Let T be a tree of ordern � 45, then 2(1 � cos
� �

7
�
) � � (T ) < 5�

p
21

2 if
and only if T 2 C9 [ C10. Furthermore, if T 2 C10, then � (T ) = 2(1 � cos

� �
7
�
).

Lemma 2.9. [2] Let T 2 [ 10
i =1 Ci be a tree of ordern. Then � (T ) � 2(1 � cos

� �
7
�
).

Lemma 2.10. [2] Let Ti be a tree of ordern � 45 in class Ci ; 1 � i � 10. Then,
� (T1) > � (T2) > � (T3) > � (T4) > � (T5) > � (T6) > � (T7) > � (T8) > � (T9) > � (T10) :

3. New families of trees

Let us begin by determining the diameters of the trees we will examine in this section.

Lemma 3.1. [3] Let T be a tree onn vertices with diameter diam (T ). Then

� (T ) � 2

 

1 � cos
�

�
(diam (T ) + 1)

� !

:
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v0
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j
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r
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� � �

q
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p
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t

Figure 1. T (i; j; k; p; q; r; m; s; t )

From above lemma, if diam (T ) � 9, then � (T ) < 2(1 � cos
� �

9
�
). For this reason, from

now on we should to consider trees with diameters of at most eight.
In the following, we de�ne eight new classes of trees and study their algebraic connectivities.

De�nition 3.2. Let T (i; j; k; p; q; r; m; s; t ) be a tree of ordern that contains a vertexv0 such
that T (i; j; k; p; q; r; m; n; t ) � v0 = iP3 _[ jK 1;3 _[ kK 1;2 _[ pK 1;1 _[ qK1 _[ rK 1;4 _[ mK 1;5 _[ sK 1;6 _[ tP4
(Figure 1).The following classes of trees are de�ned:

(1) C11 = f T (i; j; k; p; q; 1; 0; 0; 0)g
(2) C12 = f T (i; j; k; p; q; r; 0; 0; 0) : r � 2g
(3) C13 = f T (i; j; k; p; q; r; 1; 0; 0)g
(4) C14 = f T (i; j; k; p; q; r; m; 0; 0) : m � 2g
(5) C15 = f T (i; j; k; p; q; r; m; 1; 0)g
(6) C16 = f T (i; j; k; p; q; r; m; s; 0) : s � 2g
(7) C17 = f T (i; j; k; p; q; r; m; s; 1)g
(8) C18 = f T (i; j; k; p; q; r; m; s; t ) : t � 2g.

The following lemma is required to determine the limit points.

Lemma 3.3. [9] Let T be an unweighted tree and letm be a vertex ofT . If the branch B of
T at vertex m contains k vertices, then

1

2
�

1 � cos
�

�
2k+1

�� � � (B ) �
k + 1 +

p
k2 � 2k � 3
2

where � (B ) is the Perron value of aB branches.

Using the above lemma, the four vertex path graph and thek vertex star graph (2 � k � 7),
four new limit points are obtained. Then the second smallest quadruple group limit points
are 3� 2

p
2; 2

7+3
p

5
; 4 �

p
15; 2

�
1 � cos(�9 )

�
, respectively.

Let us state here that it is su�cient for the proofs that any tree with appropriate order, not
in classCi , 1 � i � 18, has a subtree with algebraic connectivity smaller than 2

�
1� cos(�9 )

� �=
0; 120614.

Lemma 3.4. If T be a tree of ordern � 106, diam (T ) = 3 and T =2 [ 18
i =1 Ci , then � (T ) <

2(1 � cos
� �

9
�
).

Proof. Let T = B (s; n � 2 � s;3) be a tree of ordern � 106. SinceT =2 [ 18
i =1 Ci , s � 7. As [5]

proved, � (B (s; t; 3)) < � (B (s� 1; t +1 ; 3)) if s < t , so � (B (s; n � 2� s;3)) � � (B (7; n � 9; 3)).
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Abstract . This paper proposes the novel concept of fuzzy soft elements, thereby ex-
tending the traditional notion of fuzzy soft points through the more 
exible assignment of
alternatives to attributes. Consequently, this concept o�ers a new vantage point for under-
standing fuzzy soft set operations. Through this, after some of the properties of fuzzy soft set
operations are given, a decision-making example is presented that demonstrates the practical
application.
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1. Introduction

Both fuzzy sets [19] and soft sets [11], developed to handle uncertainty, possess their
own unique advantages. Soft sets provide a 
exible model for uncertainty using parameters,
without the need for a membership function. Fuzzy soft sets [8], on the other hand, combine
these two structures; they bring together the concept of graded membership from fuzzy sets
with the 
exible parameters of soft sets to create a richer framework for modelling complex
and uncertain systems.

There are various approaches to performing set operations on fuzzy soft sets, inspired by
methods from fuzzy set and soft set theories. Additionally, di�erent interpretations exist
regarding the members of a fuzzy soft set [1, 8, 10, 18]. These interpretations are typically
expressed through the membership degrees of an element (or alternative) in universe of dis-
course with respect to a speci�c parameter (or attribute), and both theoretical and practical
applications are developed accordingly. This study proposes a novel approach to the def-
inition of fuzzy soft element, based on the notion of soft element introduced by Das and
Samanta [4]. For further studies related to the soft element, see [5{7,15{17]. Essentially, the
proposed model provides a way to determine the sensitivity of alternatives for each descrip-
tive attribute. Therefore, it facilitates achieving more accurate results in decision-making
problems within this framework by enabling di�erent evaluation strategies. Topology, metric
structures and various applications can be developed using the basic method discussed in this
study. Using the basic method discussed in this paper, studies on topology, metric structures
and some applications can be developed in a manner similar to those in [2,3,12].

In this paper, the necessary basic de�nitions and notations are �rst provided, after which
the notion of fuzzy soft element is introduced and illustrated with an example. Then, the set
operations in fuzzy soft sets are rede�ned based on this notion, and some of their properties
are shown by revealing its relations with previous de�nitions. Finally, to demonstrate its
practical applicability, a decision-making method based on the fuzzy soft element is proposed.
Here, a decision is modelled not as a single element of the universe of discourse but as a fuzzy
soft element, which provides an alternative for each descriptive attribute.

1.1. Preliminaries. In this section, the following de�nitions and notations are based on
[13,20] for fuzzy sets, [4,11,15] for soft sets and [1,8,14] for fuzzy soft sets.

De�nition 1.1. A fuzzy set A = f u� A (u) : u 2 Ug on a universe of discourseU is de�ned
by a membership function� A : U ! [0; 1], with the membership value� A (u) indicating the
degree to whichu 2 U belongs to the fuzzy setA. The set of all fuzzy sets onU is denoted by
F (U).

43 / 193



Fuzzy soft element and its application to decision-making

A fuzzy point x t in U is a fuzzy set with membership function

� x t (u) =

(
t 2 (0; 1] when u = x;
0 otherwise:

A fuzzy point x t is said to be member of a fuzzy setA, denoted byx t 2 A, i� � x t (u) � � A (u)
for each u 2 U. Also, the set of all fuzzy points of a fuzzy setA is represeted byF P (A).
De�nition 1.2. Let A; B 2 F (U) be two fuzzy sets. Then,

� A = ; and A = U i� � A = 0 and � A = 1 for each u 2 U, respectively.
� A � B i� � A (u) � � B (u) for each u 2 U.
� A = B i� � A (u) = � B (u) for each u 2 U.
� C = A _ B i� � C (u) = � A (u) _ � B (u), i.e. � C (u) = max f � A (u); � B (u)g for each

u 2 U.
� D = A ^ B i� � D (u) = � A (u) ^ � B (u), i.e. � D (u) = min f � A (u); � B (u)g for each

u 2 U.
� E = AC i� � E (u) = 1 � � A (u) for each u 2 U.

De�nition 1.3. A pair (G; P ) is called a soft set onU with a parameters setP , where
G : P ! P (U) is a mapping with P (U) being the power set ofU. The set of all soft set on
U with a parameters setP is denoted bySP (U) or simply S(U).

A function " : P ! U is called a soft element ofU and " is said to be member of(G; P )
if " (� ) 2 G(� ) for each � 2 P . The class of soft elements of(G; P ) is denoted bySE(G; P ).
Also, the soft elements are denoted by~x and the soft elements such that~x = c for all � 2 P
and for a constant c 2 U are denoted by�c.
De�nition 1.4. A pair (g; P) is called a fuzzy soft set onU with a parameters setP , where
g : P ! F (U). The set of all fuzzy soft sets onU with a parameters setP is denoted by
F SP (U) or simply F S(U).

A special type of fuzzy soft set(g; P) 2 F S(U) is called fuzzy soft point, denoted byP �
x ,

such that for a �xed x 2 U and � 2 (0; 1], � g( � ) (u) = � if u = x, and � g( � ) (u) = 0 if u 6= x
for � 2 P . Also, for a fuzzy soft set(g; P) 2 F S(U), a fuzzy soft point P �

x is a member of
(g; P) if � � � g( � ) (u) for each � 2 P .

De�nition 1.5. The fuzzy soft set(g; P) is said to be a null fuzzy soft set ifg(� ) = ; and
an absolute fuzzy soft set ifg(� ) = U for each � 2 P , denoted by ~� and ~U , respectively.
De�nition 1.6. The union and intersection of (g; P); (h; P ) 2 F S(U) are fuzzy soft sets
de�ned as
(1) (g; P) ~_ (h; P ) = f (�; g (� ) _ h(� )) : 8� 2 P; g(� ); h(� ) 2 F (U)g
and
(2) (g; P) ~̂(h; P ) = f (�; g (� ) ^ h(� )) : 8� 2 P; g(� ); h(� ) 2 F (U)g;

respectively. The complement of(g; P) is denoted by(g; P)C , where (g; P)C (� ) = g(� )C for
each � 2 P .
Example 1.7. Let P = f �; �; 
 g and U = f u; v; wg. The fuzzy soft sets

(g1; P ) = f (�; f u0:1; v0:7; w0:5g); (�; f u0:8; v0:2; w0:6g); (
; f u0:9; v0:8; w0:1g)g;

(g2; P ) = f (�; f u0:5; w0:5g); (�; f u0:1; v0:2; w0:3g); (
; f v0:5g)g;

(g1; P ) ~_ (g2; P ) = f (�; f u0:5; v0:7; w0:5g); (�; f u0:8; v0:2; w0:6g); (
; f u0:9; v0:8; w0:1g)g;

(g1; P ) ~̂(g2; P ) = f (�; f u0:1; w0:5g); (�; f u0:1; v0:2; w0:3g); (
; f v0:5g)g;

(g1; P )C = f (�; f u0:9; v0:3; w0:5g); (�; f u0:2; v0:8; w0:4g); (
; f u0:1v0:2; w0:9g)g
are represented in tabular form as in Table 1 and 2.

(g1; P ) � � 
 (g2; P ) � � 

u 0.1 0.8 0.9 u 0.5 0.1 0
v 0.7 0.2 0.8 v 0 0.2 0.5
w 0.5 0.6 0.1 w 0.5 0.3 0

Table 1. The tabular representation of the fuzzy soft sets (g1; P ) and (g2; P )
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(g1; P ) ~_ (g2; P ) � � 
 (g1; P ) ~̂(g2; P ) � � 
 (g1; P )C � � 

u 0.5 0.8 0.9 u 0.1 0.1 0 u 0.9 0.2 0.1
v 0.7 0.2 0.8 v 0 0.2 0.5 v 0.3 0.8 0.2
w 0.5 0.6 0.1 w 0.5 0.3 0 w 0.5 0.4 0.9

Table 2. The tabular representation of the union, intersection and comple-
ment of fuzzy soft sets (g1; P ) and (g2; P )

It will be used solely g for a fuzzy soft set hereafter at its place (g; P) for simplicity.

2. Main results

De�nition 2.1. Let U be a universe andP be a parameters set. A fuzzy soft element~x is a
fuzzy soft set for which~x : P ! F P (U) and a fuzzy soft element~x is said to be a member of
a fuzzy soft setg 2 F S(U), denoted by~x ~2g, i� ~x (� ) 2 g(� ) i.e. � ~x ( � ) (u) � � g( � ) (u) for each
� 2 P and u 2 U. The class of fuzzy soft elements is denoted byF SE (g). Also, a fuzzy soft
element ~x ~2g is called a constant fuzzy soft element ofg if there exists a u 2 U such that for
each � 2 P , � ~x ( � ) (u) = 1 and � ~x ( � ) (u0) = 0 for each u0 2 U � f ug. The class of all constant
fuzzy soft element ofg is denoted bycg. A constant fuzzy soft element can be considered the
most desirable, competent or unique object that ful�ls all attributes.

Example 2.2. Suppose that a technology company wants to distribute IT support requests to
technicians. Let

U = f u = technician1; v = technician2; w = technician3; x = technician4g

be a set of technicians and

P = f � = security breach; � = network issues; 
 = software bugsg

be a set of support requests.
Each technician is specialised to a certain extent in di�erent requests, which can be repre-

sented by a fuzzy soft set such as

g = f (�; f u0:7; v1; w0:2; x0:4g); (�; f u1; v1; w0:3; x0:5g); (
; f v1; w1g)g;

where � g( � ) (u) indicates the degree of service capacity in each support request for each tech-
nician.

g � � 

u 0.7 1 0
v 1 1 1
w 0.2 0.3 1
x 0.4 0.5 0

Table 3. The tabular representation of g

Each fuzzy soft element ofg represents a scenario in which IT support requests are dis-
tributed to technicians according to prioritisation, workload balance, etc. Then,

c~U =

(
~x1 = f (�; u 1); (�; u 1); (
; u 1)g; ~x3 = f (�; w 1); (�; w 1); (
; w 1)gg;

~x2 = f (�; v 1); (�; v 1); (
; v 1)g; ~x4 = f (�; x 1); (�; x 1); (
; x 1)g

)

;

cg = f ~x2 = f (�; v 1); (�; v 1); (
; v 1)gg

and some of the fuzzy soft elements ofg and their tabular forms can be given as follows.

~x5 = f (�; v 0:6); (�; u 0:3); (
; w 0:1)g;

~x6 = f (�; u 0:3); (�; x 0:5); (
; v 0:2)g;

~x7 = f (�; x 0:2); (�; w 0:2); (
; w 0:6)g:
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~x5 � � 
 ~x6 � � 
 ~x7 � � 

u 0 0.3 0 u 0.3 0 0 u 0 0 0
v 0.6 0 0 v 0 0 0.2 v 0 0 0
w 0 0 0.1 w 0 0 0 w 0 0.2 0.6
x 0 0 0 x 0 0.5 0 x 0.2 0 0

Table 4. The tabular representation of the fuzzy soft elements~x5, ~x6 and ~x7

De�nition 2.3. Let b be a class of fuzzy soft elements of~U . The fuzzy soft setF SS(b)
produced by the class of fuzzy soft elementsb is de�ned by

g = F SS(b) = f (�; g (� )) : 8� 2 P; g(� ) =
_

~x 2 b

~x (� )g:

Example 2.4. From Example 2.2, suppose thatb = f ~x5; ~x6; ~x7g is a class of fuzzy soft
elements of ~U . Then, the fuzzy soft set produced byb is obtained as

h = F SS(b) = f (�; f u0:3; v0:6; x0:2g); (�; f u0:3; w0:2; x0:5g); (
; f v0:2; w0:6g)g:

h � � 

u 0.3 0.3 0
v 0.6 0 0.2
w 0 0.2 0.6
x 0.2 0.5 0

Table 5. The tabular representation of the fuzzy soft set produced byb

It is clear that h ~� g. Also, notice that b � F SE (F SS(b)) , i.e. b and F SE (F SS(b)) are
not the same.

De�nition 2.5. Let g; h 2 F S(U) be two fuzzy soft sets. The fuzzy soft sets
g t h = F SS (F SE (g) [ F SE (h))

and
g u h = F SS (F SE (g) \ F SE (h))

are called � -union and � -intersection of g and h, respectively.
The � -complement ofg is denoted byg{ = F SS

�
F SE (gC )

�
.

Example 2.6. From Example 1.7, suppose that
g3 = f (�; f v0:4g); (�; f u0:4; v0:1; w0:5g); (
; U )g

is a fuzzy soft set inF S(U). Then,
g1 t g2 = g1~_g2

= f (�; f u0:5; v0:7; w0:5g); (�; f u0:8; v0:2; w0:6g); (
; f u0:9; v0:8; w0:1g)g;
g1 u g2 = g1 ~̂g2

= f (�; f u0:1; w0:5g); (�; f u0:1; v0:2; w0:3g); (
; f v0:5g)g
and

g{
1 = gC

1

= f (�; f u0:9; v0:3; w0:5g); (�; f u0:2; v0:8; w0:4g); (
; f u0:1v0:2; w0:9g)g:
But,

g2 u g3 = ~� ;

g2 ~̂g3 = f (�; ; ); (�; f u0:1; v0:1; w0:3g); (
; f v0:5g)g
and

g{
3 = ~� ;

gC
3 = f (�; f u1; v0:6; w1g); (�; f u0:6; v0:9; w0:5g); (
; ; )g:

So, g2 u g3 6= g2 ~̂g3 and g{
3 6= gC

3 .
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Remark 1. � The � -union of g and h is the same as in De�nition 1.6 (1).
� The � -intersection of g and h are the same as as in De�nition 1.6(2) if for each � 2 P

and for each sameu 2 U, � g( � ) (u) 6= 0 and � h( � ) (u) 6= 0 or � g( � ) (u) = � h( � ) (u) = 0
simultaneously. However, if for at least one parameter� 2 P and for each same
u 2 U, � g( � ) (u) 6= 0 and � h( � ) (u) = 0 or vice versa, then they are di�erent. In other
words; if for each � 2 P , g(� ) ^ h(� ) 6= ; , then they mean the same. But, if for at
least one parameter� 2 P , g(� ) ^ h(� ) = ; , then they correspond to di�erent.

� The � -complement of g is the same as in De�nition 1.6 if for each � 2 P and for
each u 2 U, � g( � ) (u) 6= 1 . However, if for at least one parameter � 2 U and for
eachu 2 U, � g( � ) (u) = 1 , then they are di�erent. In other words; if for each � 2 P ,
g(� ) 6= U, then they mean the same. But, if for at least one parameter� 2 P ,
g(� ) = U, then they correspond to di�erent.

Considering Remark 1, the class of fuzzy soft sets, denotedF S( ~U ), is identi�ed for which
either g(� ) 6= ; for each � 2 P or g(� ) = ; for each � 2 P . Then, the following proposition
is given to show the relations of De�nition 1.6 and 2.5.

Proposition 2.7. Let g; h 2 F S( ~U ).

(1) g _ h = g t h.
(2) g u h ~� g~̂h and if g~̂h 2 F S( ~U ), then g u h = g~̂h.
(3) g{ ~� gC and if gC 2 F S( ~U ), then g{ = gC .
(4) g t g{ ~� ~U and if gC 2 F S( ~U ), then g t g{ = ~U .
(5) g u g{ = ~� .
(6) (g t h)C ~� gC u hC and (g u h)C ~� gC t hC .
(7) If g _ h, gC ^ hC , gC , hC 2 F S( ~U ), then (g t h){ = g{ u h{ and (g u h){ = g{ t h{ .

(8) If gi = F SS(bi ), i 2 I , then t
i 2 I

gi = F SS
�

S

i 2 I
bi

�
and u

i 2 I
gi ~� F SS

�
T

i 2 I
bi

�
.

Proof. The proof of 4; 5; 6; 8 follows from 1; 2; 3.

1. Since

(g t h)( � ) =
_

~x 2 F SE (g)[ F SE (h)

~x (� ) =
_

~x 2 F SE (g)

~x (� ) _
_

~x 2 F SE (h)

~x (� ) = g(� ) _ h(� )

for each � 2 P , then g t h = g~_h.
2. If g(� ) ^ h(� ) = ; or g(� ) ^ h(� ) 6= ; for each � 2 P , then g~̂h 2 F S( ~U ) and so

g~̂h = g u h. If g(� ) ^ h(� ) 6= ; for some � 2 P and g(� ) ^ h(� ) = ; for others, then
g~̂h 6= � and g~̂h =2 F S( ~U ) but g u h = � . Hence,g u h ~� g~̂h.

3. If gC (� ) = ; or gC (� ) 6= ; for each � 2 P , then gC 2 F S( ~U ) and so g{ = gC . If
gC 6= ; for some � 2 P and gC = ; for others, then gC 6= � and gC =2 F S( ~U ) but
g{ = � . Hence,g{ ~� gC .

7.

(g t h){ = F SSf ~x ~2 ~U : ~x ~2 (g t h)C g

= F SSf ~x ~2 ~U : ~x ~2 (g~_h)C g

= F SSf ~x ~2 ~U : ~x ~2gC ~̂hC g

= F SSf ~x ~2 ~U : ~x ~2gC u hC g

= F SSf ~x ~2 ~U : ~x ~2gC and ~x ~2hC g

= g{ u h{

�

2.1. Decision-making application: Capability-workload equilibrium. On the basis
of fuzzy soft elements and within the context of Example 2.2, a decision-making method
is proposed regarding technicians and support requests in order to balance capability and
workload. Therefore, the following algorithm is given:
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Algorithm Determining the technician assignments
Step 1. Input the set of technicians U = f u1; u2; : : : ; ung, the set of support requests as

P = f � 1; � 2; : : : ; � m g and the weights ! i 2 [0; 1], i = 1 ; : : : ; m, of parameters to represent
the importance of each request.

Step 2. Input the fuzzy soft set g 2 F SP (U) to represent the capabilities of technicians in
response to the support requests.

Step 3. Input specialization thresholdT for prioritize technicians with higher expertise, spe-
cialization bonus B for specialization incentive and workload balance factor� to control
workload and capability balancing.

Step 4. Input the set of fuzzy soft elementsf ~x1; ~x2; : : : ~xkg � F SE (g) to represent the inten-
sity of assignment of request� to technician u.

Step 5. Calculate weighted capability score (WCS) for the assignment~xk with

W CSk =
nX

j =1

mX

i =1

� ~x k ( � i ) (uj ) � � g( � i ) (uj ) � ! i � (1 + � ij );

where

� ij =

(
B; if � g( � i ) (uj ) � T;
0; if � g( � i ) (uj ) < T:

Step 6. Calculate weighted workload imbalance (WWI) for the assignment~xk with
W W I k = max

j 2 J
L k j � min

j 2 J
L k j ;

where

L k j =
mX

i =1

� ~x k ( � i ) (uj ) � ! i

is the workload of technician uj in the assignment ~xk .
Step 7. Calculate �nal score for the assignment~xk with

Sk = W CSk � � � W W I k :
Step 8. Rank the assignments according to their scoresSk and choose the highest one.

This algorithm evaluates the capability and availability of each technician while consider-
ing the urgency and complexity of support requests, ultimately facilitating a more e�cient
allocation of resources and enhancing overall service quality. By implementing this method,
technician performance can be optimized and response times to support inquiries can be
improved.

From Example 2.2, let � 1 = � , � 2 = � , � 3 = 
 and u1 = u, u2 = v, u3 = w, u4 = x.
Assume that the specialization thresholdT = 0 :65, the specialization bonusB = 0 :3 and
the workload balance factor � = 0 :4. In addition, let the company give the weights for each
request as! 1 = 0 :7, ! 2 = 0 :5 and ! 3 = 0 :3. Then, the sample calculations for~x6 are given
as follows:

L 61 = � ~x 6 ( � 1 ) (u1) � ! 1 = 0 :3 � 0:7 = 0:21; L 63 = 0 ;
L 62 = � ~x 6 ( � 3 ) (u2) � ! 3 = 0 :2 � 0:3 = 0:06; L 64 = � ~x 6 ( � 2 ) (u4) � ! 2 = 0 :5 � 0:5 = 0:25:

So,
W W I 6 = 0 :25 � 0 = 0:25:

Then,

� g( � 1 ) (u1) = 0 :7 � 0:65;
� g( � 2 ) (u4) = 0 :5 < 0:65;

� g( � 3 ) (u2) = 1 � 0:65:

9
>=

>;
)

� 11 = 0 :3;
� 24 = 0 ;
� 32 = 0 :3:

So,

� ~x 6 ( � 1 ) (u1) � � g( � 1 ) (u1) � ! 1 � (1 + � 11) = 0 :3 � 0:7 � 0:7 � 1:3 = 0:1911;
� ~x 6 ( � 2 ) (u4) � � g( � 2 ) (u4) � ! 2 � (1 + � 24) = 0 :5 � 0:5 � 0:5 � 1 = 0:125;
� ~x 6 ( � 3 ) (u2) � � g( � 3 ) (u2) � ! 3 � (1 + � 32) = 0 :2 � 1 � 0:3 � 1:3 = 0:078:

9
>=

>;
) W CS6 = 0 :3941:
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Hence, the score of~x6 is
S6 = W CS6 � � � W W I 6 = 0 :3941� 0:4 � 0:25 = 0:2941:

Thus, it is similarly obtained that S5 = 0 :6120 andS7 = 0 ; 2080. As a result, ~x5 is chosen
for the assignments.
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Abstract . In this paper, by considering Wardowski’s technique, we present a �xed-point
result for rational type F -contraction mappings on a space equipped with two metrics. The
use of a two-metric space allows for the simultaneous evaluation of di�erent distance measures,
which is important because in some problems a single metric may not fully capture the
underlying structure of the space. By employing two metrics, more 
exible and comprehensive
analyses become possible. Motivated by potential applications in areas such as integral
equations and fractal analysis, where complex contraction conditions naturally arise, this
study aims to extend the theoretical framework and provide tools that could be useful in
these and related �elds.
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1. INTRODUCTION AND PRELIMINARIES

In [18], Wardowski introduced the notion of an F-contraction. Every F-contraction mapping
on a complete metric space was shown to have a unique �xed point, with successive approx-
imations converging to that point. In particular, if the function F is taken asF (x) = ln x for
x 2 (0; 1 ) ; then the Banach contraction is recovered as a special case of anF-contraction.
A considerable number of works have addressed this topic; see [1, 2, 3, 9, 16, 17]. The most
prominent results focus on the applications ofF-contractions to di�erential equations, inte-
gral equations, homotopy theory, and related areas. We now present the de�nition of an
F-contraction, along with some of its properties and related results.

Let F denote the class of all functionsF : R+ = [0 ; 1 ) ! R which satisfy the following
conditions:

(F1) F is non-decreasing;
(F2) for any sequencef � ng � (0; 1 ) ; � n ! 0 asn ! 1 if and only if F (� n ) ! �1 ;
(F3) there exists k 2 (0; 1) such that lim

� ! 0+
� kF (� ) = 0 :

Using this function class, Wardowski [18] de�nedF� contraction such as:

De�nition 1.1 ([18]). Let (Y; � ) be a metric space andT : Y ! Y be a mapping. Given
F 2 F, we say thatT is F � contraction, if there exists � > 0 such that

(1) $; � 2 Y; � (T$; T� ) > 0 =) � + F (� (T$; T� )) � F (� ($; � )) :

For example, F1 : (0; 1 ) ! R, F1 = ln � + � and F2 : (0; 1 ) ! R, F2 = ln � is an of F.
Without assuming any particular structure on the space, Wardowski established the fol-

lowing result:

Theorem 1.2 ([18]). Let (Y; � ) be a complete metric space and letT : Y ! Y be an F�
contraction. Then T has a unique �xed point in X.

In a di�erent approach, Jleli et al. proposed in [6] a family of functions H : [0; 1 )3 ! [0; 1 )
subject to the following conditions:

(H 1) max f &; �g � H(&; �; � ) for all &; �; � 2 [0; 1 ) ;
(H 2) H(0; 0; 0) = 0;
(H 3) H is continuous.
Several examples of functions in the familyH are presented as follows.

(i) H(&; �; � ) = &+ � + � for all &; �; � 2 [0; + 1 ) ;
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(ii) H(&; �; � ) = max f &; �g + � for all &; �; � 2 [0; + 1 ) ;
(iii) H(&; �; � ) = &+ � + &� + � for all &; �; � 2 [0; + 1 ) :
Using a function H2H , the authors of [6] introduced the following notion of (H; � ) � contraction.

De�nition 1.3 ([6]). Let (Y; � ) be a metric space,� : Y ! [0; 1 ) be a given function, and
H2H , Then T : Y ! Y is called a (H; � ) � contraction with respect to the metric � if and only
if

H(� (T$; T� ) ; � (T$ ) ; � (T� )) � kH(� ($; � ) ; � ($ ) ; � (� )) for all $; � 2 Y;

for some constantk 2 (0; 1).

Lemma 1.4 ([15]). Let (Y; � ) be a metric space and letT : Y ! Y be an F� H� contraction
with respect to the functions F 2F, H2H , � : Y ! [0; + 1 ), and the real number � > 0: If
f $ ng is sequence of Picard starting at$ 0 2 Y; then

lim
n !1

H(� ($ n � 1; $ n ) ; � ($ n � 1) ; � ($ n )) = 0 ;

and hence

lim
n !1

� ($ n � 1; $ n ) = 0 and lim
n !1

� ($ n ) = 0 :

2. Main Results

In this section, we �rst recall the de�nition of a rational type F� H-contraction. Then,
we prove a �xed point theorem based on this de�nition. Finally, we present an example to
support our result.

De�nition 2.1 ([4]). Let (Y; � ) be a metric space andT : Y ! Y be a mapping. T is
called a rational type F� H� contraction if there exists F 2F, H2H , a real number � > 0; and
� : Y ! [0; 1 ) s.t.

(2) � + F (H(� (T$; T� ) ; � (T$ ) ; � (T� ))) � F (H(M ($; � ) ; � ($ ) ; � (� )))

for all $;� 2 Y with H(� (T$; T� ) ; � (T$ ) ; � (T� )) > 0
where

M ($; � ) = max
�

� ($; � ) ;
� ($; T$ ) [1 + � (�; T� )]

1 + � (T$; T� )

�
:

Theorem 2.2. Let Y be a set equipped with two metrics� and � , where (Y; � ) is complete. T :
Y ! Y be a rational typeF� H� contraction with respect to � . F 2F, H2H , a real number � > 0
and � : Y ! [0; 1 ) such that 2 holds for all$;� 2 Y with H(� (T$; T� ) ; � (T$ ) ; � (T� )) > 0.
Suppose that there existc > 0 such that

(3) � ($; � ) � c:� ($; � ) ; for each $; � 2 Y

Then T has a �xed point &such that � (&) = 0 .

Proof. Starting from an arbitrary point $ 0 2 Y , we de�ne a sequencef $ ng and prove that
it converges to a �xed point of the given mapping. If $ 1 2 T$ 1 then $ 1 is a �xed point of
T and so the proof is completed. Let$ 1 6= T$ 1. Then � ($ 1; T$ 1) > 0. On the other hand,
from (F1) and

H(� ($ 1; T$ 1) ; � ($ 1) ; � (T$ 1)) � H(� (T$ 0; T$ 1) ; � (T$ 0) ; � (T$ 1))

we get

F (H(� ($ 1; T$ 1) ; � ($ 1) ; � (T$ 1))) � F (H(� (T$ 0; T$ 1) ; � (T$ 0) ; � (T$ 1))) :
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SinceT be a rational type F� H� contraction with respect to metric � , we obtain that

F (H(� ($ 1; T$ 1) ; � ($ 1) ; � (T$ 1)))
� F (H(� (T$ 0; T$ 1) ; � (T$ 0) ; � (T$ 1)))
� F (H(M ($ 0; $ 1) ; � ($ 0) ; � ($ 1)))

� F
�

H
�

max
�

� ($ 0; $ 1) ;
� ($ 0; T$ 0) [1 + � ($ 1; T$ 1)]

1 + � (T$ 0; T$ 1)

�
; � ($ 0) ; � ($ 1)

��
� �:

Indeed, it follows from Lemma 1.4 that

H (� ($ k � 1; $ k ); ’ ($ k � 1); ’ ($ k )) = 0 :

Moreover, according to the condition (H1) satis�ed by the function H , we have ’ (&) = 0.
Therefore, we can assume that$ k � 1 =2 $ n for every n 2 N.

In this step, we show that f $ ng is a Cauchy. By Lemma 1.4, we say that

0 < hn � 1 = H(� ($ n � 1; $ n ) ; � ($ n � 1) ; � ($ n )) ! 0; as n ! 1 :
There exist k 2 (0; 1) such that hk

nF (Hn ) ! 0 asn ! 1 the condition (F3) of F: Using (2)
with $ = $ n � 1 and � = $ n we get

F (H(� ($ n ; $ n+1 ) ; � ($ n ) ; � ($ n+1 )))
� F (H(M ($ n � 1; $ n ) ; � ($ n � 1) ; � ($ n ))) � �

� F
�

H
�

max
�

� ($ n � 1; $ n ) ;
� ($ n � 1; T$ n � 1 [1 + � ($ n ; T$ n )])

1 + � (T$ n � 1; T$ n )

�
; � ($ n � 1) ; � ($ n )

��
� �

� F (H(� ($ n � 1; $ n ) ; � ($ n � 1) ; � ($ n ))) � �
...

� F (H(� ($ 0; $ 1) ; � ($ 0) ; � ($ 1))) � n�

for all n 2 N; that is

F (hn ) � F (hn � 1) � � � � � � � F (h0) � n� for all n 2 N:
From

0 = lim
n ! + 1

hk
nF (hn ) � lim

n ! + 1
hk

n (F (h0) � n� ) � 0;

we deduce that

lim
n ! + 1

hk
nn = 0 :

This provides that
1P

n=1
hn the convergent. According to condition (H1) satis�ed by the

function H ; also the series
1P

n=1
� ($ n ; $ n+1 ) is convergent. Thus f $ ng is a Cauchy sequence

in (Y; � ).
From (3) the sequencef $ ng is a Cauchy in (Y; � ) too. Given that ( Y; � ) is a complete

metric space, there exist$ 2 Y with � ($ n ; $ ) ! 0 asn ! 1 :
Now since (Y; � ) is complete, there exists&2 Y such that

lim
n ! + 1

$ n = 0 :

By (2) and (3), With the assumption that � is lower semi-continuous, we have

0 � � (&) � lim inf
n ! + 1

� ($ n ) = 0;

that is, � (&) = 0. Now show that & is a �xed point. If there exists a subsequencef $ nk g
of f $ ng such that $ nk = & or T$ nk = T& for all k 2 N; then &, is a �xed point. If this is
not the case, we can assume that$ n 6= & and T$ nk 6= T& for all n 2 N: So using (2) with
$ = $ n and � = &, we deduce that

� + F (H(� (T$ n ; T&) ; � (T$ n ) ; � (T&))) � F (H(M ($ n ; &) ; � ($ n ) ; � (&))) :
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Since � > 0; we obtain

H(� (T$ n ; T&) ; � (T$ n ) ; � (T&)) � H(� ($ n ; &) ; � ($ n ) ; � (&)) for all n 2 N

and so

� (&;T&) � � (&;Y) + � (T$ n ; T&)
� � (&; $n+1 ) + H(� (T$ n ; T&) ; � (T$ n ) ; � (T&))
� � (&; $n+1 ) + F (H(� (T$ n ; T&) ; � (T$ n ) ; � (T&)))
< � (&; $n+1 ) + F (H(M ($ n ; &) ; � ($ n ) ; � (&)))

< � (&; $n+1 ) + F
�

H
�

max
�

� ($ n ; &) ;
� ($ n ; T$ n ) [1 + � (&;T&)]

1 + � (T$ n ; T&)

�
; � ($ n ) ; � (&)

��

� � (&; $n+1 ) + F
�

H
�

max
�

� ($ n ; &) ;
� ($ n ; $ n+1 ) [1 + � (&;T&)]

1 + � ($ n+1 ; T&)

�
; � ($ n ) ; � (&)

��

for all n 2 N.
By taking the limit as n approaches in�nity in the above computations, and using that H

is continuous in (0; 0; 0) ; we deduce that � (&;T&) � H(0; 0; 0) = 0; that is &= T&: �

Example 2.3. Let Y =
n

$ n = n(n+1)
2 : n 2 N

o
, � ($; � ) = j$ � � j and

� ($; � ) =
�

0 ; $ = �
1 + j$ � � j ; $ 6= �

then (Y; � ) is complete metric space. De�ne a mapT : Y ! Y

T$ =
�

$ 1 ; $ = $ 1
$ n � 1 ; $ = $ n , n � 2

Clearly, when F (� ) = ln � , T is not an F-contraction. T is a rational F � H � contraction
with respect to the functions F 2F de�ned F (� ) = ln � + � for � � 0; H2H de�ned by
H(&; �; � ) = max ( &; �) + � for all &; �; � 2 (0; 1 ), the real number � = 1 and an associated
lower semi-continuous function� : Y ! (0; 1 ), � (t) = t; for t 2 Y. The contractive condition
of Teorem 2.2 is equivalent to the following:

H(� (T$; T� ) ; � (T$ ) ; � (T� )) > 0;

H( � (T$; T � );� (T$ );� (T � ))
H(M ($;� );� ($ );� ( � )) eH( � (T$; T � );� (T$ );� (T � )) � H(M ($;� );� ($ );� ( � )) � e� 1.

First of all, observe that for everym; n 2 N

H(� (T$; T� ) ; � (T$ ) ; � (T� )) > 0 , (m > 2 and n = 1) or (m > n > 1) .

Therefore, the following two cases need to be considered:
Case 1: Whenm > 2 and n = 1 , it holds that

H(� (T$; T� ) ; � (T$ ) ; � (T� ))
H(M ($; � ) ; � ($ ) ; � (� ))

eH( � (T$; T � );� (T$ );� (T � )) � H(M ($;� );� ($ );� ( � )) � e� m � e� 1:

Case 2. Whenm > n > 1, it holds that

H(� (T$; T� ) ; � (T$ ) ; � (T� ))
H(M ($; � ) ; � ($ ) ; � (� ))

eH( � (T$; T � );� (T$ );� (T � )) � H(M ($;� );� ($ );� ( � )) � e� 2(m+ n) � e� 1:
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integrodi�erential system involving generalized

conformable derivatives
Maher Jneid� , Rola Masry

Abstract . Controllability concepts have been essential across various disciplines, includ-
ing engineering, robotics, optimal control, and applied mathematics. Following Kalman’s
de�nition, controllability is characterized by the ability to steer the solution of a dynamical
system from any initial state to a desired target at a given �nite time. In this paper, the com-
plete controllability of fractional integrodi�erential systems involving generalized conformable
derivatives is investigated. A set of su�cient conditions for the complete controllability of
fractional-order integrodi�erential semilinear systems is established, assuming that the asso-
ciated linear part is completely controllable. The results obtained are based on the use of
advanced mathematical tools, including the generalized exponential operator, the generalized
conformable fractional calculus, and Krasnoselskii’s �xed point theorem. A concrete example
is provided at the end to illustrate the practical e�ectiveness of the theoretical �ndings.

2020 Mathematics Subject Classifications : 93B05, 26A33, 45J05

Keywords: Integrodi�erential System, Generalized Conformable Derivatives, Controlla-
bility

1. Introduction

In recent decades, Fractional Calculus, or non-integer order derivative, has been a topic of
interest since Leibniz’s time and has attracted the attention of mathematicians, physicists,
and engineers. In 1695, [1] l’Hopital asked what it means to take the derivative of order
p if p 2 (0; 1]. Since then, the de�nition of fractional derivative has been one of the most
important topics for many researchers [2, 3, 4, 5]. In fact, when working with traditional
calculus and its uses, a major bene�t is that both the derivative and the integral have clear
physical and geometric interpretations. However, the physical and geometric signi�cance of
fractional operators has not yet been �rmly established [6]. This continues to be an active
area of research, with numerous attempts to solve these open problems, but a consensus on
their fundamental meaning is still lacking. Consequently, several de�nitions for fractional
derivatives have been proposed, such as the Riemann-Liouville, Hadamard, Erdelyi-kober,
Grunwald-letnikov, Marchaud and Riesz de�nitions [7]. Furthermore, these de�nitions coin-
cide with the classical de�nition of the �rst derivatives if p = 1 :
For the �rst time, Khalil et al. [8] introduced a new fractional integral and derivative called
" The Conformable Fractional Derivative" (CFD). This de�nition is a natural extension of
the classical derivative because it is based on the same limit de�nition and follows the same
core rules (like product and chain rules). Furthermore, Sarikaya, et al.[24] generalized the
conformable fractional derivative and integral, with numerous e�ects, like the product rule,
quotient rule, chain rule, linearity, Rolle’s Theorem, and the Mean Value Theorem, for solving
real-world problems, particularly in engineering and applied sciences. Unlike the non-local,
memory-dependent Riemann-Liouville and Caputo derivatives, the GCFD provides a local
alternative. It acts like a classical derivative but on a locally stretched or compressed time
scale, making it ideal for phenomena sensitive to immediate power-law changes rather than
the system’s full history. This local nature is con�rmed by its successful application in mod-
eling systems without long-range memory[22, 23]. In nonlinear control theory, the GCFD
provides a framework for analyzing system dynamics. This analysis is essential for synthe-
sizing e�ective control inputs that steer a system along a desired trajectory between states.
The concept of controllability was �rst de�ned by Kalman [10] in 1960 as the ability to move
a system from any starting point to any desired point within a �nite time. Later, when
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analyzing systems in in�nite-dimensional spaces, this concept was divided into the distinct
notions of complete and approximate controllability.
Wei [11] studied the necessary and su�cient conditions for the controllability of fractional
control systems with control delays by providing solutions for these systems. Jneid[12] ob-
tained a su�cient conditions for approximate controllability of semilinear integro-di�erential
fractional control systems with nonlocal conditions. Jneid and Awadalla [13] established
a set of practical controllability conditions for conformable fractional derivative semi-linear
fractional in �nite-dimensional control systems. The present methodology is based on the
iterative method, the Gramian matrix, and the exponential matrix of conformable fractional
derivatives. Azouz [14] used the rank and the conformable Gram criterion to investigate the
controllability of di�erential linear and nonlinear systems with the general conformable frac-
tional derivative. Balachandran and Anthoni [15] discussed the controllability of second-order
semi-linear di�erential systems in Banach spaces. Park and Han [16] utilized the Schauder
�xed-point theorem to develop su�cient conditions for the approximate controllability of
second-order integrodi�erential systems in Banach spaces. The controllability of second-
order semi-linear Volterra integrodi�erential systems in Banach spaces was studied by Bal-
achandran et al.[17], and delay integrodi�erential systems were investigated by them [18].
Balachandran et al. [19] examined su�cient conditions for controllability and provided con-
trollability of second-order nonlinear integrodi�erential systems in Banach spaces. Using the
Schaefer �xed-point theorem and strongly continuous cosine families of bounded linear oper-
ators, results are established. Jneid [20, 21] studied the partial controllability of semilinear
fractional control systems in a conformable sense.
Despite a thorough literature review, no prior studies on the complete controllability of
integro-di�erential semilinear control systems with general conformable fractional derivative
were found. This identi�ed gap motivates the present work, which investigates this property
for these kinds of systems in �nite-dimensional spaces.

This paper is structured as follows: Section 2 outlines the essential de�nitions and preliminary
facts related to the linear case. Section 3 establishes su�cient conditions for semilinear inte-
grodi�erential systems governed by the generalized conformable fractional derivative. Section
4 provides an illustrative example to validate the primary �ndings. Finally, the main results
and conclusions are summarized in Section 5.

2. Preliminaries

This section outlines the essential de�nitions and theorems that form the basis of our work.
For more details see [14, 24].

De�nition 2.1. For all s 2 J with J = [0 ; b]. The general conformable fractional derivative
\ GCFD " of order p 2 (0; 1] of a function g : (0; 1 ) ! R for all s 2 J with J = [0 ; b] is
de�ned by:

(1) GC D p
’ g(s) = lim

� ! 0

g(s + �’ (s; p)) � g(s)
�

where ’ (s; p) is a continuous nonnegative function of orderp 2 (0; 1] that depends onp
and satis�es

(2)
�

’ (s;1) = 1 ;
If p 6= q; then ’ (�; p) 6= ’ (�; q); where p; q 2 (0; 1]:

Whenever we determine a function’ (s; p), we get a CFD de�nition form. Let k; b be constant
numbers, k + b = 1, � > 0, a 6= 0, h(p) 6= 0, 0 < p � 1, and  (s; p) is a monotonous function
of s such that  (s;1) = a.

From elementary simple functions, we get various’ (s; p) such that:
� Linear : ’ (s; p) = pk + b, particularly ’ (s; p) = p,
� Power : ’ (s; p) = p� , particularly ’ (s; p) = p2,
� Exponent : ’ (s; p) = a(1� p)h(p) , particularly ’ (s; p) = s(1� p)h(p) ,
� Logarithm : ’ (s; p) = log a  (s; p),
� Trigonometric : ’ (s; p) = sin

� �
2 p

�
or ’ (s; p) = tan

� �
2 p

�
.
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Remark 1.

(3) GC D p
’ g(0) := lim

s! 0+

GC D p
’ g(s)

Theorem 2.2. Let 0 < p � 1 and the functions g; h : (0; 1 ) ! R be p-di�erentiable at
s 2 J . Then:

(1) GC D p
’ (ag + bh)(s) = a GC D p

’ g(s) + bGC D p
’ h(s) for all a; b2 R.

(2) GC D p
’ (k) = 0 for all constant functions.

(3) GC D p
’ (gh)(s) = g(s) GC D p

’ h(s) + h(s) GC D p
’ g(s).

(4) GC D p
’

� g
h

�
(s) = g(s) GC D p

’ h(s) � h(s) GC D p
’ g(s)

h2 (s) .
(5) Chain rule : If g is di�erentiable, then GC D p

’ (g � h)(s) = g0(h(s)) GC D p
’ h(s).

(6) If g is di�erentiable, then GC D p
’ g(s) = ’ (s; p) dg

ds (s).
(7) If g is di�erentiable, and GC D p

’ (g) = g, then

g(s) = ke
R 1

’ ( s;p ) ds

where k is any positive constant.

De�nition 2.3. Let s 2 J and g be a function de�ned on (0; 1 ). Then the general con-
formable fractional integral \ GCFI " is de�ned by:

(4) GC I p
’ g(s) =

Z s

0

g(t)
’ (t; p)

dt

Theorem 2.4. Let s 2 J , p 2 (0; 1], and g be a continuous function de�ned on (0; 1 ) such
that GC I p

’ g(s) exists. Then

(5) GC D p
’

� GC I p
’ g(s)

�
= g(s):

Theorem 2.5. Let s 2 J , p 2 (0; 1], and g : (0; 1 ) ! R be di�erentiable. Then,

(6) GC I p
’

� GC D p
’ (g(s)

�
= g(s) � g(0):

De�nition 2.6. Let A be an operator. Then the generalized exponential operator is de�ned
as:

(7) GC E p
’ (A; s; 0) = e

�
A

Rs
0

1
’ ( t;p ) dt

�

Theorem 2.7. The following relations are satis�ed:
(1) GC E p

’ (A; s; 0) � GC E p
’ (B; s; 0) = GC E p

’ (A + B; s; 0)
(2) GC E p

’ (A B; s; 0) =
� GC E p

’ (A; s; 0)
� B

(3) GC E p
’ (A; s; t ) = GC E p

’ (A; s; 0) : GC E p
’ (� A; t; 0)

(4) GC D p
’

h
GC E p

’ (A; s; 0)
i

= A � GC E p
’ (A; s; 0)

(5) GC I p
’

h
GC E p

’ (A; s; 0)
i

=
Rs

0
GC E p

’ (A;t; 0)
’ (t;p ) dt

(6) GC D p
’

h
GC I p

’

�
GC E p

’ (A; s; 0)
�i

= E p
’ (A; s; 0)

(7) GC I p
’

h
GC D p

’

�
GC E p

’ (A; s; 0)
�i

= E p
’ (A; s; 0) � E p

’ (A; 0; 0)

Proof:
(1)

GC E p
’ (A; s; 0) � GC E p

’ (B; s; 0) = eA
Rs

0
1

’ ( t;p ) dt � eB
Rs

0
1

’ ( t;p ) dt

= e(A+ B )
Rs

0
1

’ ( t;p ) dt

= GC E p
’ (A + B; s; 0)

(2)
GC E p

’ (A B; s; 0) = e(AB )
Rs

0
1

’ ( t;p ) dt

=
h
eA

Rs
0

1
’ ( t;p ) dt

i B

=
h

GC E p
’ (A; s; 0)

i B
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(3)

GC E p
’ (A; s; t ) = eA

Rs
t

1
’ ( �;p ) d�

=
eA

Rs
0

1
’ ( �;p ) d�

eA
Rt

0
1

’ ( �;p ) d�

= eA
Rs

0
1

’ ( �;p ) d� :e� A
Rt

0
1

’ ( �;p ) d�

= GC E p
’ (A; s; 0):GC E p

’ (� A; t; 0)

(4)

GC D p
’

� GC E p
’ (A; s; 0)

�
= GC D p

’

h
eA

Rs
0

1
’ ( t;p ) dt

i

= A � eA
Rs

0
1

’ ( t;p ) dt

= A � GC E p
’ (A; s; 0)

(5)

GC I p
’

� GC E p
’ (A; s; 0)

�
= GC I p

’

h
eA

Rs
0

1
’ ( t;p ) dt

i

=
Z s

0

eA
Rt

0
1

’ ( �;p ) d�

’ (t; p)
dt

=
Z s

0

GC E p
’ (A; t; 0)

’ (t; p)
dt

(6)

GC D p
’

� GC I p
’

� GC E p
’ (A; s; 0)

��
= GC D p

’

Z s

0

GC E p
’ (A; t; 0)

’ (t; p)
dt

= ’ (s; p) �
GC E p

’ (A; s; 0)
’ (s; p)

= GC E p
’ (A; s; 0)

(7)

GC I p
’

� GC D p
’

� GC E p
’ (A; s; 0)

��
=

Z s

0

GC D p
’

� GC E p
’ (A; t; 0)

�

’ (t; p)
dt

=
Z s

0

1
’ (t; p)

� ’ (t; p)
d
dt

GC E p
’ (A; t; 0) dt

= GC E p
’ (A; s; 0) � GC E p

’ (A; 0; 0)

Consider the following linear system:

(8)
� GC D p

’ z(s) = Az(s) + Bu (s); s 2 J
z(0) = z0 2 Z

where:
� GC D p

’ z(s) is the general conformable fractional derivative of orderp 2 (0; 1]
� A : D(A) � Rn ! Rn is the in�nitesimal generator of a strongly continuous semigroup

f eAs ; s 2 J g on Rn :
� B : U ! Rn is a bounded linear control operator.
� z(s) and u(s) 2 Rn are the state and control vectors respectively .

Theorem 2.8. The mild solution of equation (8) is given by:

(9) z(s) = GC E p
’ (A; s; 0)z0 +

Z s

0

1
’ (t; p)

GC E p
’ (A; s; t )Bu (t) dt

where:

(10) GC E p
’ (A; s; t ) = e

�
A

Rs
t

1
’ ( �;p ) d�

�
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Proof. Since GC E p
’ (� A; s; 0) 6= 0, we can multiply both sides of (8) by GC E p

’ (� A; s; 0) and
apply the fractional integration operator to obtain the solution.

GC D p
’

� GC E p
’ (� A; s; 0)z(s)

�
= GC E p

’ (� A; s; 0)Bu (s)
GC I p

’
� GC D p

’
� GC E p

’ (� A; s; 0)z(s)
�	

= GC I p
’

� GC E p
’ (� A; s; 0)Bu (s)

	

(11) GC E p
’ (� A; s; 0)z(s) � GC E p

’ (� A; 0; 0)z(0) =
Z s

0

GC E p
’ (� A; t; 0)
’ (t; p)

Bu (t)dt

Multiplying both sides of equation (11) by GC E p
’ (A; s; 0) yields:

z(s) = GC E p
’ (A; s; 0)z0 +

Z s

0

1
’ (t; p)

GC E p
’ (A; s; t )Bu (t)dt

Veri�cation of Solution:
GC D p

’ z(s) = GC D p
’

� GC E p
’ (A; s; 0)z0

�
+ GC D p

’

� Z s

0

1
’ (t; p)

GC E p
’ (A; s; t )Bu (t)dt

�

= AGC E p
’ (A; s; 0)z0 +

d
ds

� Z s

0

1
’ (t; p)

GC E p
’ (A; s; t )Bu (t)dt

�
� ’ (s; p)

= AGC E p
’ (A; s; 0)z0 + A

Z s

0

1
’ (t; p)

GC E p
’ (A; s; t )Bu (t)dt + Bu (s)

= Az(s) + Bu (s)

�

De�nition 2.9. Let z0; z1 2 Rn . If there exists a control u(s) such that the solution z(s) of
(8) satis�es z(0) = z0 and z(b) = z1, then the system is said to be completely controllable on
[0; b].

The controllability Gram matrix W is de�ned as:

(12) W =
Z b

0

1
’ (t; p)

� GC E p
’ (A; b; t)B

� � GC E p
’ (A; b; t)B

� � dt

where � denotes the matrix transpose.

Theorem 2.10. Let b > 0. The controllability Gram matrix W de�ned by (12) is positive
de�nite if and only if the control system (8) is controllable on [0; b].

Proof. () ) Assume W is positive de�nite and invertible. De�ne the control function:

(13) u(s) = B � GC E p
’ (� A � ; s;0) GC E p

’ (A � ; b;0)W � 1 �
z1 � GC E p

’ (A; b;0)z0
�

Substituting into the solution (9) at s = b:

z(b) = GC E p
’ (A; b;0)z0 +

Z b

0

1
’ (t; p)

GC E p
’ (A; b; t)B B � GC E p

’ (� A � ; t; 0)dt

� GC E p
’ (A � ; b;0)W � 1 �

z1 � GC E p
’ (A; b;0)z0

�

= GC E p
’ (A; b;0)z0 + W W � 1 �

z1 � GC E p
’ (A; b;0)z0

�

= z1

(( ) Assuming the Gram matrix W is not positive de�nite, there exists y 6= 0 such that:

y� W y =
Z b

0

1
’ (t; p)



 y� GC E p
’ (A; b; t)B



 2 dt = 0

) y� GC E p
’ (A; b; t)B � 0 8t 2 [0; b]

Choose initial condition z0 =
� GC E p

’ (A; b;0)
� � 1 y. For any control u(t), the solution at

t = b satis�es:

z(b) = GC E p
’ (A; b;0)z0 +

Z b

0

1
’ (t; p)

GC E p
’ (A; b; t)Bu (t)dt

= y +
Z b

0

1
’ (t; p)

GC E p
’ (A; b; t)Bu (t)dt
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Mulpily by y�

y� y +
Z b

0

1
’ (t; p)

y� GC E p
’ (A; b; t)B

| {z }
=0 by earlier result

u(t)dt = 0 ) y� y = 0

This contradicts y 6= 0, proving the Gram matrix W must be positive de�nite for control-
lability.

�

Theorem 2.11. The system (8) is controllable on J if and only if the controllability matrix

(14) � c =
�
B AB A 2B � � � An � 1B

�

has full rank, i.e., rank(� c) = n, where n is the dimension of the state vectorz(t).

Proof. () ) Assume the system is not controllable. By theorem (2.10), there existsy 6= 0
such that:

(15) y� � GC E p
’ (A; b; s) B

�
= 0 ; 8s 2 [0; b]

Evaluating at s = b yields:
y� B = 0

Di�erentiating (15) with respect to s and using ’ (s; p) 6= 0 gives:

y� A
� GC E p

’ (A; b; s) B
�

= 0

Setting s = b again produces:
y� AB = 0

Repeating this processn � 1 times generates the full set of conditions:

y� �
B AB A 2B � � � An � 1B

�
= 0

This contradicts the full rank assumption of � c, proving necessity.
[Proof of Necessity (( )] Assume rank(� c) < n . Then 9y 6= 0 such that:

y� � c = y� �
B AB � � � An � 1B

�
= 0(16)

) y� A i B = 0 for i = 0 ; 1; : : : ; n � 1
By the Cayley-Hamilton theorem, this implies:

y� eA� B = 0 ; 8� =
Z s

0

1
’ (t; p)

dt 2 R:

For the fractional system, we obtain:

y� GC E p
’ (A; b; s) B = y� eA

Rb
0

1
’ ( t;p ) dte� A

Rs
0

1
’ ( t;p ) dtB

= y� eA
Rb

s
1

’ ( t;p ) dtB = 0 8s 2 J(17)

This leads to:

y� W y =
Z b

0

1
’ (t; p)



 y� GC E p
’ (A; b; t)B



 2 dt = 0

) W is not positive de�nite

Therefore, the system is not controllable when rank(� c) < n . �

3. Controllability Results

Consider the following integrodi�erential system [25]:

(18)
� GC D p

’ z(s) = Az(s) + B up
’ (s) + g(s; z(s);

Rs
0 h(s; r; z(r ))dr ); s 2 J

z(0) = z0

where:
� GC D p

’ z(s) is the general conformable fractional derivative of orderp 2 (0; 1]
� ’ : J � (0; 1] ! R+ is a nonnegative continuous function generalizing both standard

fractional and conformable derivatives
� z(s) and u(s) 2 Rn are the state and control vectors respectively
� A : D(A) � Rn ! Rn is the in�nitesimal generator of a strongly continuous semigroup

f eAs ; s 2 J g on Rn
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� B : U ! Rn is a bounded linear control operator.
� g : J � Rn � Rn ! Rn and h : J � J � Rn ! Rn are nonlinear functions
� The solution space isR̂ = C(J; Rn ) (continuous functions from J to Rn )

De�nition 3.1. De�ne the nonlinear map of GC Pp
’ : R̂ ! R̂ by:

GC Pp
’ (z(s)) = GC E p

’ (A; s; 0)z0 +
Z s

0

1
’ (t; p)

GC E p
’ (A; s; t )

�
h
g
�

t; z(t);
Z t

0
h(t; r; z (r ))dr

�
+ B GC up

’ (t)
i
dt

(19)

where:
� GC up

’ (s) 2 L 2(J; U ) is the admissible control process
� The control function is given by:

GC up
’ (s) = Q� 1

h
z1 � GC E p

’ (A; b;0)z0 �
Z b

0

1
’ (t; p)

GC E p
’ (A; b; t)

� g
�

t; z(t);
Z t

0
h(t; r; z (r ))dr

�
dt

i
(s); s 2 J

(20)

� Q : L 2(J; Rn ) ! Rn is an operator de�ned by:

(21) Q =
Z s

0

1
’ (t; p)

GC E p
’ (A; s; t ) B dt

Lemma 3.2. The mapping GC Pp
’ (z(s)) constitutes a mild solution of system (18).

Proof. SinceGC E p
’ (� A; s; 0) 6= 0 : , we can multiply equation (18) by GC E p

’ (� A; s; 0), Then
we obtain the following:

GC E p
’ (� A; s; 0)GC D p

’ z(s) � AGC E p
’ (� A; s; 0)z(s) = GC E p

’ (� A; s; 0)B GC up
’ (s)

+ GC E p
’ (� A; s; 0)g

�
s; z(s);

Z s

0
h(s; r; z(r ))dr )

�

This can be rewritten as:
GC D p

’
� GC E p

’ (� A; s; 0)z(s)
�

= GC E p
’ (� A; s; 0)B GC up

’ (s)

+ GC E p
’ (� A; s; 0)g

�
s; z(s);

Z s

0
h(s; r; z(r ))dr )

�

Applying the fractional integral operator GC I p
’ , we get:

(22)

GC E p
’ (� A; s; 0)z(s) � E p

’ (� A; 0; 0)z(0)

=
Z s

0

1
’ (t; p)

GC E p
’ (� A; t; 0) B GC up

’ (t)dt

+
Z s

0

1
’ (t; p)

GC E p
’ (� A; t; 0) g

�
t; z(t);

Z t

0
h(t; r; z (r ))dr )

�
dt

Multiplying both sides of equation (22) by GC E p
’ (A; s; 0), we �nally obtain

Pp
’ z(s) = GC E p

’ (A; s; 0) z0 +
Z s

0

1
’ (t; p)

GC E p
’ (A; s; t )

�
h
B u (t) + g

�
t; z(t);

Z t

0
h(t; r; z (r ))dr )

�i
dt

which con�rms that GC Pp
’ z(s) is a mild solution of (18).

�

Now, let introduce the following assumptions:
(A 1): Let 1

’ be a square integrable function andQ : L 2(J; Rn ) ! Rn be an operator such
that is de�ned by the following equation:

(23) Q GC up
’ (t) =

Z s

0

1
’ (t; p)

GC E p
’ (A; s; t )B GC up

’ (t)dt:

Q� 1 2 L 2(J; Rn ) j ker Q is an inverse operator ofQ.
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(A 2): Let g : J � Rn � Rn ! Rn be a continuous function, and for all zi ; yi 2 Rn , s 2 J ,
there exists L g(s) 2 R̂ a non-negative function such that,

(24) kg(s; z1; y1) � g(s; z2; y2)k � L g(s)
�

kz1 � z2k + ky1 � y2k
�

(A 3): Let h : J � J � Rn ! Rn be a continuous function, and for all zi 2 Rn , s 2 J , there
exists L h(s; t) 2 C(J � J; Rn ) a non-negative function such that:

(25)






Z s

0
h(s; r; z1)dr �

Z s

0
h(s; r; z2)dr





 �
Z s

0
L h(s; r )kz1 � z2kdr � L h(s)kz1 � z2k

(A 2) + ( A 3): There exists non-negative functionsL g(s) 2 R̂ and L h(s; t) 2 C(J � J; Rn )
such that, for all zi ; yi 2 Rn and s 2 J :

(26)





 g
�
s; z1;

Z s

0
h(s; r; z1) dr

�
� g

�
s; z2;

Z s

0
h(s; r; z2) dr

� 





� L g(s)
�

kz1 � z2k +






Z s

0
h(s; r; z1) dr �

Z s

0
h(s; r; z2)dr






�

� L g(s)
�

kz1 � z2k +
Z s

0
L h(s; r )kz1 � z2kdr

�

� L g(s) kz1 � z2k
�

1 + L h(s)
�

We consider the following.
� N A = kAk
� H =



 Q� 1




L (Rn ;L 2 (J;Rn ) jker Q)
� Sg = sups2 J kg

�
s;0;

Rs
0 h(s; r; 0)dr

�
k

� H1 = GC E p
’ (NA ; s;0)kz0k + Sg

N A
GC E p

’ (NA ; b;0)
�

GC E p
’ (NA ; b;0) � 1

�

� H2 = 1
N A

GC E p
’ (NA ; b;0)

�
GC E p

’ (NA ; b;0) � 1
�

kL gkR̂

� H3 = 1
N A

GC E p
’ (NA ; b;0)

� GC
E p

’ (NA ; b;0) � 1
�

kL gkR̂ kL hkR̂

� H4 = H GC E p
’ (NA ; b;0)

� Rb
0

1
’ 2 (t;p )

GC E p
’ (2NA ; t; 0)dt

� 1
2

Theorem 3.3. Suppose that (23) and (26) are ful�lled. If the following condition is satis�ed

(27) H2 [1 + H4kB k] < 1;

then the system (18) is completely controllable onJ .

Proof. There will be multiple steps involved in providing the proof.
Step 1: Showing that P (z1(s)) + P (z2(s)) 2 B r . Let B r be a closed, bounded, and convex
subset ofR̂ de�ned by

(28) B r = f z 2 R̂; kzkC � r g

Our aim is to prove that for any z1; z2 2 B r , it hols that
�
P (z1(s)) + P (z2(s)

�
2 B r

According to assumptions (23),(24) and (26) and using the factkeAs k � ekAsk, it follows that
for any z 2 B r :

kGC up
’ (s)kL (Z;L 2 (J;U ) jker Q) � kQ � 1kL (Z;L 2 (J;Z ) jker Q)

�




 z1 � GC E p

’ (A; b;0)zo �
Z b

0

1
’ (t; p)

GC E p
’ (A; b;0)GC E p

’ (� A; t; 0)






�




 g

�
t; z(t);

Z t

0
h(t; r; z (r ))dr

�
dt







Applying the growth conditions on g, we obtain

kGC up
’ (s)k � H kz1k + H GC E p

’ (NA ; b;0)kz0k

+ H GC E p
’ (NA ; b;0)

Z b

0

1
’ (t; p)

GC E p
’ (NA ; t; 0)




 g
�
t; z(t);

Z t

0
h(t; r; z (r ))dr

�
� g

�
t; 0;

Z t

0
h(t; r; 0)dr

�
+ g

�
t; 0;

Z t

0
h(t; r; 0)dr

� 


 dt
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By the Lipschitz continuity of g and h, this further implies

kGC up
’ (s)k � H kz1k + H GC E p

’ (NA ; b;0)kz0k

+ H GC E p
’ (NA ; b;0)

Z b

0

1
’ (t; p)

GC E p
’ (NA ; t; 0)

� L g(t)
�

kz1k +
Z t

0
kh(t; r; z (r )) � h(t; r; 0))drk

�
dt

+ H GC E p
’ (NA ; b;0)

Z b

0

1
’ (t; p)

GC E p
’ (NA ; t; 0)





 g
�
t; 0;

Z t

0
h(t; r; 0)dr

� 



 dt

� H kz1k + H GC E p
’ (NA ; b;0)kz0k

+ H GC E p
’ (NA ; b;0)

Z b

0

1
’ (t; p)

GC E p
’ (NA ; t; 0)

� L g(t)
�

kzk +
Z t

0
L h(t; r )kzkdr

�
dt

+ H GC E p
’ (NA ; b;0)

Z b

0

1
’ (t; p)

GC E p
’ (NA ; t; 0)





 g
�
t; 0;

Z t

0
h(t; r; 0)dr

� 



 dt

Performing the integration and simplifying gives

kGC up
’ (s)k � H kz1k + H GC E p

’ (NA ; b;0)kz0k +
H
NA

GC E p
’ (NA ; b;0)

� GC E p
’ (NA ; b;0) � 1

�

�
h

 L gkR̂ kzk

�
1 + kL hkR̂

�
+ Sg

i

Thus,

(29) kGC up
’ (s)k � H

�
kz1k + H1 + r H 2( 1 + H3)

�

Next, decompose the operatorGC Pp
’ = GC P1 + GC P2, where for all s 2 J

GC P1(z(s)) = GC E p
’ (A; s; 0)z0 +

Z s

0

1
’ (t; p)

GC E p
’ (A; s; 0)GC E p

’ (� A; t; 0) B GC up
’ (t)dt;

(30)

GC P2(z(s)) =
Z s

0

1
’ (t; p)

GC E p
’ (A; s; 0) GC E p

’ (� A; t; 0) g
�

t; z(t);
Z t

0
h(t; r; z (r ))dr

�
dt:

(31)

Hence,

kGC P1(z(s)) + GC P2(z(s))k � GC E p
’ (NA ; s;0)kz0k

+ GC E p
’ (NA ; s;0)

Z s

0

1
’ (t; p)

GC E p
’ (NA ; t; 0)

�
�

kB k kGC up
’ (t)k +





 g
�

t; z(t);
Z t

0
h(t; r; z (r ))dr

� 




�

dt
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According to assumptions (23),(24) and (26), we obtain the following.

kGC P1(z(s)) + GC P2(z(s))k � GC E p
’ (NA ; s;0)kz0k

+ GC E p
’ (NA ; s;0)

Z s

0

1
’ (t; p)

GC E p
’ (NA ; t; 0)

�
�

L g(t) kzk
�
1 + L h(t)

�
+





 g
�
t; 0;

Z t

0
h(t; r; 0)dr

� 




�

dt

+ GC E p
’ (NA ; b;0)

� Z s

0

1
’ 2(t; p)

GC E p
’ (2NA ; t; 0) dt

� 1
2 kB k � k GC up

’ kL 2 (J;Z )

� GC E p
’ (NA ; s;0)kz0k

+
1

NA

GC E p
’ (NA ; s;0)

� GC E p
’ (NA ; s;0) � 1

�
�

�
kL gkR̂ kzk

�
1 + kL hkR̂

�
+ Sg

�

+ GC E p
’ (NA ; b;0)

� Z s

0

1
’ 2(t; p)

GC E p
’ (2NA ; t; 0) dt

� 1
2 kB k � k GC up

’ kL 2 (J;Z )

Substituting (29) and simplifying the constants, we conclude that
(32)
kGC P1(z(s)) + GC P2(z(s))k � H1 + H H 4kB k ( H1 + kz1k) + rH 2

�
1 + H3

�
(1 + H H 4kB k)

� r

(33) for r =
H1 + H H 4kB k ( H1 + kz1k)

1 � rH 2
�
1 + H3

�
(1 + H H 4kB k)

(34) Therefore,
�

GC P1(z(s)) + GC P2(z(s)
�

2 B r

Step 2: Controllability using the contraction mapping We have to prove that GC P1
is a contraction mapping.
According to assumption (26), it follows that for any z; y 2 B r :


 GC up

’ (z(s)) � GC up
’ (y(s))



 � kQ � 1k �
�� ��

Z b

0

1
’ (t; p)

GC E p
’ (A; b;0)GC E p

’ (� A; t; 0)

�
h
g
�
t; z(t);

Z t

0
h(t; r; z (r ))dr

�
� g(t; y (t);

Z t

0
h(t; r; y (r ))dr

� i
dt

�� ��

Using the Lipschitz continuity of g and h, it follows that

(35)



 GC up
’ (z(s)) � GC up

’ (y(s))


 �

H
NA

GC E p
’ (NA ; b;0)

� GC E p
’ (NA ; b;0) � 1)

�

�
�

L g(t) kz(t) � y(t)k
�
1 + L h(t)

� �

� H H 2
�
1 + H3

�
kz � ykR̂

Therefore,


 GC P1(z(s)) � GC P1(y(s))



 � GC E p
’ (NA ; s;0)

Z s

0

1
’ (t; p)

GC E p
’ (NA ; t; 0) kB k

�


 GC up

’ (z(t)) � GC up
’ (y(t))




L 2 (J;Z ) dt

� GC E p
’ (NA ; s;0)

� Z s

0

1
’ 2(t; p)

GC E p
’ (2NA ; t; 0) dt

� 1
2 kB k



 GC up
’ (z) � GC up

’ (y)




� H2 H4 kB k
�
1 + H3

�
kz � ykR̂

(36) Thus,


 GC P1(z(s)) � GC P1(y(s))



 � K kz � yk;

(37) k = H H 2 H4 kB k
�
1 + H3

�

We conclude that GC P1 is a contraction mapping.
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Step 3: Show that GC P2 is a continuous and compact operator.
First, GC Pp

’ is continuous since for alls 2 J , GC E p
’ (A; s2; 0) is strongly continuous in J ,

g and h are continuous in J . Second, we have to prove thatGC Pp
’ (Br ) � R̂ is bounded for

eachz 2 B r and s 2 J .
���
���GC P2(z(s))

���
��� � GC E p

’ (NA ; s;0)
Z s

0

1
’ (t; p)

GC E p
’ (NA ; t; 0)

�
���
���g(t; z(t);

Z t

0
h(t; r; z (r ))dr ) � g(t; 0;

Z t

0
h(t; r; 0)dr )

���
���dt

+ GC E p
’ (NA ; s;0)

Z s

0

1
’ (t; p)

GC E p
’ (NA ; t; 0)

�
���
���g(t; 0;

Z t

0
h(t; r; 0)dr

���
���dt

By assumption (26), it follows that
���
���GC P2(z(s))

���
��� �

1
NA

GC E p
’ (NA ; b;0)

� GC E p
’ (NA ; b;0) � 1

�

�
�

kL gkR̂ kzk
�
1 + kL h

�
kR̂ + Sg

�

(38) Hence,
���
���GC P2(z(s))

���
��� � H1 + r H 2

�
1 + H3

�
� GC E p

’ (NA ; s;0)kz0k

So, GC P2(Br ) is bounded. Third, we have to prove that GC P2 is equicontinuous. Lets1; s2 2
J . According to (26), we have:

kGC P2(z(s2)) � GC P2(z(s1))k � GC E p
’ (NA ; s2; 0)

Z s2

0

1
’ (t; p)

GC E p
’ (NA ; t; 0)

�
���
���g

�
t; z(t);

Z s2

0
h(t; r; z (r ))dr

�
dt

���
���ds2

� GC E p
’ (NA ; s1; 0)

Z s1

0

1
’ (t; p)

GC E p
’ (NA ; t; 0)

�
���
���g

�
t; z(t);

Z s1

0
h(t; r; z (r ))dr

�
dt

���
���ds1

� G 1 + G2

where

(39)
G1 =



 GC E p
’ (A; s2; 0) � GC E p

’ (A; s1; 0)




Z s2

s1

1
’ (t; p)

GC E p
’ (NA ; t; 0)

�




 g(t; z(t);

Z t

0
h(t; r; z (r ))dr





 dt

(40) G2 = GC E p
’ (NA ; s2; 0)

Z s2

s1

1
’ (t; p)

GC E p
’ (NA ; t; 0) �





 g(t; z(t);
Z t

0
h(t; r; z (r ))dr





 dt

G1 �
���
���GC E p

’ (A; s2; 0) � GC E p
’ (A; s1; 0)

���
���

Z s2

s1

1
’ (t; p)

GC E p
’ (NA ; t; 0)

�
���
���g(t; z(t);

Z t

0
h(t; r; z (r ))dr ) � g(t; 0;

Z t

0
h(t; r; 0)dr )

���
���dt +

���
���GC E p

’ (A; s2; 0)

� GC E p
’ (A; s1; 0)

���
���

Z s2

s1

1
’ (t; p)

GC E p
’ (NA ; t; 0)

���
���g(t; 0;

Z t

0
h(t; r; 0)dr

���
���dt
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By applying the Lipschitz condition, we obtain

(41)
G1 �

1
NA

���
���GC E p

’ (NA ; s2; 0) � GC E p
’ (NA ; s1; 0)

���
���

� GC E p
’ (NA ; s2; 0) � 1

�

�
�

r kL gkR̂
�
1 + kL h

�
kR̂ + Sg

�

Therefore, G1 tend to 0 as s1 tend to s2

G2 � GC E p
’ (NA ; s2; 0)

Z s2

s1

1
’ (t; p)

GC E p
’ (NA ; t; 0)

�
���
���g(t; z(t);

Z t

0
h(t; r; z (r ))dr ) � g(t; 0;

Z t

0
h(t; r; 0)dr )

���
���dt

+ GC E p
’ (NA ; s2; 0)

Z s2

s1

1
’ (t; p)

GC E p
’ (NA ; t; 0)

���
���g(t; 0;

Z t

0
h(t; r; 0)dr

���
���dt

By applying the Lipschitz condition, we obtain

(42)
G2 �

1
NA

GC E p
’ (NA ; s2; 0)

� GC E p
’ (NA ; s2; 0) � GC E p

’ (NA ; s1; 0)
�

�
�

r kL gkR̂
�
1 + kL hkR̂

�
+ Sg

�

Hence, G2 tends to 0 ass1 tends to s2. Therefore, P2(Br ) is equicontinuous. SinceP2(Br )
is bounded and equicontinuous, it follows that GC P2 is compact. Thus, by Krasnoselskii’s
�xed point theorem, GC P has a �xed point z 2 B r , which is a mild solution of system (18)
satisfying z(b) = z1. Therefore, the system (18) is completely controllable �

4. Application

Example 4.1. Consider the system (18) with

A =
�
1 0
0 � 2

�
; B = 105 �

�
5 0
0 2

�
;

’ (s; p) = 1
2(s + 1) + p; with p = 1

2 and b = 1 :
Then,

1
’ (t; p)

=
1

1 + 1
2 t

and,
Z s

0

1
1 + 1

2 t
dt = 2 ln

�
2 + s

2

�
:

We now consider a nonlinear function of the form

g(s; z; � ) =

2

66664

s + 2
102 sin(z1) +

�
s + 1

9

� 2
� 1

s + 2
102 sin(z2) +

�
s + 1

9

� 2
� 2

3

77775
; � =

Z s

0
h(s; r; z)dr; h (s; r; z) = e� (s� r )z:

Substituting the de�nition of h into the integral term, we obtain

Z s

0
h(s; r; z(r ))dr =

2

4

Rs
0 e� (s� r )z1(r )dr

Rs
0 e� (s� r )z2(r )dr

3

5 :

Therefore, the non-linear function becomes

g
�

s; z(s);
Z s

0
h(s; r; z(r ))dr

�
=

2

66664

s + 2
102 sin(z1(s)) +

�
s + 1

9

� 3 Rs
0 e� (s� r )z1(r )dr

s + 2
102 sin(z1(s)) +

�
s + 1

9

� 3 Rs
0 e� (s� r )z2(r )dr

3

77775
:

1. Computation of the product GC E p
’ (A; b;0) GC E p

’ (� A; s; 0).
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We have GC E p
’ (A; b;0) =

" � 3
2
� 2 0

0
� 2

3
� 4

#

; GC E p
’ (� A; s; 0) =

2

4
�

2
2+ s

� 2
0

0
� 2+ s

2
� 4

3

5 :

Hence

GC E p
’ (A; b; t) =

2

4
�

3
2+ s

� 2
0

0
� 2+ s

3
� 4

3

5 :

2. Derivation of the conformable Gramian matrix W .

W =
Z 1

0

1
’ (t; p)

� GC E p
’ (A; b; t)B

� � GC E p
’ (A; b; t)B

� � dt:

Using

� GC E p
’ (A; b; t)B

� � GC E p
’ (A; b; t)B

� � = 1010 �

2

452 �
�

3
2+ t

� 4
0

0 22 �
� 2+ t

3
� 8

3

5 ;

We obtain

W =
Z 1

0

2 � 1010

2 + t
�

2

452 �
�

3
2+ t

� 4
0

0 22 �
� 2+ t

3
� 8

3

5 dt

= 1010 �
Z 1

0

"
2� 52 � 34

(2+ t )5 0

0 23 � (2+ t )7

38

#

dt

= 1010 �
� 1625

32 0
0 23 � 6305

6561

�
:

Which gives that

W � 1 = 10 � 10
� 32

1625 0
0 6561

23 � 6305

�
� 10� 10

�
0:0196 0

0 0:13007

�
:

3. Calculation of Q:

Q(b) =
Z s

0

1
’ (t; p)

GC
E p

’ (A; s; t )Bdt

=
Z b

0

2
2 + t

� 105 �

2

4
5 �

�
2+ b
2+ t

� 2
0

0 2 �
�

2+ t
2+ b

� 4

3

5 dt

= 1010 �
� � 5

3
� 2 0

0 65
81

�

Hence the inverse ofQ is given b

Q� 1 = 10 � 10 �
� � 3

5
� 2 0

0 81
65

�

4. Veri�cation of Lipschitz condition:
For z1; z2 2 R and z0

1; z0
2 2 R,

kg1(s; z1; � 1) � g1(s; z0
1; � 0

1)k =
����
s + 2
102

���� � k sin(z1) � sin(z0
1)k +

����
s + 1

9

����
3

� k� 1 � � 0
1k

� L g;z(s)kz1 � z0
1k + L g;� (s; r )k� 1 � � 0

1k

kg2(s; z2; � 2) � g2(s; z0
2; � 0

2)k =
����
s + 2
102

���� � k sin(z2) � sin(z0
2)k +

����
s + 1

9

����
3

� k� 2 � � 0
2k

� L g;z(s)kz2 � z0
2k + L g;� (s; r )k� 2 � � 0

2k
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where L g;z = sup
s2 [0;1]

s + 2
102 =

3
100

= 0 :03 and L g;� = sup
s2 [0;1]

�
s + 1

9

� 3
� 0:01097:

Thus
kg(s; z; � ) � g(s; z0; � 0)k � 0:03 kz � z0k + 0 :01097k� � � 0k:

Thus g is Lipschitz in (z; � ) with Lipschitz constant

L g � 0:03 + 0:01097� 0:04097:

Lipschitz property of the integral operator:
We recall that � =

Rs
0 h(s; r; z(r )) dr =

Rs
0 e� (s� r ) dr .

Compute the integral Z s

0
e� (s� r ) dr =

Z s

0
e� u du = 1 � e� s:

Hence the norm ofL h on [0; 1] is

L h = sup
s2 [0;1]

(1 � e� s) = 1 � e� 1 � 0:6321

k� 1 � � 0
1k �

Z s

0
e� (s� r )kz1 � z0

1k dr � L h(s) kz1 � z0
1k

k� 2 � � 0
2k �

Z s

0
e� (s� r )kz2 � z0

2k dr � L h(s) kz2 � z0
2k

Combining these estimates yields:

kg(s; z; � ) � g(s; z0; � 0)k � L g;zkz � z0k + L g;� L hkz � z0k � (L g;z + L g;� L h) kz � z0k

Combining L g;z, L g;� and L h we obtain the following:

q = L g;z + L g;� L h � 0:03 + (0:01097� 0:6321) � 0:0369

5. Computation of H4:
We recall that

H4 = H GC E p
’ (NA ; b;0)

� Z b

0

1
’ 2(t; p)

GC E p
’ (2NA ; t; 0)dt

� 1
2

First compute

NA = kAk = 2 ; and GC E p
’ (NA ; b;0) = e2

R1
0

2
2+ t dt = e4 ln 3

2 =
� 3

2
� 4

Similarly
GC E p

’ (2 NA ; t; 0) = e4
Rt

0
2

2+ t dt = e8 ln 2+ t
2 =

� 2 + t
2

� 8

Hence
Z b

0

1
’ 2(t; p)

GC E p
’ (2 NA ; t; 0)dt =

Z 1

0

� 2 + t
2

� 6dt =
2
7

� � 3
2

� 7 � 1
�

=
2059
448

Since
H = kQ� 1k = kW � 1k

1
2 � (0:13007� 10� 10)

1
2 � 0:3606� 10� 5

We obtain

H4 = H :GC E p
’ (NA ; b;0)

� Z b

0

1
’ 2(t; p)

GC E p
’ (2NA ; t; 0)dt

� 1
2

= 0 :3606� 10� 5 �
94

24 �
� 2059

448

� 1
2

� 0:00317

6. Computation of H2 Using

GC E p
’ (NA ; b;0) =

� 3
2

� 4 and q � 0:0369:
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We obtain

H2 =
1

NA

GC E p
’ (NA ; b;0)

�
GC E p

’ (NA ; b;0) � 1
�

� q

=
1
2

�
81
16

�
65
16

� 0:0369

� 0:0369

Using
H2 [1 + H4 kB k] � 0:0369 (1 + 0:00317)� 0:037< 1:

Consequently, all the conditions of theorem (3.3) are satis�ed and the system (18) is com-
pletely controllable on [0; 1].

5. Conclusion

This paper established a novel set of veri�able su�cient conditions for the complete con-
trollability of semilinear integrodi�erential systems whose dynamics are controlled by the
generalized conformable fractional derivative. These results hold under the assumption that
the corresponding linear component is completely controllable.

6. Data Availability Statement

Data sharing is not applicable to this paper as no new data were created or analyzed in
this work.

7. Conflict of Interest

The authors declare that they have no con
ict of interest.

References
[1] Mishra, S., Mishra, L. N., Mishra, R. K., and Patnaik, S. (2019). Some applications of fractional calculus

in technological development. Journal of Fractional Calculus and Applications, 10(1), 228{235.
[2] Sun, H., Zhang, Y., Baleanu, D., Chen, W., and Chen, Y. (2018). A new collection of real world applications

of fractional calculus in science and engineering. Communications in Nonlinear Science and Numerical
Simulation, 64, 213{231.

[3] Kumar, D., and Baleanu, D. (2019). Editorial: Fractional calculus and its applications in physics. Frontiers
in Physics, 7.

[4] Katugampola, U. N. (2014). A new approach to generalized fractional derivatives. arXiv:1106.0965 [math],
6(4), 1{15.

[5] Miller, K. S., and Ross, B. (1993). An introduction to the fractional calculus and fractional di�erential
equations. John Wiley and Sons, Inc.

[6] Podlubny, I. Geometric and physical interpretation of fractional integration and fractional di�erentiation.
Fract. Calc. Appl. Anal. 5(4), 367{386 (2002)

[7] De Oliveira, E. C., and Machado, J. A. (2014). A review of de�nitions for fractional derivatives and integral.
Mathematical Problems in Engineering, 2014.

[8] Khalil, R., Al Horani, M., Yousef, A., and Sababheh, M. (2014). A new de�nition of fractional derivative.
Journal of Computational and Applied Mathematics, 264, 65{70.

[9] Kajouni, A., Cha�ki, A., Hilal, K., and Oukessou, M. (2021). A new conformable fractional derivative and
applications. International Journal of Di�erential equations, 2021, 6245435.

[10] Kalman, R. E. (1960). A new approach to linear �ltering and prediction problems. Journal of Basic
Engineering, 82(1).

[11] Wei, J. (2012). The controllability of fractional control systems with control delay. Computers and Math-
ematics with Applications, 64(10), 3153{3159.

[12] Jneid, M.(2017). Approximate controllability of semilinear integro-di�erential fractional control systems
with nonlocal conditions,Appl. Math. Sci. 11(29), 1441{1453.

[13] Jneid, M., and Awadalla, M. (2020). On the controllability of conformable fractional deterministic control
systems in �nite-dimensional spaces. International Journal of Mathematics and Mathematical Sciences,
2020, 9026973.

[14] Azouz, F., Boucenna, D., Ben Makhlouf, A., Mchiri, L., and Benchaabane, A. (2021). Controllability of
di�erential systems with the general conformable derivative. Complexity, 2021, 2817092.

[15] Balachandran, K., and Anthoni, S.M. (1999) "Controllability of second order semilinear ordinary di�er-
ential systems in Banach spaces." International Journal of Stochastic Analysis, 12(3), 265-277.

[16] Park, J. Y., and Han, H. K. (1996). Approximate controllability of second order integrodi�erential systems.
Indian Journal of Pure and Applied Mathematics, 29, 941{950.

[17] Balachandran, K., Park, J. Y., and Anthoni, S. M. (1996). Controllability of second order semi-linear
Volterra integrodi�erential systems in Banach spaces. Bulletin of the Korean Mathematical Society, 35,
1{13.

69 / 193



On the complete controllability of fractional-order integrodi�erential system involving
generalized conformable derivatives

[18] Balachandran, K., and Anthoni, S. M. (2000). Controllability of second order semi-linear delay integrod-
i�erential systems m Banach spaces. Libertas Mathematica, 20, 79{88.

[19] Balachandran, K., Park, D. G., and Manimegalai, P. (2005). Controllability of second-order integrod-
i�erential evolution systems in Banach spaces. Computers and Mathematics with Applications, 49(11),
1623{1642.

[20] Jneid, M.(2024). On partial exact controllability of fractional control systems in conformable sense, Jour-
nal of Mathematics, https://doi.org/10.1155/2024/9531298

[21] Jneid, M. (2024). Results on Partial Approximate Controllability of Fractional Control Sys-
tems in Hilbert Spaces With Conformable Derivatives, AIP Advances 14, no. 2 : 025128,
https://doi.org/10.1063/5.0190334

[22] Zhao, D., and Luo, M. (2017). General conformable fractional derivative and its physical interpretation.
Calcolo, 54, 903{917.

[23] Chung, W.S. (2015). Fractional newton mechanics with conformable fractional derivative. J Comput Appl
Math 290:150{158

[24] Sar�ka, M. Z., Budak, H., and Usta, H. (2019). On generalized the conformable fractional calculus. TWMS
Journal of Applied and Engineering Mathematics, 9(4), 792{799.

[25] Balachandran, K., Dauer, J., and Balasubramaniam, P. (1996). Controllability of semilinear integrodi�
erential systems in Hilbert spaces. J. Math. Syst. Estimation Control, 6, 1-10.

Maher Jne�d � (corresponding author)
Derpartment of Mathematics and Computer Science, Beirut Arab Univer-

sity, Tripoli, Lebanon
Rola Masri
Derpartment of Mathematics and Computer Science, Beirut Arab Univer-

sity, Tripoli, Lebanon

Email(s): m.jneid@bau.edu.lb� (corresponding author), rmm462@student.bau.edu.lb

70 / 193



3rd International Conference: Constructive Mathematical
Analysis

On a two-layer conjugate problem for the heat
conduction equation in a rectangle

Kulyash Kaliyeva � , Ajiaheer Gemingnuer

Abstract . The analytical theory of nonstationary heat conduction is a rapidly developing
�eld of mathematical physics and is widely applied to solving important technical problems
in heat and mass transfer processes that express the energy balance and the balance of the
corresponding substances. This paper investigates the initial{boundary value problem for
the heat conduction equation in a two-layer rectangular medium with a given initial temper-
ature distribution, boundary conditions, and coupling conditions at the contact surface. The
boundary coupling condition at the line of contact between the media corresponds to heat
exchange between the body’s surface and the surrounding environment according to Fourier’s
law of heat conduction, under the assumption that the temperatures of the contacting sur-
faces are ideal thermal contact. In addition, the 
ow of a 
uid (or gas) around a solid body
determines the heat transfer in the region close to the body’s surface, where it occurs accord-
ing to the law of thermal conductivity (molecular heat transfer). This process corresponds
to the heat exchange between contacting solid bodies that satisfy the boundary coupling
conditions. An analytical solution to the problem of unsteady heat conduction in a two-layer
rectangular medium is constructed using the classical method of separation of variables in
combination with integral transforms|speci�cally, the Laplace transform with respect to the
time variable and the �nite Fourier transform with respect to the spatial variables|in the
form of convolution heat potentials whose kernels satisfy the initial and boundary conditions.

2020 Mathematics Subject Classifications : 35A09, 35K05, 35K20

Keywords: two-layer conduction, conjugate problem, unsteady temperature, discontin-
uous coe�cients, heat exchange

Introduction

Thermodynamic processes are accompanied by heat transfer between structural elements
within the working space of thermal installations and the surrounding environment. In such
processes, heat serves as a quantitative measure of energy exchange between bodies, and the
regularities of heat transfer are governed by the theory of heat exchange and heat trans-
fer. The motivation for research in this �eld arises from the practical signi�cance of the
heat conduction equation with discontinuous coe�cients in engineering applications, as well
as from its deep connection to various branches of mathematics, including function theory,
integral equation theory, series and integral theory, functional analysis, and approximation
theory. According to the second law of thermodynamics, spontaneous heat transfer occurs in
a medium whenever a temperature di�erence exists, proceeding in the direction of decreasing
temperature. In addition to classical heat conduction and di�usion problems, similar mathe-
matical models appear in the theory of heat and mass transfer|such as in the description of
drying and cooling processes|as well as in the theory of nuclear chain reactions for studying
neutron moderation, in signal theory for the macroscopic description of random processes
at the output of radio engineering devices, and in the study of many processes in biological
and chemical kinetics, among other technical applications. The study of nonstationary ini-
tial{boundary value problems for the heat conduction equation with discontinuous coe�cients
is one of the key problems in the theory of partial di�erential equations and is of great inter-
est not only to mathematicians but also to researchers in engineering and applied sciences.
Boundary value problems for the heat conduction equation with discontinuous coe�cients
constitute one of the classical objects of study.Boundary value problems for equations with
discontinuous coe�cients that are most closely related to our research are presented in [1]{[4].
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In the work of Samara [3], the well-posedness of the �rst initial{boundary value problem for
the heat conduction equation with a discontinuous coe�cient is established using the methods
of Green’s functions and thermal potentials. Meanwhile, Kazakh mathematicians Kim E.I.
and Baimukhanov B.B. [4] proved the correctness of the �rst initial{boundary value problem
for a two-dimensional heat conduction equation with a discontinuous heat conduction coe�-
cient by applying the potential method and reducing the problem to an integral equation in
a half-space. In works [3]{[5], the existence of classical solutions to various boundary value
problems for parabolic equations is also demonstrated using thermal potential methods.The
novelty of the present study lies, �rst, in the construction of the Green’s function for the
Cauchy problem in the corresponding domain, which makes it possible to avoid the use of
integral equations that usually arise in similar conjugation problems. Second, knowing the
Green’s function in the given domain allows one to obtain an analytical solution by multiply-
ing the given equation by the constructed Green’s function|as the solution of the conjugate
heat conduction equation|then integrating by parts and taking the limit as t ! 0.

1. Mathematical formulation of the problem

We denote by u(x; y; t ) a temperature at time t and in position x; y .
Let us consider


 = 
 1 [ 
 2; 
 T = 
 � (0; T )

 1 = f (x; y) : 0 < x < l 0; 0 < y < h g; 
 2 = f (x; y) : l0 < x < l 1; 0 < y < h g

! 1T = f x : 0 < x < l 0g; 0 < t < T; y = 0 ; ! 2T = f x : l0 < x < l 1g; 0 < t < T; y = 0 ;
� 1T = f y : 0 < y < h; 0 < t < T; if x = 0g; � 2T = f y : 0 < y < h; 0 < t < T; if x = lg

We consider the following problem: �nd a solution of the heat equation

(1.1)
@u(x; y; t )

@t
= a2� u(x; y; t ) + f (x; y; t ) on the region 
 T

that satis�es:
The initial condition

(1.2) ujt=0 = u0(x; y) on the region 


Boundary conditions

(1.3) ujx=0 = � 0(y; t); ujx= l = � 1(y; t)

(1.4) ujy=0 = 	 0(x; t ); ujy= h = 	 1(x; t )

Conjugation conditions

(1.5) ujx= l0 � 0 = ujx= l0+0 ; � 1
@u
@x

����
x= l0 � 0

= � 2
@u
@r

����
x= l0+0

2. Main results

Considering the Cauchy problem and applying the �nite Fourier transform with respect to
the variables x , y and and Laplace transform

X in (x) =

8
>><

>>:

X 1n (x) =
sin � n

a1
x

sin � n
a1

l0
; 0 � x � l0

X 2n (x) =
sin � n

a2
( l � x)

sin � n
a2

( l � l0 )
; l0 � x � l

(2.2) Ym (x) = sin
m�y

h
; if 0 � y � h

then, after performing some transformations and applying the inverse Fourier and Laplace
transforms, we obtain the fundamental solution of the Cauchy problem

(2.3) ui (x; y; t ) = u0i � Gi 1 + u02 � Gi 2
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for i=1,2
where

(2.4) G(x; �; y; �; t ) =

8
>>>>>><

>>>>>>:

G11(x; �; y; �; t ); if 0 < x < l 0; 0 < � < l 0

G12(x; �; y; �; t ); if 0 < x < l 0; l0 < � < l
G21(x; �; y; �; t ); if l0 < x < l 1; 0 < � < l 0

G22(x; �; y; �; t ); if l0 < x < l 1; l0 < � < l

(2.5) Gij (x; �; y; �; t ) =

(
gij (x; �; y; �; t ) + gij � ( @

@t � a2
i )g� ; if i = j

gij � ( @
@t � a2

i )g� ; if i 6= j

Here the symbol * denotes the convolution between two functionals.

(2.6) gij (x; �; y; �; t ) =
1X

m;n =1

� e� 2
mn t X in (x)X jn (� )Ym (y)Ym (� )

kX nk2 kYm k2 :

� 2
mn =

(
� 2

n + a2
1� 2

m ; if 0 < x < l 0

� 2
n + a2

2� 2
m ; if l0 < x < l

(2.7) g� (x; �; y; �; t ) =
1X

m;n =1

e� � 2
nm t X in (x)X in (� )Ym (y)Ym (� )

kX nk2kYm k2

(2.7) � 2
nm = � 1� 2

n + � 2� 2
n + ( a2

1 + a2
2)� 2

m

� n - root of transcendental equation

(2.8) � 1a1 cot
�� 0

a1
+ � 2a2 cot

� (l � l0)
a2

= 0

(2.9) kX nk2 =
� 1l20

sin2 � m l0
a1

+
� 2(l � l0)2

sin2 � m ( l � l0 )
a2

(2.10) kYm k2 =
h
2

Theorem. For any functions

f (x; y; t ) 2 C(
 T ) \ C2;1(
 T ); u0(x; y) 2 C(
) \ C2(
) ;

� i (y; t) 2 C(� iT ) \ C2;1(� iT ); 	 i (x; t ) 2 C(! iT ) \ C2;1(! iT ); i = 0 ; 1

then there is a unique classical solution.

u(x; y; t ) =

(
u1(x; y; t ) 2 C(
 1T ) \ C2;1(
 1T )
u2(x; y; t ) 2 C(
 2T ) \ C2;1(
 2T )

satisfying the initial condition (1.2), boundary conditions (1.3)-(1.4) and conjugation condi-
tions (1.5)-(1.6) | which are presented as a sum of thermal potentials:

ui (x; y; t ) = f 1 � Gi 1 + f 2 � Gi 2f 1 � Gi 1 + u0i � Gi 1 + u02 � Gi 2

+ � 1 �
@Gi 2
@�

����
� = l

� � 0 �
@Gi 1
@�

����
� =0

+ 	 1 �
@Gi 2
@�

����
� = h

� 	 0 �
@Gi 1
@�

����
� =0

3. Conclusion

The practical signi�cance of the obtained results lies in the constructive analytical solution
of thermophysical energy transfer problems, which enables a better understanding of internal
processes and the calculation of nonstationary temperature �elds and heat 
uxes in two-layer
sheet products, structures, and installations. This also applies to rectangular samples of
devices and systems in which the thermophysical parameters functionally depend on the 
ow
boundaries, the initial temperature, and the interfaces between media. Such an approach
makes it possible to describe two-layer heat exchange processes based on temperature �elds
and the corresponding initial and boundary conditions.
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K.Kaliyeva � , Congcong Yue

Abstract . The study of initial{boundary value problems for the heat conduction equa-
tion and the development of analytical methods for their solution represent an important
and rapidly developing �eld of mathematical physics. Using the method of integral trans-
forms|Laplace for the time variable and the �nite Fourier transform for the spatial vari-
ables|an analytical solution is constructed for the nonstationary heat conduction problem
in a three-layer medium. Solutions to such problems can be used to calculate transient tem-
perature �elds and heat 
uxes in three-layer sheet products, structures, and components,
as well as in 
at samples of devices whose thermophysical parameters depend on the initial
temperature and on the boundaries of the three-layer medium. This problem is formulated
and solved for the �rst time in this form. The interface boundary condition of the fourth
kind describes heat exchange between a body’s surface and the surrounding environment in
accordance with Fourier’s law of heat conduction, or heat exchange between contacting solid
bodies when the temperatures of the contacting surfaces are equal (ideal, or perfect thermal
contact).
2020 Mathematics Subject Classifications : 35A09; 35K05; 35K20

Keywords: three lower heat conduction equation, initial boundary value problems, heat
conduction equation, three lower temperature �eld, three lower heat exchange process, tem-
perature �eld with discontinuous coe�cients

1. Introduction

The study of non-stationary initial{boundary value problems for the heat conduction equa-
tion with discontinuous coe�cients represents one of the fundamental issues in the theory of
partial di�erential equations and attracts considerable attention from both mathematicians
and engineers. Boundary value problems with discontinuous coe�cients for the heat conduc-
tion equation are classical research topics in this �eld. Such problems have been investigated
in works [1]{[4]. Kazakh mathematicians E.I. Kim and B.B. Baimukhanov [5] considered the
�rst initial{boundary value problem for the two-dimensional heat conduction equation with
a discontinuous thermal conductivity coe�cient and demonstrated the existence of solutions
using potential methods by reducing the problem to an integral equation in a half-space. In
study [6], the well-posedness of the �rst initial{boundary value problem for the heat conduc-
tion equation with discontinuous coe�cients was established using Green’s functions and heat
potential methods. In work [8], two-dimensional unsteady heat conduction was examined in
a plate consisting of k layers, where the temperature of each medium was measured from the
so-called \false zero." A separate temperature scale and a corresponding variable substitution
were introduced for each layer, but without a consistent connection to the original coordi-
nate system. In works [9]{[11], the existence of classical solutions to various boundary value
problems for parabolic equations was established using heat potential methods. However,
this approach is inadequate because the di�erential equations are derived separately for each
region in its own coordinate system, which leads to the loss of variables from the original
coordinate system. Similar problems arise in the theory of heat and mass transfer when de-
scribing drying and cooling processes, in the theory of nuclear chain reactions when studying
neutron moderation processes, in signal theory when providing a macroscopic description
of random processes at the output of radio engineering devices, as well as in the analysis
of many processes in biological and chemical kinetics and other technical applications. The
motivation for research in this direction stems both from the practical importance of heat
conduction equations with discontinuous coe�cients in engineering applications and from
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their deep connections with several areas of mathematics, including function theory, integral
equations, series and integrals, functional analysis, and approximation theory.

2. Mathematical Formulation of the problem

Let u(x; y; t ) denote temperature at time t in the Cartesian coordinate systemx; y .


 1 = f (x; y) : 0 < x < l 0; 0 < y < h g; 
 2 = f (x; y) : l0 < x < l 1; 0 < y < h g;

 3 = f (x; y) : l1 < x < l; 0 < y < h g; 
 = 
 1 [ 
 2 [ 
 3;

 T = 
 � (0; T ); ! 1T = f x : 0 < x < l; 0 < t < T; if y = 0g;

! 2T = f x : 0 < x < l; 0 < t < T; if y = hg � 1T = f y : 0 < y < h; 0 < t < T; if x = 0g;
� 2T = f y : 0 < y < h; 0 < t < T; if x = lg

We consider the following problem: Find the solution of the heat conduction equation

(2.1)
@u(x; y; t )

@t
= a2� u(x; y; t ) + f (x; y; t ); in domain 
 T

a2 =

8
><

>:

a2
1 2 
 1T ;

a2
2 2 
 2T ;

a2
3 2 
 3T :

satisfying the following conditions:
the initial condition

(2.2) ujt=0 = u0(x; y) on the region 


the boundary conditions:

(2.3) ujx=0 = � 0(y; t); ujx= l = � 1(y; t)

(2.4) ujy=0 = 	 0(x; t ); ujy= h = 	 1(x; t )

and the conjugation conditions

(2.5) ujx= l0 � 0 = ujx= l0+0 ; � 1
@u
@x

����
x= l0 � 0

= � 2
@u
@r

����
x= l0+0

(2.6) ujx= l1 � 0 = ujx= l1+0 ; � 2
@u
@x

����
x= l1 � 0

= � 3
@u
@r

����
x= l1+0

� i | heat transfer coe�cient for i = 1 ; 2; 3.

3. The Main results

3.1. Green’s function and it’s properties. Let us consider Cauchy’s problem

(3.1)
@u(x; y; t )

@t
= a2� u(x; y; t ) in domain 
 T

satisfying the following conditions:
the initial condition

(3.2) ujt=0 = u0(x; y) on the region 


the boundary conditions:

(3.3) ujx=0 = 0 ujx= l = 0

(3.4) ujy=0 = 0 ; ujy= h = 0

and the conjugation conditions

(3.5) ujx= l0 � 0 = ujx= l0+0 ; � 1
@u
@x

����
x= l0 � 0

= � 2
@u
@r

����
x= l0+0

(3.6) ujx= l1 � 0 = ujx= l1+0 ; � 2
@u
@x

����
x= l1 � 0

= � 3
@u
@r

����
x= l1+0

Using the method of integral transforms : Laplace for the time variable and �nite Fourier transformfor spatial variables is constructed the fundamental solution in the following form:ui (x; y; t ) = u0i � Gi 1 + u02 � Gi 2 + u03 � Gi 3
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where G(x; �; y; �; t ) Green’s function for (2.1)-(2.6) problem which was de�ned in the form:

(3.7) G(x; �; y; �; t ) =

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

G11(x; �; y; �; t ); if 0 < x < l 0; 0 < � < l 0

G12(x; �; y; �; t ); if 0 < x < l 0; l0 < � < l 1

G13(x; �; y; �; t ); if 0 < x < l 0; l1 < � < l
G21(x; �; y; �; t ); if l0 < x < l 1; 0 < � < l 0

G22(x; �; y; �; t ); if l0 < x < l 1; l0 < � < l 1

G23(x; �; y; �; t ); if l0 < x < l 1; l1 < � < l
G31(x; �; y; �; t ); if l1 < x < l; 0 < � < l 0

G32(x; �; y; �; t ); if l1 < x < l; l 0 < � < l 1

G33(x; �; y; �; t ); if l1 < x < l; l 1 < � < l

where

(3.8) Gij (x; �; y; �; t ) =

(
gi (x; �; y; �; t )h + ( � 2 � a2

i )� gi � g� ; if i = j� @
@t � a2

i �
�

gi � g� ; if i 6= j

gi (x; �; y; �; t ) =
1X

m;n =1

e� a2
i [� 2

n + ( m�
h )2 ]t [� 2

n +
� m�

h
� 2]X in (x)X in (� )Ym (y)Ym (� )

kX in k2kYim k2

(3.9) g� (x; �; y; �; t ) =
1X

m;n =1

e� � 2 [� 2
mn + ( n�

h )2 ]t [� 2
mn +

� n�
h

� 2]X in (x)X in (� )Ym (y)Ym (� )
kX in k2kYim k2

� 2 =
(� 1 + � 2)a2

1a2
2 + ( � 2 + � 3)a2

2a2
3

� 1a2
2 + � 2(a2

1 + a2
3) + � 3a2

2

X in (x) =

8
><

>:

X 1n (x) = sin � n x
sin � n l0 ; 0 � x � l0

X 2n (x) = sin � n ( l1 � x)
sin � n ( l1 � l0 ) + sin � n (x � l0 )

sin � n ( l1 � l0 ) ; l0 � x � l1
X 3n (x) = sin � n ( l � x)

sin � n ( l � l1 ) ; l1 � x � l

� n ; � n { roots of the system of transcendental equations

(
� 1 cot �l 0 + � 2 cot � (l1 � l0) = � 2

sin � ( l1 � l0 )

� 2 cot � (l1 � l0) + � 3 cot � (l2 � l1) = � 2
sin � ( l1 � l0 )

kX in k2 =
1

� 1� 2
2 + � 2(a2

1 + a2
3) + � 3a2

2

�
� 1a2

2l20
sin2 � n l0

+
� 2(a2

1 + a2
3)( l1 � l0)2

sin � n (l1 � l0) sin � n (l1 � l0)
+

� 3a2
2(l � l1)2

sin2 � n (l � l1)

�

Ym (x) = sin
m�y

h
; if 0 � y � h; kYm k2 =

h
2

The main properties of the Green’s function G(x; �; y � &; t) for the �rst boundary-value
problem (2.1)-(2.6) of the heat conduction equation:

(1) Green’s function G(x; �; y � &; t) is symmetric with respect to the variables x and y.
(2) Green’s function G(x; �; y � &; t) is in�nitely di�erentiable with respect to x; y; and t

for 0 < x < l; 0 < y < h; 0 < t � T .
(3) For each �; &; x; y; t, the function G(x; �; y � &; t) satis�es the heat conduction equation

with respect to x; y; t :

@G(x; �; y � &; t)
@t

� a2
�

@2G(x; �; y � &; t)
@x2

+
@2G(x; �; y � &; t)

@y2

�
= 0 :

(4) Green’s function satis�es the normalization condition:

lim
t ! 0

Z



G(x; �; y � &; t) d
 = 1 :
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(5) Green’s function satis�es the boundary conditions:
8
>>>>>><

>>>>>>:

G(x; �; y � &; t)
��
x=0 = 0 ;

G(x; �; y � &; t)
��
x= l = 0 ;

G(x; �; y � &; t)
��
y=0 = 0 ;

G(x; �; y � &; t)
��
y= h = 0 ;

(6) Green’s function satis�es the conjugation conditions:

Gji
��
x= l j � 1 � 0 = G j +1 ;i

��
x= l j � 1+0 ;

kj
@Gji
@x

����
x= l j � 1 � 0

= k j +1
@Gj +1 ;i

@x

����
x= l j � 1+0

, for i=1,2,3, j=1,2.

3.2. Existence and Uniqueness of the Solution. Using the formula
@
@�

(Gu) = G
@u
@�

+ u
@G
@�

= a2�
G� u � u� G

�
+ Gf

and integrating by parts and then passing to the limit as � ! 0, we obtain the solution of
problem (2.1){(2.6).
Theorem. For any functions

f (x; y; t ) 2 C(
 T ) \ C2;1(
 T ); u0(x; y) 2 C(
) \ C2(
)
,

� i (y; t) 2 C(� iT ) \ C2;1(� iT ); 	 i (x; t ) 2 C(! iT ) \ C2;1(! iT ); i = 0 ; 1
,
a unique classical solution:

u(x; y; t ) =

8
><

>:

u1(x; y; t ) 2 C(
 1T ) \ C2;1(
 1T )
u2(x; y; t ) 2 C(
 2T ) \ C2;1(
 2T )
u3(x; y; t ) 2 C(
 3T ) \ C2;1(
 3T )

satisfying the initial condition (2.2), the boundary conditions (2.3)-(2.4)the conjugation con-
ditions (2.5)-(2.6)which are presented as a sum of the thermal potentials:

ui (x; y; t ) = f 1 � Gi 1 + f 2 � Gi 2f 1 � Gi 1 + f 3 � Gi 3f 1 � Gi 1

+ u0i � Gi 1 + u02 � Gi 2 + u03 � Gi 3

+ � 1 �
@Gi 3
@�

���
� = l

� � 0 �
@Gi 1
@�

���
� =0

+ 	 1 �
@Gi 3
@�

���
� = h

� 	 0 �
@Gi 1
@�

���
� =0

where G(x; �; y; �; t ) is Green’s function for (2.1)-(2.6) problem which was de�ned by the
formulas (3.7)-(3.9).

4. Conclusion

The practical signi�cance of the obtained results lies in solving speci�c initial{boundary
value problems for the heat conduction equation in three-layer media. This enables the
analysis of internal processes and the calculation of nonstationary temperature �elds and
heat 
uxes in three-layer sheet products, structural elements, and constructions, as well as
in rectangular samples of devices and apparatuses where thermophysical parameters depend
on 
ow boundaries, initial temperature, and medium interface boundaries.

These results can be applied to describe three-layer heat exchange processes under pre-
scribed temperature �elds and corresponding initial and boundary conditions. The potential
method provides powerful tools for analyzing and solving heat conduction problems, simpli-
fying the solution process and extending its applicability beyond mathematics and physics.
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The analytical approach to constructing the Green’s function, followed by its transition
to the thermal potential method, is presented here for the �rst time. This approach o�ers
valuable insights into the behavior of heat propagation in multilayer media and represents
an e�ective and preferred method for studying such problems.
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On the two-layer conjugation problem for the heat
conduction equation in a cylinder

Kulyash Kaliyeva� , Jiayue Wang

Abstract . The analytical theory of non-stationary heat conduction in cylindrical surfaces
�nds wide application in solving important technical and technological problems related to
heat and mass transfer processes, which express the balance of energy or matter. This article
considers an initial-boundary value problem for the heat conduction equation on a cylindrical
surface with a given initial temperature distribution, boundary conditions, and conjugation
conditions on the contact cylindrical surface. The boundary conjugation condition (of the
fourth kind) corresponds to heat exchange between the surface of a body and the surround-
ing medium according to Fourier’s law of heat conduction, or to heat exchange between
contacting solid bodies when the temperatures of the contacting surfaces are equal (ideal
or perfect thermal contact). In addition, the 
ow around a solid body is determined by
the 
ow of a 
uid (or gas), where heat transfer from the 
uid (or gas) to the body surface
in the immediate vicinity occurs in accordance with the law of heat conduction (molecular
heat transfer). As a result, the heat exchange process corresponds to the boundary condi-
tion of the fourth kind. Using the method of separation of variables combined with integral
transformations|speci�cally, the Laplace transform with respect to time and the zero-order
Bessel transform with respect to the cylindrical radius|an analytical solution is obtained for
the problem of non-stationary heat conduction in a two-layer medium. The study of initial-
boundary value problems for the heat conduction equation and the development of analytical
methods for their solution represent an important and rapidly developing area of mathemat-
ical physics. Solutions to such problems can be used to calculate non-stationary temperature
�elds and heat 
uxes in two-layer sheet materials, structural elements, and buildings, as well
as in cylindrical specimens of materials and devices whose thermophysical parameters depend
functionally on temperature and medium interfaces. Furthermore, these solutions can be ap-
plied to determine the conditions of two-layer heat exchange processes based on temperature
�elds and corresponding initial and boundary conditions.
2020 Mathematics Subject Classifications : 35A09, 35K05, 35K20

Keywords: two-layer medium, temperature �eld, non-stationary conduction, Bessel func-
tion, conjugation conditions, discontinuous coe�cients

1. Introduction

The study of non-stationary initial{boundary value problems for the heat conduction equa-
tion with discontinuous coe�cients is one of the key topics in the theory of partial di�eren-
tial equations and attracts great interest not only among mathematicians but also among
researchers in technical and applied sciences. Boundary value problems for the heat conduc-
tion equation with discontinuous coe�cients are classical objects of research. Such problems
have been studied extensively in works [1]{[4]. In [3], using the method of Green’s func-
tions and thermal potentials, the well-posedness of the �rst initial{boundary value problem
for the heat conduction equation with a discontinuous coe�cient was established. Further-
more, in the work of Kazakhstani mathematicians E. I. Kim and B. B. Baimukhanov [4],
the well-posedness of the �rst initial{boundary value problem for the two-dimensional heat
conduction equation with a discontinuous thermal conductivity coe�cient was proved using
the potential method and reduction to an integral equation in a half-space. In [3]{[5], by
employing thermal potentials, the existence of classical solutions to various boundary value
problems for parabolic equations was demonstrated.

The motivation for studying this class of problems arises from the practical importance
of the heat conduction equation with discontinuous coe�cients in engineering and applied
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sciences. It is also connected with the development of various branches of mathematics,
including function theory, the theory of integral equations, the theory of series and integrals,
functional analysis, and approximation theory. In addition to classical problems of heat
conduction and di�usion, similar mathematical models occur in heat and mass transfer theory
(for example, in the description of drying and cooling processes), in nuclear chain reaction
theory for studying neutron moderation, in signal theory for the macroscopic description of
random processes at the output of radio-engineering devices, as well as in various processes
of biological and chemical kinetics and other technical applications.

2. Mathematical formulation of the problem

Let us denote by


 = 
 1(0 < r < r 0) [ 
 2(r0 < r < R ); 
 T = [
 1(0 < r < r 0) [ 
 2(r0 < r < R )] � (0; T )

We consider the following problem: �nd a solution of the heat equation

(2.1)
@u
@t

= a2(r )
�

@2u
@r2

+
1
r

@u
@r

�
+ f (r; t )

where

a2(r ) =

(
a2

1; 0 < r < r 0

a2
2; r0 < r < R

; f (r; t ) =

(
f 1(r; t ); 0 < r < r 0

f 2(r; t ); r0 < r < R
that satis�es:
the initial condition

(2.1) u(r; 0) =

(
u01(r ); 0 < r < r 0;
u02(r ); r0 < r < R;

on the region 


boundary conditions:

(2.3) ju(0; t)j < 1 ; u(R; t ) =  (t)

conjugation conditions:

(2.4) u1jr = r 0 � 0 = u2jr = r 0+0 ; k1
@u1
@r

����
r = r 0 � 0

= k2
@u2
@r

����
r = r 0+0

3. Main results

Considering Cauchy’s problem, there is constructed the Green’s function using the �nite
Hankel transform with respect to the variable r and the Laplace transform with respect to
time variable, which is represented in the following

(3.1) G( r; r 0; t) =

8
>>>>>><

>>>>>>:

G11 =
P 1

n=1
e� � 2

n t

kRn k2 R1n (r )R1n (r 0); if 0 < r < r 0; 0 < r 0 < r 0

G12 =
P 1

n=1
e� � 2

n t

kRn k2 R1n (r )R2n (r 0); if 0 < r < r 0; r0 < r 0 < R

G21 =
P 1

n=1
e� � 2

n t

kRn k2 R2n (r )R1n (r 0); if r0 < r < R; 0 < r 0 < r 0

G22 =
P 1

n=1
e� � 2

n t

kRn k2 R2n (r )R2n (r 0); if r0 < r < R; r 0 < r 0 < R

where
(3.2)

Rn (r ) =

8
>><

>>:

R1n (r ) = � 1nJ0

�
� n

a1
r
�

; if 0 < r < r 0;

R2n (r ) = � 2n

�
J0

�
� n

a2
r
�

N0

�
� n

a2
R

�
� N0

�
� n

a2
r
�

J0

�
� n

a2
R

��
; if r0 < r < R;

(3.3) � n =

8
<

:
� 1n = J0

�
� n
a2

r0

�
N0

�
� n
a2

R
�

� N0

�
� n
a2

r0

�
J0

�
� n
a2

R
�

; if 0 < r < r 0

� 2n = J0

�
� n
a1

R
�

; if r0 < r < R;

with squared norm:

(3.4) kRnk2 = � 2
1n

r 2
0
2

J 2
0

�
� n

a1
r0

�
+ � 2

2n
� 2

2J 2
0

�
� n

a2
r0

�
�

J 2
0

�
� n

a2
r0

�
� J 2

0

�
� n

a2
R

��
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here � n are roots of the transcendental equation:

(3.5) det

0

@
J0(�r 0) � N0(�r 0) � J0(�r 0)

k1J 0
0(�r 0) k2N 0

0(�r 0) k2J 0
0(�r 0)

0 N0(�R ) J0(�R )

1

A = 0

Theorem 3.1. For any functions f (r; t ) 2 C(
 T ) \ C2;1(
 T ) \ L 2(
 T ), u0(r ) 2 C(
) \
C2(
) \ L 2(
) , and  (t) 2 C[0; T ] \ C1(0; T ), there exists a unique classical solution

(3.6) u(r; t ) =

(
u1(r; t ) 2 C(
 1T ) \ C2;1(
 1T )
u2(r; t ) 2 C(
 2T ) \ C2;1(
 2T )

satisfying (2.2){(2.4), presented as:

(3.7) ui (r; t ) = f 1 � Gi 1 + f 2 � Gi 2 + u01 � Gi 1 + u02 � Gi 2 + ( � 1)i  �
@Gi 2
@r0

����
r 0= R

Conclusion

The practical signi�cance of the obtained results lies in solving speci�c initial{boundary
value problems for the heat conduction equation in two-layer media, aimed at understanding
internal processes and calculating non-stationary temperature �elds and heat 
uxes in two-
layer and two-layer sheet products, structural elements, and constructions, as well as in
cylindrical samples of devices and apparatuses where thermophysical parameters functionally
depend on 
ow boundaries, initial temperature, and medium interface boundaries. This
makes it possible to apply the conditions of two-layer heat exchange processes in accordance
with given temperature �elds and the corresponding initial and boundary conditions.
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Nonlinear Schwarz problem in triangular domains
Bahriye Karaca

Abstract . In this paper, we study the Schwarz boundary value problem for nonlinear
higher-order elliptic equations in a triangular domain. By employing Pompeiu-type opera-
tors, we reduce the nonlinear di�erential problem to an equivalent integro-di�erential system
and derive explicit integral representations for the solution. Under suitable continuity and
Lipschitz conditions on the nonlinear term, we establish the existence and uniqueness of
solutions via the Banach �xed point theorem.

2020 Mathematics Subject Classifications : 35J60, 35A09, 30E25

Keywords: Schwarz boundary value problem, Nonlinear di�erential equation, Triangular
domain

1. Introduction and Preliminaries

Boundary value problems for complex partial di�erential equations, especially of the Schwarz
type, have been widely investigated because of their central role in complex analysis and their
applications in physics and engineering [1, 2, 3, 4]. Early studies primarily considered clas-
sical domains such as the unit disc, the half-plane, and annular regions, focusing on the
Cauchy{Riemann and polyanalytic equations through the use of integral representations, op-
erator hierarchies, and explicit solution formulas [5, 6, 7, 8, 9, 10, 11, 12, 13, 16, 17, 18, 19].

In this paper, we address the Schwarz problem for nonlinear higher-order equations in
a triangular domain. To set the groundwork, we �rst recall results on the inhomogeneous
Cauchy{Riemann and polyanalytic equations in this setting.

Let T denote a triangular domain in the complex planeC, de�ned as

T =
n

z 2 C : jz � � k j <
p

2; k = 1 ; 2; 3
o

;

where
� 1 = 1 ; � 2 = � 1; � 3 = � i

p
3:

The circles

C1 =
n

z 2 C : jz � 1j =
p

2
o

; C2 =
n

z 2 C : jz + 1 j =
p

2
o

; C3 =
n

z 2 C : jz + i
p

3j =
p

2
o

are centered at � 1; � 2, and � 3 each with radius
p

2. The domain T is the intersection of the
interiors of these three circles.

For z 2 T , de�ne the following transformations:

z2 = �
1
z

; z3 =
� (1 + i

p
3)z + 1 � i

p
3

(1 � i
p

3)z + 1 + i
p

3
; z4 =

(i
p

3 � 1)z � 1 � i
p

3
(� 1 + i

p
3)z + 1 � i

p
3

;

z5 =
z + 1
z � 1

; z6 =
� z + 1
z + 1

; z7 =
� i

p
3z � 1

z � i
p

3
; z8 =

z � i
p

3
i
p

3z + 1
:

It is evident that
z2; z3; z4; z5; z6; z7; z8 =2 T:

The boundary of T , denoted by @T, consists of three circular arcs. Its vertices are given
by

a = � 1
2(

p
3 � 1)(1 + i ); b = 1

2(
p

3 � 1)(1 � i ); c = � i;
which correspond to the pairwise intersections ofC1, C2, and C3.

The next theorem provides the solution of the classical Schwarz problem for the inho-
mogeneous Cauchy{Riemann equation inT , forming the basis for higher-order polyanalytic
cases.
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Theorem 1.1 ([14]). The Schwarz boundary value problem for the inhomogeneous polyana-
lytic equation in the triangular domain T ,

@n
�z w(z) = f (z) in T; Re @s

�z w(z) = #s on @T;

together with the additional conditions
3X

j =1

2
�i

Z

@T\ Cj

Im ( @s
�z w(&))

d&
&� � j

= cs; s = 0 ; : : : ; n � 1;

is uniquely solvable. Its solution is given by

w(z) =
n � 1X

k=0

(� 1)k

k!

3X

j =1

1
�i

Z

@T\ Cj

(&� z + &� z)k#k (&)
�

K 1(z; &) �
2

&� � j

�
d&

(1) +
(� 1)n

(n � 1)!�

ZZ

T
(&� z + &� z)n � 1

h
f (&)K 1(z; &) � f (&)K 2(z; &)

i
d�d� +

n � 1X

s=0

(z + �z)s

s!
ics

where

(2) K 1(z; &) =
4X

k=1

1
&� zk

; K 2(z; &) =
8X

k=5

1
&� zk

; &= � + i�:

2. Integral Operators in the Study of Higher-Order Schwarz Problems

Integral representation formulas are fundamental in studying boundary value problems,
as they provide explicit constructions of solutions and allow for a detailed analysis of both
analytic and functional-analytic properties of associated operators. Within the framework
of the Schwarz problem for higher-order equations in a triangular domain, such formulas
naturally arise and serve as the main tool for constructing solutions.

In particular, the domain integral appearing in (1) is associated with the so-calledT-
operator, which plays a central role in solving the Schwarz problem in triangular domains.
By iterating this operator, one can de�ne higher-order Pompeiu-type operators, which allow
systematic handling of derivatives of arbitrary order. More precisely, we introduce the follow-
ing de�nition. Here, L p;2(T ) denotes the space of measurable functionsf : T ! C such that
kf kL p; 2 (T ) :=

� RR
T jf (z)jp d� d�

� 1=p < 1 . Moreover, D denotes the unit disk in the complex
plane: D = f z 2 C : jzj < 1g.

De�nition 2.1. Let n 2 N and f 2 L p;2(T ); p > 2. For z 2 T , de�ne

(3) ~Tn;T f (z) :=
(� 1)n

(n � 1)! �

ZZ

T

(&� z + &� z)n � 1
h
f (&)K 1(z; &) � f (&)K 2(z; &)

i
d�d�;

with the convention
~T0;T f := f:

The operators ~Tn;T possess a recursive structure that allows them to be expressed as
repeated applications of the �rst-order operator ~T1;T . This property is crucial for establishing
explicit solution formulas and for analyzing the mapping properties of higher-order operators.

Theorem 2.2. For n 2 N, f 2 L p;2(T ); p > 2, and z 2 T , the operator ~Tn;T can be
represented as ann-fold composition of ~T1;T :

(4) ~Tn;T f (z) =
�

~T1;T

� n
f (z);

where
�

~T1;T

� n
denotes then-fold iteration of ~T1;T .

The following result highlights key properties of the operators ~Tn;T regarding derivatives
and boundary behavior, which are essential for solving the Schwarz problem.
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Theorem 2.3. Let f 2 L p;2(T ) with p > 2 and n 2 N. Then, for each 0 � l � n � 1, the
function ~Tn;T f satis�es:

(5) @l
�z

~Tn;T f (z) = ~Tn � 1;T f (z);

(6) Re@l
�z

~Tn;T f (z) = 0 on @T;

(7)
3X

j =1

2
�i

Z

@T\ Cj

Im
�

@l
�z

~Tn;T f (&)
� d&

&� � j
= 0 on @T:

Moreover, these operators are linear and bounded onL p;2(T ), and they provide a systematic
framework for constructing solutions of the Schwarz problem for polyanalytic equations of
arbitrary order in triangular domains.

3. Main results

In this section, we study the Schwarz boundary value problem for nonlinear higher-order
elliptic equations in a triangular domain. The main goal is to establish existence and unique-
ness of solutions by reducing the di�erential problem to an equivalent integro-di�erential
system using Pompeiu-type operators, see [13]. We also formulate precise conditions on the
nonlinear term to ensure well-posedness of the problem.

We consider the elliptic equation

(8) @n
�z w = F (z; w; D � 1 w; D � 2 w; : : : ; D � n w);

of order n in D. Following the notation of [15], we de�ne

(9) D = ( @z; @�z); � j = ( k; l ); j� j j = k + l = j; j = 1 ; 2; : : : ; n;

with the restriction ( k; l ) 6= (0 ; n).
For simplicity, we denote

D � 1 w; D � 2 w; : : : ; D � n w by wk;l :

With this notation, Equation (8) can be equivalently written as

(10) @n
�z w = F (z; wk;l ):

Assumptions on F . We impose the following assumptions on the nonlinear functionF to
ensure well-posedness of the problem:

(1) F (z; wk;l ) is continuous in all its arguments, ensuring smooth dependence onz and
the derivatives of w.

(2) If wk;l 2 L p(D) with p > 2, then F (z; wk;l ) also belongs to L p(D), guaranteeing
integrability.

(3) F (z; wk;l ) satis�es a Lipschitz-type condition:

(11) jF (z; wk;l ) � F (z; ~wk;l )j �
X

k+ l � n

L k;l jwk;l � ~wk;l j � L
X

k+ l � n

jwk;l � ~wk;l j;

where L = max k+ l � n L k;l , controlling the growth of F with respect to the derivatives
of w.

Before formulating the Schwarz boundary value problem, we note that using the Pom-
peiu operators, the nonlinear di�erential equation can be reduced to an equivalent integro-
di�erential equation. This reduction is essential for analyzing existence and uniqueness of
solutions. In the following problem, W n;p (T ), with p > 2, denotes the Sobolev space of
complex-valued functions onT whose derivatives up to ordern are p-integrable:

W n;p (T ) =
n

f 2 L p(T ) : D � f 2 L p(T ); j� j � n
o

;

where � = ( � 1; � 2) is a multi-index and D � f = @j � j f
@x� 1 @y� 2 . This space measures both the

integrability and smoothness of functions onT .
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Schwarz Problem. Find a solution w 2 W n;p (D), p > 2, of Equation (8) satisfying the
Schwarz boundary conditions
(12)

Re @s
�z w(z) = 0 on @T; and

3X

j =1

2
�i

Z

@T\ Cj

Im ( @s
�z w(� ))

d�
� � � j

= 0 ; s = 0 ; : : : ; n � 1;

Using the Pompeiu operators introduced in the previous section, the problem can be rewrit-
ten as the system

(13) w(z) =  (z) + ~T0;n F (z; wk;l );

(14) wk;l (z) =
@k+ l  (z)
@zk@�zl + @k

z
~T0;n � l F (z; wk;l );

for 0 � k + l � n, (k; l ) 6= (0 ; n), where

(15)  (z) =
n � 1X

k=0

(� 1)k

k!

3X

j =1

1
�i

Z

@T\ Cj

(� � z + � � z)k 
 k (� )
�

K 1(� ) �
2

� � � j

�
d�:

3.1. Solvability. De�ne the Banach space

(16) H p(D) = f wk;l 2 L p(D) : 0 � k + l � n; (k; l ) 6= (0 ; n)g; kwk;l kH p = max
0� k+ l � n

kwk;l kL p :

We rewrite the Schwarz problem in operator form using the Pompeiu operators:

(17) W (z) =  (z) + ~T0;n F (z; wk;l ); Wk;l (z) =
@k+ l  (z)
@zk@�zl + @k

z
~T0;n � l F (z; wk;l ):

De�ne the operator Q : H p(D) ! H p(D) by

(18) Q(wk;l ) = ( Wk;l ):

For two elements wk;l ; ~wk;l 2 H p(D), we estimate

kQ(wk;l ) � Q( ~wk;l )kH p = max
0� k+ l � n

kWk;l � ~Wk;l kL p

� max
0� k+ l � n

�
k ~T0;n (F (z; wk;l ) � F (z; ~wk;l ))kL p

+ k@k
z

~T0;n � l (F (z; wk;l ) � F (z; ~wk;l ))kL p

�
:(19)

Using the Lipschitz property of F , we have

(20) kF (z; wk;l ) � F (z; ~wk;l )kL p �
X

k+ l � n

L k;l kwk;l � ~wk;l kL p � L kwk;l � ~wk;l kH p ;

where

(21) L = max
k+ l � n

L k;l :

Combining the boundedness of the Pompeiu operators with the Lipschitz estimate, we
obtain

(22) kQ(wk;l ) � Q( ~wk;l )kH p � L max
�

k ~T0;n k; k@k
z

~T0;n � l k; k� n;Dk
	

kwk;l � ~wk;l kH p :

If

(23) L max
�

k ~T0;n k; k@k
z

~T0;n � l k; k� n;Dk
	

< 1;

then Q is a contraction. By the Banach �xed point theorem, Q admits a unique �xed point
in H p(D), which corresponds to the unique solution of the Schwarz boundary value problem
(8){(12).

4. Conclusion

We have established existence and uniqueness results for the Schwarz boundary value
problem of nonlinear higher-order elliptic equations in a triangular domain. The reduction
to an integro-di�erential system via Pompeiu operators proved e�ective in deriving explicit
solution formulas, and the Banach �xed point theorem provided a rigorous framework for
solvability. These results extend classical boundary value theory to more general nonlinear
settings.
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Some basic results of eccentricity sombor index
Havva K�rg�z� 1, Ay�se Dilek Maden2

Abstract . This paper is related to investigating the upper and lower bounds of eccen-
tricity Sombor index, stated as SOec (G). In mathematical terms, this index is de�ned as
SOec (G) =

P

uv2 E (G)

p
ec2 (u) + ec2 (v) where E (G) is the set of edges in the graphG, and

ec(:) is the eccentricity of a vertex of the edge in E (G). The eccentricity of a vertex is
de�ned as the maximum distance between the vertex and any other vertex in the graph.
By analyzing graph structural aspects, the work provides new perspectives on the features
and extremal behaviors of this graph invariant. The calculated constraints contribute to our
knowledge of the eccentricity Sombor index and its possible applications in graph theory and
other domains.

2020 Mathematics Subject Classifications : 05C92, 05C07

Keywords: Eccentricity, Lower bounds, Upper bounds.

1. Introduction

In this study, we exclusively consider connected simple graphs, ensuring that every graph
discussed has a path connecting any pair of vertices and contains no loops or multiple edges.
Let G denote a graph with n = jVGj vertices and m = jEGj edges whereVG represents the
vertex set and EG the edge set of the graph. If two verticesu; v 2 VG are adjacent, the edge
connecting u and v is denoted asuv. The degree of a vertexv 2 VG, represented asd(v) is
de�ned as the number of edges incident tov. Additionally, the minimum vertex degree of
the graph G is denoted by � = � G, while the maximum vertex degree is expressed as � = � G
[4, 11, 21].

The eccentricity of a vertex v, denoted ec(v) of v 2 VG, is a measure of the maximum
distance from v to any other vertex in the graph. Formally, it is de�ned as:

ec(v) = max
u2 VG

d (u; v)

where d(u; v) is the length of a shortest path betweenu and v in G. Two important graph
invariants derived from eccentricity are the radius and the diameter of the graph. The radius
of a graph, rG is de�ned as the minimum eccentricity across all vertices, representing the
centrality of the graph. On the other hand, the diameter, DG, is the maximum eccentricity
among all vertices, signifying the greatest distance between any two vertices in the graph
[4, 11, 21].

Graph invariants, particularly those based on distance and eccentricity, play a pivotal
role in the �eld of chemical graph theory. These invariants, often referred to as topological
indices, are widely applied in chemistry to study and establish relationships between molecular
structures and their properties. Examples of such indices include those based on distance
and eccentricity, as highlighted in foundational works such as [3, 5, 7, 8, 10, 12, 15, 16, 17,
19, 20]. These indices provide valuable tools for understanding molecular characteristics and
facilitating the prediction of chemical behaviors [1, 2].

In [18], Sharma et al. gave the de�nition of eccentric connectivity index which is a distance{
based molecular structure descriptor and which is de�ned as

� C (G) =
X

uv2 EG

ec(u) + ec(v):

Firstly, Gutman [9] gave the de�nition of the Sombor index:

SO (G) =
X

uv2 EG

p
d2 (u) + d2 (v):
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The eccentricity Sombor index de�ned by Kulli [13] as following:

SOec (G) =
X

uv2 EG

p
ec2 (u) + ec2 (v):

In addition to the reduced Sombor index [6] de�nition, the reduced eccentricity Sombor index
has also been de�ned. Liu et al. [14], gave the de�niton of the reduced eccentricity Sombor
index:

SOred� ec (G) =
X

uv2 EG

q
(ec(u) � 1)2 + ( ec(v) � 1)2:

In this work, we obtain some basic results for eccentricity Sombor index.

2. Preliminaries

In this part of the paper, we give some lemmas which are used to obtain the main results.

Lemma 2.1. [5] Let � 1; � 2; :::; � n and � 1; � 2; :::; � n be real numbers. Then
nX

l=1

� 2
l + pt

nX

l=1

� 2
l � (p + t)

nX

l=1

� l � l

where p and t are real constants such thatp� l � � l � t� l for any l (l = 1 ; 2; :::; n).

Lemma 2.2. [22] Consider G to be a connected graph withn � 3 vertices. Then for all
u 2 VG we have

ec(u) � n � d (u)
with equality if and only if � n � !e , for ! = 0 ; 1; 2; :::;

� n
2
�
, or G = P4.

Lemma 2.3. Consider G to be a connected simple graph withn vertices. It holds that

rG � ec(u) � DG

for each vertexu 2 VG.

3. Main results

In our main results, we give some bounds for eccentricity Sombor index.

Example 3.1. Let Sn (n � 1) and K n (n � 2) be a star and complete graph withn vertices;
Cn be the cycle withn � 3 vertices and K m;n be the complete bipartite graph withm and n
bipartiton. Eccentricity Sombor index of these graphs given as

SOec (Sn ) = ( n � 1)
p

5;

SOec (K n ) =
n (n � 1)

p
2

2
;

SOec (Cn ) = n
j n

2

k p
2;

SOec (K m;n ) = 2
p

2mn where m; n � 2,

SOec (Pn ) =

8
>>><

>>>:

2
n
2 � 1P

i =1

q
(n � i )2 + ( n � i � 1)2 +

p
2n
2 if n is even,

2
dn

2 e� 1P

i =1

q
(n � i )2 + ( n � i � 1)2 if n is odd.

Theorem 3.2. Let G be a graph withn vertices. Assume that the radius ofG is denoted by
rG and the diameter ofG is denoted byDG. Then

m
p

2rG � SOec (G) � m
p

2DG:

Proof. By using Lemma 2.3, we have
X

uv2 EG

p
ec2 (u) + ec2 (v) �

X

uv2 EG

q
D 2

G + D 2
G

= m
p

2DG
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and
X

uv2 EG

p
ec2 (u) + ec2 (v) �

X

uv2 EG

q
r 2

G + r 2
G

= m
p

2rG:

Clearly, m
p

2rG � SOec (G) =
P

uv2 E (G)

p
ec2 (u) + ec2 (v) � m

p
2DG.

�

Theorem 3.3. Let G be a graph withn vertices and m edges. If � = � G is the minimum
vertex degree ofG, we get

SOec (G) �
p

2m (n � � ) :

Proof. By using Lemma 2.2, we obtain
X

uv2 EG

p
ec2 (u) + ec2 (v) �

X

uv2 EG

q
(n � d(u))2 + ( n � d(v))2

=
X

uv2 EG

p
2n2 + d(u)2 + d(v)2 � 2nd(u) � 2nd(v).

Then, we have
X

uv2 EG

p
2n2 + d(u)2 + d(v)2 � 2nd(u) � 2nd(v) �

X

uv2 EG

p
2n2 + 2 � 2 � 4n�

�
X

uv2 EG

p
2 (n2 + � 2 � 2n� )

=
X

uv2 EG

q
2 (n � � )2

=
p

2m (n � � ) :
Finally, X

uv2 EG

p
ec2 (u) + ec2 (v) �

p
2m (n � � ) :

�

Theorem 3.4. Let G be a graph of sizem and � C (G) be the eccentric connectivity index of
G. Then

� C (G) > SO ec (G) �
1

p
2

� C (G) :

Proof. Let ec(u) � ec(v) � 1 be the eccentricity of any u; v such that uv 2 EG. Then we
have

(ec(u) + ec(v))2 > ec2 (u) + ec2 (v)

ec(u) + ec(v) >
p

ec2 (u) + ec2 (v):
Clearly,

X

uv2 EG

ec(u) + ec(v) >
X

uv2 EG

p
ec2 (u) + ec2 (v)

� C (G) > SO ec (G) :
For the second part of the proof we have

(ec(u) � ec(v))2 � 0
ec2 (u) + ec2 (v) � 2ec(u) ec(v)

2ec2 (u) + 2 ec2 (v) � (ec(u) + ec(v))2 :
Then we can obtain

p
2

X

uv2 EG

p
ec2 (u) + ec2 (v) �

X

uv2 EG

ec(u) + ec(v)

SOec (G) �
1

p
2

� C (G) :

91 / 193



Some basic results of eccentricity sombor index

�

Theorem 3.5. Let G be a graph of ordern and size m. Assume that the radius ofG is
denoted byrG and the diameter ofG is denoted byDG. Then,

2mr G +
p

2�� C (G) �
�

2� +
p

2
�

SOec (G)

where � =
p

D 2
G+ r 2

G
D G+ r G

and � C (G) is the eccentric connectivity index of the graphG.

Proof. From Theorem 3.4 we have
p

2
p

ec2 (u) + ec2 (v) � ec(u) + ec(v)

that is,
p

ec2 (u) + ec2 (v)
ec(u) + ec(v)

�
1

p
2

:

Since rG � ec(u) � DG for any u 2 V (G), we get

rG

DG
�

ec(u)
ec(v)

�
DG

rG
:

So,
p

ec2 (u) + ec2 (v)
ec(u) + ec(v)

�

q
D 2

G + r 2
G

DG + rG
:

In Lemma 2.1, if we take � l =
p

ec(u) + ec(v), � l =
q

ec2 (u)+ ec2 (v)
ec(u)+ ec(v) , p = 1p

2
, t =

p
D 2

G+ r 2
G

D G+ r G
, we

have

X

uv2 EG

ec2 (u) + ec2 (v)
ec(u) + ec(v)

+
1

p
2

q
D 2

G + r 2
G

DG + rG

X

uv2 EG

ec(u) + ec(v)

�

0

@ 1
p

2
+

q
D 2

G + r 2
G

DG + rG

1

A
X

uv2 EG

p
ec(u) + ec(v)

s
ec2 (u) + ec2 (v)
ec(u) + ec(v)

:

One can easily see that

mr G �
X

uv2 EG

ec2 (u) + ec2 (v)
ec(u) + ec(v)

and let � =
p

D 2
G+ r 2

G
D G+ r G

. So we obtain

mr G +
�

p
2

� C (G) �
�

1
p

2
+ �

�
SOec (G) ;

2mr G +
p

2�� C (G) �
�

2� +
p

2
�

SOec (G) :

�

Theorem 3.6. Let G be a ordern and sizem. We have,

rG � 1
rG

SOec (G) � SOred� ec (G) �
DG � 1

DG
SOec (G)

where DG and rG are the diameter and the radius ofG, respectively.

Proof. When DG = rG = 1, SOred� ec (G) = 0. Now, assume that DG � 2 and f : [rG; DG] �
[rG; DG] ! (0; 1 ) de�ned as

f (a; b) =
(a � 1)2 + ( b � 1)2

a2 + b2

where a = ec(u) and b = ec(v). If X � f (a; b) � Y , then we can obtain
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p
X

p
ec2(u) + ec2(v) �

p
(ec(u) � 1)2 + ( ec(v) � 1)2 �

p
Y

p
ec2(u) + ec2(v)

p
X

X

uv2 EG

p
ec2(u) + ec2(v) �

X

uv2 EG

p
(ec(u) � 1)2 + ( ec(v) � 1)2

�
p

Y
X

uv2 EG

p
ec2(u) + ec2(v):

So we have
p

XSOec (G) � SOred� ec (G) �
p

Y SOec (G) .

Now we should �nd the maximum and minimum values of the f (a; b).
One can easily see that

f (a; a) =
(a � 1)2

a2 �
(rG � 1)2

r 2
G

= f (rG; rG)

when rG � a = b � DG.
SinceDG � rG, we have

(DG � 1)2

D 2
G

�
(rG � 1)2

r 2
G

(DG � 1)2 �
D 2

G + r 2
G
�

� D 2
G

�
(DG � 1)2 + ( rG � 1)2

�

(DG � 1)2

D 2
G

�
(DG � 1)2 + ( rG � 1)2

D 2
G + r 2

G
:

Thus,

f (a; b) �
(DG � 1)2

D 2
G

for all a; b2 [rG; DG]. Hereby,

(rG � 1)2

r 2
G

�
(a � 1)2 + ( b � 1)2

a2 + b2 �
(DG � 1)2

D 2
G

:

Consequently for all uv 2 EG we have

rG � 1
rG

X

uv2 EG

p
ec2 (u) + ec2 (v) �

X

uv2 EG

q
(ec(u) � 1)2 + ( ec(v) � 1)2 �

X

uv2 EG

DG � 1
DG

rG � 1
rG

SOec (G) � SOred� ec (G) �
DG � 1

DG
SOec (G) :

�

4. Conclusion

In this paper, we have explored various bounds for the structural invariant SOec (G) of a
graph G, leveraging di�erent graph indices such as vertex degrees, radius, diameter, and aver-
age degree. These bounds provide valuable insights into the interplay between the structural
properties of a graph and its topological indices.

Relationships between the eccentricity Sombor index, reduced eccentricity Sombor index,
and eccentric connectivity index were found.

Future work may focus on extending the results to speci�c classes of graphs, such as planar
graphs, trees, or bipartite graphs and investigating the applications ofSOec (G) in real-world
networks, such as social, biological, and communication networks.
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Abstract . Non-response is a potential source of errors in sample surveys. It introduces
bias and large variance in the estimation of �nite population parameters. Regression models
have been recognized as one of the techniques of reducing bias and variance due to random
non-response using auxiliary data. In this study, it is assumed that random non-response
occurs in the survey variable in the second stage of cluster sampling assuming full auxiliary
information is available throughout. Auxiliary information is used at the estimation stage
via a regression model to address the problem of random non-response. In particular, aux-
iliary information is used via an improved Nadaraya-Watson kernel regression technique to
compensate for random non-response. The asymptotic bias and mean squared error of the
estimator proposed are derived. Besides, a simulation study conducted indicates that the
proposed estimator has smaller values of the bias and smaller mean squared error values
compared to existing estimators of �nite population mean. The proposed estimator is also
shown to have tighter con�dence interval lengths at 95% coverage rate. The results obtained
in this study are useful for instance in choosing e�cient estimators of �nite population mean
in demographic sample surveys.

2020 Mathematics Subject Classifications : 42C40

Keywords: Mean Squared Error, Bias, Kernel Regression, Two-Stage Cluster Sampling,
Con�dence Interval Lengths.

1. Introduction

Many authors such as [10], [11] and [12] among others have looked at estimation of a �nite
population mean in the presence of non-response using various assumptions. However, the
estimators developed in these studies need improvements on the e�ciency and the bias. In
the sequence of improving estimation of �nite population mean in the presence of random
non-response, an improved Nadaraya- Watson kernel regression estimator is proposed in this
study. The improved Nadaraya-Watson kernel regression technique was �rst fronted by [4].
To compensate for random non-response, auxiliary information is used in this study via an
improved Nadaraya-Watson kernel regression technique due to [4].

2. Main results

2.1. The Proposed Estimator of Finite Population Mean. An improvement of the
Nadaraya-Watson estimator [14, 8] has been proposed by [4] using local bandwidth factor� ij
determined using [6] algorithm. The improved Nadaraya-Watson estimator is given by

(1) mIMW (x̂) =

P
i 2 s

P
j 2 s

Yij
� ij

K
�

x � X ij
� ij b

�

P
i 2 s

P
j 2 s

1
� ij

K
�

x � X ij
� ij b

� :

where b is a smoothing parameter while the local bandwidth,� ij , is given by

(2) � ij =
n

m(X̂ ij )=a
o � �

:

where a is an arithmetic mean given by a =
P n

i =1
P m

j =1 m(X̂ ij )=mn while � is a sensitivity
parameter which satis�es 0 � � � 1. It has been suggested by [6] that taking� = 1

2 produce
good results. Consider a �nite population of sizeN consisting ofM clusters with N j elements
in the j th cluster. A sample ofm clusters is selected so thatn1i units respond andn2i units
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fail to respond. Let yij denote the value of the survey variabley for unit j in cluster i , for
i = 1 ; 2; � � � ; N; j = 1 ; 2; � � � ; N i and let population mean be given by

(3) Y =
1
N

MX

i =1

N iX

j =1

Yij :

The proposed estimator is given by

(4)
^
Y INW =

1
M

n 1
n1i

X

i 2 s

X

j 2 s

yij +
1

n2i

X

i 2 s

X

j =2 s

ŷij

o
:

where ŷij is an estimator of the non-response component of the sample. Assuming auxiliary
information, X ij , is known throughout, ŷij can be obtained using the improved Nadaraya-
Watson regression technique by

(5) ŷij = mINW (x̂ ij ) =

P
i 2 s

P
j 2 s

1
� ij

K
�

x � X ij
� ij b

�
Yij

P
i 2 s

P
j 2 s

1
� ij

K
�

x � X ij
� ij b

�

so that the estimator of �nite population mean can be re-written as

(6)
^
Y INW =

1
M

n 1
n1i

X

i 2 s

X

j 2 s

yij +
1

n2i

X

i 2 s

X

j =2 s

mINW (x̂ ij )
o

:

A special case wheren1i = n2i = n is assumed in this study. This simpli�es mathematical
computations so that equation (7) can be re-written as

(7)
^
Y INW =

1
Mn

n X

i 2 s

X

j 2 s

yij +
X

i 2 s

X

j =2 s

mINW (x̂ ij )
o

:

wheremINW (x̂ ij ) is the improved Nadaraya-Watson kernel regression estimator given in (1),
which is a weighted sum of the values of the survey variableYij ’s. Data is generated using a
regression model given by

(8) Ŷij = m(x̂ ij ) + êij

wherem(:) is an unknown smooth function of auxiliary random variables, X ij . It is assumed
that the error term, êij , satis�es the following conditions:

(9) E (êij ) = 0 ; V ar(êij ) = � 2
ij ; Cov(êi ; êj ) = 0 ; for i 6= j

Hence the unspeci�ed function of the auxiliary random variables,m(x̂ ij ), is replaced by the
improved Nadaraya-Watson kernel estimator, mINW (x̂ ij ). The estimator can be re-written
as

(10) mINW (x̂ ij ) =
X

i 2 s

X

j 2 s

w(x ij )Yij :

where w(x ij ) =
1

� ij
K

�
x � X ij

� ij b

�

P
i 2 s

P
j 2 s

1
� ij

K
�

x � X ij
� ij b

� are the improved Nadaraya-Watson kernel weights

whereK (:) is a given kernel function assumed to be symmetrical. Since the choice of the kernel
function is not critical for the performance of the kernel regression estimator, a simpli�ed
Gaussian kernel with mean 0 and variance 1 is used in this study. This is given by

(11) K (w) =
1

p
2�

e�
�

w 2
2

�
=

1
p

2�
e

�

� �
x � X ij

� ij b

� 2

2

�

In this case, the improved Nadaraya-Watson kernel estimation at any pointx ij is given by

(12) ŷij = mINW (x̂ ij ) =

P
i
P

j
1p
2�

e
�

� �
x � X ij

� ij b

� 2

2

�

Yij

P
i
P

j
1p
2�

e
�

� �
x � X ij

� ij b

� 2

2

�
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where b is the bandwidth while � ij is given in equation (2) due to [4].
This provides a way of estimating the non-response values of the survey variableYij , in the
i th cluster given the auxiliary values x ij , for a speci�ed kernel function.

2.2. Asymptotic Bias of the of the Proposed Estimator. The expected value of the
estimator may be given as

(13) E (
^
Y INW ) =

1
Mn

� nX

i =1

mX

j =1

Yij +
NX

i = n+1

MX

j = m+1

mINW (x̂ ij )
�

Re-writing equation (5) using the property of symmetry associated with Nadaraya-Watson
estimator,

(14) mINW (x̂ ij ) =

P
i 2 s

P
j 2 s K

�
X ij � x ij

� ij b

�
Yij

P
i 2 s

P
j 2 s K

�
X ij � x ij

� ij b

� ; i = 1 ; 2; � � � ; n; j = 1 ; 2; � � � ; m

Following the procedure by [13], equation (14) can be re-written as

(15) mINW (x̂ ij ) =
1

g(x̂ ij )

2

4 1
mn(� ij b)

X

i

X

j

K
�

X ij � x ij

� ij b

�
Yij

3

5

where g(x̂ ij ) is the estimated marginal density of auxiliary variables X ij . The bias of the
estimator can be written as

(16) Bias (
^
Y INW ) = E (

^
Y INW � Y )

(17)

Bias (
^
Y INW ) = E

(
1

Mn

� nX

i =1

mX

j =1

Yij +
NX

i = n+1

MX

j = m+1

mINW (x̂ ij )
�

�
1

Mn

� nX

i =1

mX

j =1

Yij +
NX

i = n+1

MX

j = m+1

Yij

� )

which reduces to

(18) Bias (
^
Y INW ) =

1
Mn

E

8
<

:

NX

i = n+1

MX

j = m+1

mINW (x̂ ij ) �
NX

i = n+1

MX

j = m+1

Yij

9
=

;

Re-writing the regression model given byYij = m(X ij ) + eij as

(19) Yij = m(x ij ) +
�
m(X ij ) � m(x ij )

�
+ eij

and substituting it in equation (15) gives

(20)

mINW
�
x̂ ij

�
=

1
g(x̂ ij )

�
1

mn(� ij b)

X

i

X

j

K
� X ij � x ij

� ij b

��
m(x ij ) +

�
m(X ij ) � m(x ij )

�

+ eij

� �

Hence the �rst term in equation (18) before taking expectation is given as:

(21)

1
Mn

8
<

:

1
mnb

P N
i = n+1

P M
j = m+1 K

�
X ij � x ij

� ij b

�
Yij

g(x̂ ij )

9
=

;

=
1

Mng (x̂ ij )

8
<

:
1

mn(� ij b)

NX

i = n+1

MX

j = m+1

K
�

X ij � x ij

� ij b

�
m(x ij )

+
1

mn(� ij b)

NX

i = n+1

MX

j = m+1

K
�

X ij � x ij

� ij b

� h
m(X ij ) � m(x ij )

i

+
1

mn(� ij b)

NX

i = n+1

MX

j = m+1

K
�

X ij � x ij

� ij b

�
eij

9
=

;
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Simplifying equation (21), the following is obtained:

(22)

1
Mn

8
<

:
1

mn(� ij b) g(x̂ ij )

NX

i = n+1

MX

j = m+1

K
�

X ij � x ij

� ij b

�
Yij

9
=

;

=
1

Mn

�
1

mn(� ij b) g(x̂ ij )

� ( NX

i = n+1

MX

j = m+1

g(x̂ ij )m(x ij )

+ m1(x̂ ij ) + m2(x̂ ij )

)

where

m1(x̂ ij ) =
1

mn(� ij b)

NX

i = n+1

MX

j = m+1

K
�

X ij � x ij

� ij b

� h
m(X ij ) � m(x ij )

i
(23)

m2(x̂ ij ) =
1

mn(� ij b)

NX

i = n+1

MX

j = m+1

K
�

X ij � x ij

� ij b

�
eij(24)

Taking conditional expectation of equation (22) leads to

(25)

E
h NX

i = n+1

MX

j = m+1

mINW (x̂ ij )=xij

i
=

1
Mn

E

"
1

mn(� ij b)

NX

i = n+1

MX

j = m+1

�
m(x ij )

+
m1(x̂ ij )
g(x̂ ij )

+
m2(x̂ ij )
g(x̂ ij )

� #

The following theorem due to [5] and applied by [9] was used in obtaining asymptotic bias
and variance of the estimator using conditional expectations.

Theorem 2.1. Let K (w) be a symmetric density function with
R

wk(w)dw = 0 and
R

w2k(w)dw =
k2. Assumen and N increase together such thatnN ! � with 0 < � < 1. Besides, assume the
sampled and non-sampled values ofx are in the interval [c; d] and are obtained by densitiesds
and dp� s respectively where both are bounded away from zero on[c; d] with continuous second
derivatives. If for any variable Z; E (Z=U = u) = A(u) + O(B ) and V ar(Z=U = u) = O(C),
then Z = A(u) + Op(B + C

1
2 ).

Using this theorem the asymptotic bias and variance are derived. The conditional asymptotic
bias is therefore given by

(26) Bias (
^
Y INW =xij ) =

1
Mn

� � Mn � mn
mn

�
(� ij b)2dkC(x) + o(( � ij b)2)

�

where C(x) = [ g(x̂ ij )] � 1
h

1
2m00(x ij )g(x ij ) + g0(x ij )m0(x ij )

i
and dk =

R
w2k(w)dw.

The conditional asymptotic variance is also given by

(27)
V ar

� ^
Y INW =xij

�
=

1
(Mn )2

� (Mn � mn)2H (w)� 2
x ij

mn(� ij b)g(x̂ ij )
+ o

�
(Mn � mn)2

mn(� ij b)

+
1

mn(� ij b)

��

where H (w) =
R

K (w)2dw.
The proofs of the asymptotic bias and variance are provided in the appendix.

2.3. Mean Squared Error of the Estimator. The conditional MSE of the estimator of
�nite population mean combines the conditional squared bias and the conditional variance
of the estimator, that is,

(28) MSE (
^
Y INW ) = V ar(

^
Y INW ) + Bias 2(

^
Y INW )
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Which on simpli�cation leads to

(29)

MSE
� ^
Y =Xij = x ij

�
=

1
(Mn )2

(
(Mn � mn)2H (w)� 2

x ij

mn(� ij b)g(x̂ ij )

+

"
(Mn � mn)2

4(mn)2(Mn 2)
(� ij b)2d2

k

�
m00(x ij )g(x ij ) +

2g0(x ij )m0(x ij )
g(x̂ ij )

� 2

+ o

 
1

Mn

n (Mn � mn)2

mn(� ij b)
+

1
mn(� ij b)

o!#)

where H (w) =
R

K (w)2dw, dk =
R

w2K (w)dw.
From equation (62), it is noted that if the sample size is large, that is asn ! N and

m ! M , the MSE of
^
Y INW due to the kernel tends to zero for a su�ciently small bandwidth.

The estimator
^
Y is therefore asymptotically consistent since itsMSE converges to zero in

probability.

3. Simulation Study

A simulation experiment was conducted using R code in order to compare the performance
of the proposed estimator in two-stage cluster sampling with the transformed estimator due
to [2] and the non-parametric regression estimator due to [3]. An asymptotic framework is
used where both the population number of clusters and the sample number of clusters are
large. The number of clusters within each cluster,N i , is held constant so that no cluster
dominates the population.
Both linear and non-linear mean functions of auxiliary random variables due to [3] were
considered in generating data, wherex 2 (0; 1). The mean functions are given in table 1
below.

Table 1. Equations of Mean Functions Simulated
Mean function Equation

Linear m1(x̂) = 1 + 2( x � 0:5)
Quadratic m2(x̂) = 1 + 2( x � 0:5)2

Sine m3(x̂) = 2 + sin(2 �x )
Exponential m4(x̂) = exp(� 8x)

Bump m5(x̂) = 1 + 2( x � 0:5) + exp
�

� 200(x � 0:5)2	

Jump m6(x̂) = 1 + 2( x � 0:5)I x � 0:65 + 0 :65I x � 0:65

The mean functions in table 1 are useful in statistical data simulations as noted by [3].
The population auxiliary values, x ij , of sizeM = 2000 are generated as identical and inde-
pendently distributed uniform (0 ; 1) random variables. The survey values are only known for
the respondents in the selected sample. Using the auxiliary values, the non-response values
are generated, that is, for every generated valuex ij ; i = 1 ; 2; � � � ; M ; j = 1 ; 2; � � � ; N i , the
mean survey non-response values are generated as

(30) ŷij =
1

M

n m(x̂ ij )
N i

+
êij

N i

o

where êij are identically and independently distributed normal random variables with mean
zero and variance one. Besides, a Gaussian kernel with mean zero and variance one was
used. A Gaussian kernel was used since it has smooth and continuous derivatives at every
data point. Besides, an optimal bandwidth generated using cross-validation technique due to
[7] was used. It has been noted by [7] that this bandwidth would lead to more informative
estimates compared to other choices. The local bandwidth,� ij , given in equation (2) were
generated using the algorithm due to [6].

At stage one, a sample of clusters is generated �rst by simple random sampling using a
sample of sizem = 200. At stage two, sub-samples of elements within every selected cluster
are generated by simple random sampling with replacement using a random sample of sizeni .
The non-response mean survey values were then generated using equation (30). The estimates
of �nite population mean were then computed using the estimator in equation (7). The values
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of bias and mean squared error values were also computed. The 95% con�dence intervals were
then constructed for the estimators of the �nite population means for comparative purposes.

3.1. Simulation Results. The values of the bias, mean squared error and con�dence interval
lengths are given below in tables 1, 2 and 3 respectively. Note that̂��YINW is the estimator of
�nite population mean proposed in this study, �̂�YT DM is the transformation of data method
estimator of �nite population mean due to [2] whereas �̂�YREG is the non-parametric regression
estimator due to [3]. Both �̂�YT DM and �̂�YREG were used for comparative purposes with the
proposed estimator.

Table 2. Summary Results of Bias
Estimators �̂�YINW

�̂�YT DM
�̂�YREG

Linear -0.00213 -0.1667 -0.3312
Quadratic -0.0132 0.04171 -0.0966

Sine -0.0521 -0.6416 -1.2311
Exponential -0.0041 0.3592 0.7225

Bump -0.0032 -0.2358 -0.4685
Jump -0.0188 -0.2466 -0.4743

Negative values of the bias imply underestimation while positive values of the bias indicate
overestimation of the �nite population mean by the di�erent estimators. As noted in table 2,
the proposed estimator has relatively smaller values of the bias followed by transformation of
data method estimator due to [2]. The non-parametric-based estimator due to [3] has larger
values compared to the other two estimators. It is also observed that the three estimators have
relatively closer values of the bias in the quadratic mean function though the transformation
of data method has positive bias at this mean function. Generally, among the three estimators
of �nite population mean, the proposed estimator using improved Nadaraya-Watson kernel
regression technique performs better than the other two estimators in terms of bias.

Table 3. Summary Results of MSE Values
Estimators �̂�YINW

�̂�YT DM
�̂�YREG

Linear 0.0334 0.1097 0.1321
Quadratic 0.0093 0.1455 0.5835

Sine 0.4215 1.5157 1.555
Exponential 0.3430 0.5220 1.3780

Bump 0.0634 0.2195 0.2508
Jump 0.2250 0.2951 1.1611

Mean squared error combines both the variance and the squared bias terms of an estimator.
The mean squared error values presented in table 3 were simulated using the di�erent mean
functions indicated. The quadratic mean function gives the smallest value of the mean squared
error of the proposed estimator followed by the linear function. The estimator due to [3] has
the largest value of the mean squared error in the jump function. Generally, it is noted from
table 3 that the mean squared error values for the proposed estimator are relatively smaller
than the rest of the estimators considered. The transformation of data method estimator due
to [2] follows closely in the second place with smaller mean squared error values compared
to non-parametric regression-based estimator due to [3]. From this comparison of the mean
squared error values, it can be concluded that the proposed estimator is more e�cient than
the other two estimators considered. It has got smaller MSE values in all the mean functions
and thus outperforms the others in terms of e�ciency.
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Table 4. Summary Results of 95% CI Lengths
Estimators �̂�YINW

�̂�YT DM
�̂�YREG

Linear 0.7164 1.2984 1.4249
Quadratic 0.8270 1.4951 2.994

Sine 1.5269 2.5451 4.888
Exponential 2.2958 2.8322 4.6016

Bump 0.9872 1.8365 1.9630
Jump 1.8594 2.1297 4.2239

The 95% upper and lower con�dence intervals were constructed for the estimators of �nite
population mean. Con�dence interval lengths were then obtained. The results are given in
table 4. From the values obtained, it is noted that the con�dence interval lengths for the
proposed estimator are much tighter than those of the estimators due to [3] and [2]. Hence,
at 95% level of con�dence, the estimator proposed in this study performs better than its rival
estimators.

4. Conclusion

This study has developed an estimator of �nite population mean in two-stage cluster
sampling assuming random non-response occurs in the survey variable in the second stage of
cluster sampling. Complete auxiliary information is assumed to be available in both stage
one and stage two of cluster sampling. Kernel weights developed using improved Nadaraya-
Watson regression technique were used in the estimation process. The theoretical properties
of the proposed estimator such as asymptotic bias, variance and mean squared error were
derived. Simulation results show that the proposed estimator has smaller values of the bias,
smaller mean squared error values and tighter con�dence interval lengths compared to the
other estimators. Therefore, the estimator of �nite population mean proposed in this study
dominates the estimators due to [3] and [2] respectively.
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Appendix: Proofs of Asymptotic Bias and Variance

Proofs of Asymptotic Bias of the Estimator

From the conditions of the error term stated in (9), it follows that E (eij =X ij ) = 0. There-
fore, E

�
m2(x̂ ij ) = 0

�
. Thus, E

�
m1(x̂ ij )

�
can be obtained as follows:

(31)
E

NX

i = n+1

MX

j = m+1

h
m1(x̂ ij )

i
=

1
Mn

� 1
mn(� ij b)

�
E

� NX

i = n+1

MX

j = m+1

K
�

X ij � x ij

� ij b

�

�
h
m(X ij ) � m(x ij )

i �

Using substitution and change of variable technique given by

(32) w = V � x ij
� ij b

V = x ij + ( � ij b)w
dV = ( � ij b)dw

9
>>=

>>;

Equation (31) can be simpli�ed to:

(33)
E

NX

i = n+1

MX

j = m+1

h
m1(x̂ ij )

i
=

1
Mn

�
Mn � mn

mn

Z
k(w)

�
m(x ij + ( � ij b)w)

� m(x ij )
� Z

g
�

x ij + ( � ij b)w
�

dw
�

Using Taylor’s series expansion about the pointx ij , the kth order kernel can be derived as
follows:

(34)
g
�
x ij + ( � ij b)w

�
= g(x ij ) + g0(x ij )( � ij b)w +

1
2

g00(x ij )( � ij b)2w2 + � � �

+
1
k!

gk (x ij )( � ij b)kwk + o(( � ij b)2)
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Similarly,

(35)
m

�
x ij + ( � ij b)w

�
= m(x ij ) + m0(x ij )( � ij b)w +

1
2

m00(x ij )( � ij b)2w2 + � � �

+
1
k!

mk (x ij )( � ij b)kwk + o(( � ij b)2)

Therefore, expanding equation (33) up to ordero(( � ij b)2) and simplifying gives

(36)

E
NX

i = n+1

MX

j = m+1

�
m1(x̂ ij )

�
=

1
Mn

� � Mn � mn
mn

�
g(x ij )m0(x ij )( � ij b)

Z
wk(w)dw

+
� Mn � mn

mn
�
g0(x ij )m0(x ij )( � ij b)2

Z
w2k(w)dw

+
� Mn � mn

mn
� 1

2
g(x ij )m00(x ij )( � ij b)2

�
Z

w2k(w)dw + o(( � ij b)2)
�

Using the conditions due to [5] given by
R1

�1 k(w)dw = 1,
R1

�1 wk(w)dw = 0 and
R1

�1 w2k(w)dw =
dk , the derivation in equation (36) can further be simpli�ed to obtain:

(37)
E

NX

i = n+1

MX

j = m+1

h
m1(x̂ ij )

i
=

1
Mn

� Mn � mn
mn

� �
g0(x ij )m0(x ij )

+
1
2

g(x ij )m00(x ij )
�
(� ij b)2dk + o(( � ij b)2)

Hence the expected value of the second term in equation (25) then becomes:

(38)
E

NX

i = n+1

MX

j = m+1

�
m1(x̂ ij )

�
=

1
Mn

� � Mn � mn
mn

� �
1

2g(x̂ ij )
m00(x ij )g(x ij )

+
g0(x ij )m0(x ij )

g(x̂ ij )

�
(� ij b)2dk + o(( � ij b)2)

�

Simplifying equation (38) gives:

(39) E
NX

i = n+1

MX

j = m+1

�
m1(x̂ ij )

�
=

1
Mn

� � Mn � mn
mn

�
(� ij b)2dkC(x) + o(( � ij b)2)

�

where C(x) = [ g(x̂ ij )] � 1
h

1
2m00(x ij )g(x ij ) + g0(x ij )m0(x ij )

i
and dk =

R
w2k(w)dw.

Using equation of the bias given in (16) and the conditional expectation in equation (25), the
following equation for the conditional bias of the estimator was obtained:

(40) Bias (
^
Y INW =xij ) =

1
Mn

� � Mn � mn
mn

�
(� ij b)2dkC(x) + o(( � ij b)2)

�

This completes the proof of the bias. Next, the asymptotic variance is also proved.

Proofs of Asymptotic Variance of the Estimator

Using equation (7), the conditional variance of the estimator is given as

(41) V ar
� ^
Y INW =xij

�
= V ar

(
1

Mn

� nX

i =1

mX

j =1

Yij +
NX

i = n+1

MX

j = m+1

mINW (x̂ ij )
� )

(42) =
� 1

Mn

� 2
V ar

� nX

i =1

mX

j =1

Yij +
NX

i = n+1

MX

j = m+1

mINW (x̂ ij )
�

where mINW (x̂ ij ) is given by

(43) mINW

�
x̂ ij

�
=

1
g(x̂ ij )

"
1

mn(� ij b)

X

i

X

j

K
� X ij � x ij

� ij b

�
Yij

#
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where g(x̂ ij ) = 1
mn ( � ij b)

P
i
P

j K
�

x � X ij
� ij b

�
is the estimated marginal density of auxiliary

variables X ij , for details see [8, 14]. Re-writing the regression modelYij = m(X ij ) + eij as
Yij = m(x ij ) +

h
m(X ij ) � m(x ij )

i
+ eij and substituting in equation (43) leads to

(44)

V ar
� ^
Y INW =xij

�
=

� 1
Mn

� 2
V ar

( nX

i =1

mX

j =1

Yij

+
�

1
mn(� ij b) g(x̂ ij )

� ( NX

i = n+1

MX

j = m+1

g(x̂ ij )m(x ij ) + m1(x̂ ij ) + m2(x̂ ij )

))

From equation (24),

(45) m2(x̂ ij ) =
1

mnb

NX

i = n+1

MX

j = m+1

K
� X ij � x ij

� ij b
�
eij

Hence

(46) V ar
NX

i = n+1

MX

j = m+1

�
m2(x̂ ij )

�
=

1
(Mn )2

�
Mn � mn
mn(� ij b)

� 2 nX

i =1

mX

j =1

V ar(Dx )

where Dx = K
� X ij � x ij

� ij b
�
eij . Expressing equation (46) in terms of expectation the following

equation is obtained

(47) V ar
NX

i = n+1

MX

j = m+1

�
m2(x̂ ij )

�
=

1
(Mn )2

�
(Mn � mn)2

mn(� ij b)2

��
E [Dx ]2 � [E (Dx )]2

�

Using the fact that the conditional expectation E (eij =X ij ) = 0, the second term in equation
(47) reduces to zero. Therefore,

(48) V ar
NX

i = n+1

MX

j = m+1

�
m2(x̂ ij )

�
=

1
(Mn )2

�
(Mn � mn)2

mn(� ij b)2

�
� 2

ij

where E
�
eij =X ij

� 2 = � 2
ij .

Let X = X ij , and x = x ij and make the following substitutions

(49)
w = X � x

� ij b
X � x = ( � ij b)w
dX = ( � ij b)dw:

9
>>=

>>;

so that

(50) V ar
NX

i = n+1

MX

j = m+1

�
m2(x̂ ij )

�
=

(Mn � mn)2

mn(� ij b)2(Mn )2

Z
K

�
X � x
� ij b

� 2
� 2

x g(X )dX

Using the change of variables technique and simplifying, equation (50) reduces to

(51) V ar
NX

i = n+1

MX

j = m+1

�
m2(x̂ ij )

�
=

(Mn � mn)2

mn(� ij b)(Mn )2

Z
K (w)2� 2

x g(x)dw + o
� 1

mn(� ij b)
�

Following the same procedure for getting the variance ofm2(x̂ ij ),
V ar

P N
i = n+1

P M
j = m+1

�
m1(x̂ ij )

�
can similarly be obtained as follows:

(52)

V ar
NX

i = n+1

MX

j = m+1

�
m1(x̂ ij )

�
=

1
(Mn )2 V ar

NX

i = n+1

MX

j = m+1

�
1

mn(� ij b)

nX

i =1

mX

j =1

K
�

X ij � x ij

� ij b

��

�
h
m(X ij ) � m(x ij )

i
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Equation (52) can be re-written as

(53)
V ar

NX

i = n+1

MX

j = m+1

h
m1(x̂ ij )

i
=

(Mn � mn)2

mnb2(Mn )2 V arK
�

X ij � x ij

� ij b

� 2h
m(X ij )

� m(x ij )
i 2

g(X )dX

where X = ( � ij b)w + x so that dX = ( � ij b)dw. Changing variables and applying Taylor’s
series expansion about the pointx ij leads to

(54)
V ar

NX

i = n+1

MX

j = m+1

h
m1(x̂ ij )

i
=

(Mn � mn)2

mn(� ij b)2(Mn )2

Z
K (w2)

h
m(x + ( � ij b)w) � m(x)

i 2

� g(x + ( � ij b)w)dw

which gives

(55)
V ar

NX

i = n+1

MX

j = m+1

�
m1(x̂ ij )

�
=

(Mn � mn)2

mn(� ij b)2(Mn )2

Z
K (w2)

h
m(x) + m0(x)( � ij b)w

+ � � � � m(x)
i 2�

g(x) + g0(x)( � ij b)w
�

dw

Following the procedure by [1] and simplifying, equation (55) reduces to

(56) V ar
NX

i = n+1

MX

j = m+1

�
m1(x̂ ij )

�
= o

�
(Mn � mn)2b2

mn(� ij b)

�

For large samples, asn ! N; m ! M and b ! 0, then mn(� ij b) ! 1 : Hence the variance
in equation (55) asymptotically tends to zero, i.e,V ar

P N
i =1

P M
j =1

�
m1(x̂ ij )

�
! 0 so that the

variance of the estimator of the population mean reduces to

(57) V ar
� ^
Y INW =xij

�
=

(Mn � mn)2

mn(� ij b)(Mn )2

NX

i = n+1

MX

j = m+1

V ar
�
m(x ij ) +

m1(x̂ ij ) + m2(x̂ ij )
g(x̂ ij )

�

Simplifying equation (57) leads to

(58) V ar
� ^
Y INW =xij

�
=

(Mn � mn)2

mn(� ij b)(Mn )2
�
g(x̂ ij )

� 2 V ar
� NX

i = n+1

MX

j = m+1

�
m2(x̂ ij )

� �

Substituting equation (51) into (58) yields the following:

(59)
V ar

� ^
Y INW =xij

�
=

1
(Mn )2

� (Mn � mn)2 R
K (w)2� 2

x ij
dw

mn(� ij b)g(x̂ ij )
+ o

�
(Mn � mn)2

mn(� ij b)

+
1

mn(� ij b)

��

This completes the proof of the asymptotic variance.
The mean squared error is obtained by summing the variance and the squared bias.

MSE of the Estimator of Finite Population Mean. The conditional MSE combines

the conditional bias and the variance terms of the estimator, (
^
Y INW ), that is,

(60) MSE (
^
Y INW =xij ) = E

� ^
Y INW � Y

� 2

Expanding and simplifying, equation (60) gives

(61) MSE (
^
Y INW =xij ) = V ar

� ^
Y INW =xij

�
+

�
Bias

� ^
Y INW =xij

� � 2
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Combining the conditional bias in equation (40) and the conditional variance in equation
(27) leads to

(62)

MSE
� ^
Y INW =X ij = x ij

�
=

1
(Mn )2

(
(Mn � mn)2H (w)� 2

x ij

mn(� ij b)g(x̂ ij )

+

"
(Mn � mn)2

4(mn)2(Mn 2)
(� ij b)2d2

k

�
m00(x ij )g(x ij ) +

2g0(x ij )m0(x ij )
g(x̂ ij )

� 2

+ o

 
1

Mn

n (Mn � mn)2

mn(� ij b)
+

1
mn(� ij b)

o!#)

Where

(63) H (w) =
Z

K (w)2dw; dk =
Z

w2K (w)dw

and
C(x) = [ g(x̂ ij )] � 1

h1
2

m00(x ij )g(x ij ) + g0(x ij )m0(x ij )
i
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Abstract . The aim of this paper is to introduce and investigate the concept of weakly
rational contraction mappings within the framework of M -metric spaces. By relaxing classi-
cal contractive conditions and incorporating suitable auxiliary functions, we establish a new
�xed point theorem that extends and generalizes several well-known results in the literature.
To demonstrate the applicability of the main results, an illustrative example is also provided.
Furthermore, the paper concludes with a discussion on potential extensions and open prob-
lems, including the possibility of weakening or omitting the Picard-sequentially monotone
condition in the established theorem, thereby paving the way for further investigations in
generalized metric spaces.
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1. Introduction

The Banach contraction principle is one of the most celebrated and fundamental results
in �xed point theory. It provides a simple yet powerful tool in nonlinear analysis and has
become a cornerstone for the development of modern �xed point theory. This classical theo-
rem not only guarantees the existence and uniqueness of �xed points for Banach contraction
mappings but also serves as a foundation for diverse applications in functional analysis, op-
timization, and dynamic systems. Over the years, numerous authors have extended, re�ned,
and generalized this principle within di�erent mathematical structures, thereby broadening
its theoretical scope and practical relevance. Among these extensions, a signi�cant mile-
stone was introduced by Matthews [8], who proposed the concept of a partial metric space, a
generalization of the conventional metric space in which the self-distance of a point is not nec-
essarily zero. This modi�cation has allowed researchers to model various phenomena where
symmetry or the zero self-distance property fails to hold, such as in computer science, infor-
mation theory, and topology. Building upon this concept, several �xed point theorems were
developed by many authors (see, for example, [3], [4], [5], [6]), demonstrating that partial
metric spaces provide a more 
exible framework for convergence analysis.

In 2014, Asadiet al. [2] introduced the notion of an M -metric space, which further extends
the idea of partial metric spaces by relaxing certain structural conditions while preserving the
essential properties needed for �xed point results. They established �xed point theorems for
Banach and Kannan contraction mappings in this setting, laying the groundwork for several
subsequent studies. This framework has since inspired many researchers to explore additional
generalizations and to obtain new existence and uniqueness results in the context ofM -metric
spaces (see [1], [9], [10]).

Motivated by the above progress, the present paper aims to continue this line of inves-
tigation by introducing and studying a new class of weakly rational contraction mappings
within the framework of M -metric spaces. We establish a new �xed point theorem that both
extends and generalizes known results in the literature, while also providing deeper insight
into the structure of contractive mappings in these spaces. Furthermore, we include a con-
structive example to illustrate the validity and applicability of our main results. The �ndings
presented herein contribute to the further advancement of �xed point theory in generalized
metric spaces and o�er potential foundations for future research in nonlinear analysis and
applied mathematics.
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2. Preliminaries

In this section, we begin by recalling some fundamental de�nitions and preliminary results
from the existing literature.

De�nition 2.1 ([8]). Let X be a nonempty set and letp : X � X ! [0; 1 ) be a function
satisfying the following properties for allx; y; z 2 X :

(p1) p(x; x ) = p(y; y) = p(x; y) if and only if x = y (equality);
(p2) p(x; x ) � p(x; y) (small self-distance);
(p3) p(x; y) = p(y; x) (symmetry);
(p4) p(x; y) � p(x; z) + p(z; y) � p(z; z) (triangle inequality).

Then the function p is called a partial metric (or more speci�cally, a p-metric) on X , and
the pair (X; p ) is called a partial metric space.

It is clear that every metric space is a partial metric space. However, the converse does
not necessarily hold. The following examples illustrate functions that de�ne a partial metric,
but it is not a metric.

Example 2.2 ([8]). Let X = [0 ; 1 ) and de�ne p : X � X ! [0; 1 ) by

p(x; y) = max f x; yg for all x; y 2 X:

Then p is a partial metric on X , but it is not a metric on X .

Example 2.3 ([8]). Let X = f [a; b] : a; b2 R; a � bg and de�ne p : X � X ! [0; 1 ) by

p([a; b]; [c; d]) = max f b; dg � minf a; cg for all [a; b]; [c; d] 2 X:

Then p is a partial metric on X , but it is not a metric on X .

Each partial metric p on X generates aT0-topology � p on X which has as a base the family
of openp-balls f Bp(x; � ) : x 2 X; � > 0g, where

Bp(x; � ) := f y 2 X : p(x; y) < p (x; x ) + � g

for all x 2 X and � > 0.

De�nition 2.4 ([8]). Let (X; p ) be a partial metric space.
(1) A sequencef xng in X is said to converge to a pointx 2 X if and only if

p(x; x ) = lim
n !1

p(x; x n ):

In this case, we denote the convergence byxn ! x as n ! 1 .
(2) A sequencef xng in X is called a Cauchy sequence if and only if

lim
n;m !1

p(xn ; xm )

exists and is �nite.
(3) The partial metric space (X; p ) is said to be complete if and only if every Cauchy

sequencef xng in X converges with respect to its topology� p to somex 2 X such that

lim
n;m !1

p(xn ; xm ) = p(x; x ):

Next, we recall some notations, fundamental de�nitions, and preliminary results in the
setting of M -metric spaces that will be used throughout the paper. LetX be a nonempty
set and let m : X � X ! [0; 1 ) be a given function. The following notations will be used in
the sequel:

(1) mx;y := min f m(x; x ); m(y; y) g for all x; y 2 X ;
(2) M x;y := max f m(x; x ); m(y; y) g for all x; y 2 X .

De�nition 2.5 ([2]). Let X be a nonempty set and letm : X � X ! [0; 1 ) be a function
satisfying the following properties for allx; y; z 2 X :

(m1) m(x; x ) = m(y; y) = m(x; y) , x = y;
(m2) mx;y � m(x; y);
(m3) m(x; y) = m(y; x);
(m4) (m(x; y) � mx;y ) � (m(x; z) � mx;z ) + ( m(z; y) � mz;y).

Then the function m is said to be anm-metric and the pair (X; m ) is called an M -metric
space.
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Lemma 2.6 ([2]). Every partial metric space is an M -metric space, but the converse does
not hold in general.

Example 2.7 ([2]). Let X = [0 ; 1 ) and a function m : X � X ! [0; 1 ) be de�ned by
m(x; y) = x+ y

2 for all x; y 2 X . Then m is an m-metric on X , but it is not a partial metric.

Example 2.8 ([2]). Let X = f 1; 2; 3g and a function m : X � X ! [0; 1 ) de�ned by

m(x; y) =

8
>>>>>><

>>>>>>:

1; x = y = 1 ;
9; x = y = 2 ;
5; x = y = 3 ;
10; x; y 2 f 1; 2g and x 6= y;
7; x; y 2 f 1; 3g and x 6= y;
8; x; y 2 f 2; 3g and x 6= y:

Then m is an m-metric, but it is not a partial metric.

From Lemma 2.6, we refer the reader to the relation between metric spaces, partial metric
spaces, andM -metric spaces in Figure 1.

Metric spaces

Partial metric spaces

M -metric spaces

Figure 1. Relationship between metric spaces, partial metric spaces andM -
metric spaces on a nonempty setX

De�nition 2.9 ([2]). Let (X; m ) be anM -metric space.
(1) A sequencef xng in X is said to converge to a pointx 2 X if and only if

lim
n !1

�
m(xn ; x) � mxn ;x

�
= 0 :

In this case, we denote the convergence byxn ! x as n ! 1 .
(2) A sequencef xng in X is said to be anm-Cauchy sequence if and only if

lim
n;m !1

�
m(xn ; xm ) � mxn ;xm

�
and lim

n;m !1

�
M xn ;xm � mxn ;xm

�

both exist and are �nite.
(3) The M -metric space(X; m ) is said to be complete if and only if every Cauchy sequence

f xng in X converges to somex 2 X such that

lim
n !1

(m(xn ; x) � mxn ;x ) = 0 and lim
n !1

(M xn ;x � mxn ;x ) = 0 :

It is easy to obtain that if m is an m-metric on a nonempty set X , then the function
mw ; ms : X � X ! [0; 1 ) de�ned for each x; y 2 X by

mw(x; y) := m(x; y) � 2mx;y + M x;y

and

ms(x; y) :=
�

m(x; y) � mx;y ; x 6= y;
0; x = y

are metrics onX .

Lemma 2.10 ([2]). Let (X; m ) be anM -metric space, and letf xng be a sequence inX with
x 2 X . Then the following statements hold:

(1) The sequencef xng is an m-Cauchy sequence in(X; m ) if and only if it is a Cauchy
sequence in the metric space(X; m w).
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(2) The space (X; m ) is complete if and only if the metric space(X; m w) is complete.
Moreover,

lim
n !1

mw(xn ; x) = 0 ()

8
<

:

lim
n !1

�
m(xn ; x) � mxn ;x

�
= 0 ;

lim
n !1

�
M xn ;x � mxn ;x

�
= 0 :

It is worth noting that the above lemma remains valid when the metric mw is replaced by
ms. In other words, the equivalence between the notions ofm-Cauchy and Cauchy sequences,
as well as the completeness of (X; m ) and (X; m s), continues to hold under the same frame-
work. This observation emphasizes the robustness of the characterization of convergence and
completeness within the context ofM -metric spaces.

Lemma 2.11 ([2]). Let (X; m ) be anM -metric space andf xng be a sequence inX . Assume
that xn ! x 2 X as n ! 1 . Then

lim
n !1

(m(xn ; y) � mxn ;y ) = m(x; y) � mx;y

for all y 2 X .

Now, we recall some fundamental de�nitions from [7] and [11], which will play a crucial
role in formulating the contraction mappings employed in the present study.

De�nition 2.12 ([7]). A function  : [0; 1 ) ! [0; 1 ) is called an altering distance function
if it satis�es the following two conditions:

(1)  is continuous and nondecreasing;
(2)  (t) = 0 if and only if t = 0 .

We denote 	 the set of all altering distance functions.

De�nition 2.13 ([11]). A function ’ : [0; 1 ) ! [0; 1 ) is called a strong-altering distance
function if it satis�es the following two conditions:

(1) ’ is continuous;
(2) ’ (t) 6= 0 when t 6= 0 .

We denote � the set of all strong-altering distance functions.

Throughout this paper, in an M -metric space (X; m ), the notation m2 denotes the squared
value of the function m evaluated at the speci�ed point. We conclude this preliminary section
with this notation, which will be consistently used in the subsequent discussions and main
results.

3. Main results

In this section, we �rst present some essential de�nitions that will be employed in the
formulation of our main theorems. An illustrative example and the subsequent results are
then provided to demonstrate the validity and applicability of the proposed concepts. We
begin with the following new contraction mapping in an M -metric space, which serves as the
central concept for establishing the �xed point theorems developed in this paper.

De�nition 3.1. Let (X; m ) be anM -metric space. A mappingT : X ! X is called a weakly
rational contraction mapping if there exist  2 	 and � 2 � such that

(1)  (m2(T x; T y)) �  (M (x; y)) � ’ (M (x; y))

for all x; y 2 X , where

M (x; y) = max
�

m2(x; y);
m(x; T x ) � m(y; Ty)

1 + m2(x; y)
;
m(x; T y) � m(y; T x)

2
;

m2(y; T y)
1 + m2(y; y)

�
:

Before proceeding to the main theorems of this paper, we present another key de�nition
that plays a crucial role in the formulation of our main results.

De�nition 3.2. Let (X; m ) be an M -metric space. A mapping T : X ! X is said to
be Picard-sequentially monotone iff m(xn ; xn )g is increasing or decreasing for each Picard
sequencef xng in X .

Remark 3.3. In the case of metric spaces, which are particular instances ofM -metric spaces,
we observe that any self-mapping on a metric space is always Picard-sequentially monotone.
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In the following, we present the �xed point results that constitute the core contributions
of this paper.

Theorem 3.4. Let (X; m ) be a completeM -metric space and letT : X ! X be a weakly
rational contraction that satis�es the Picard-sequential monotonicity condition. Then T is a
Picard operator, which means that it admits a unique �xed point z 2 X , and for any initial
point x0 2 X , the sequencef Tn (x0)g converges toz.

Proof. Assume that  2 	 and ’ 2 � are functions satisfying (1). Let x0 be an arbitrary
point in X and de�ne a Picard sequencef xng � X by

xn = T xn � 1

for all n 2 N. Now, if there exists an index n0 2 N [ f 0g such that xn0 = xn0+1 , then
xn0 = xn0+1 = T xn0 . So xn0 is a �xed point of T and the proof is �nished. Therefore, we
assume that xn 6= xn+1 for each n 2 N [ f 0g. Using (1) for the elements x = xn � 1 and
y = xn , arbitrary n 2 N, we obtain

 (m2(xn ; xn+1 )) =  (m2(T xn � 1; T xn ))
�  (M (xn � 1; xn )) � ’ (M (xn � 1; xn )) ;(2)

where

(3) M (xn � 1; xn ) = max

8
>><

>>:

m2(xn � 1; xn );
m(xn � 1; xn ) � m(xn ; xn+1 )

1 + m2(xn � 1; xn )
;

1
2

[m(xn � 1; xn+1 ) � m(xn ; xn )];
m2(xn ; xn+1 )

1 + m2(xn ; xn )

9
>>=

>>;
:

First, we claim that M (xn � 1; xn ) > 0 for all n 2 N. We suppose, by contradiction, that
M (xn � � 1; xn � ) = 0 for some n� 2 N. Then we have

(4) m(xn � � 1; xn � ) = 0 ;

(5) m(xn � ; xn � +1 ) = 0

and
m(xn � � 1; xn � +1 ) � m(x �

n ; x �
n ) = 0 :

Once again, assume thatm(x �
n ; x �

n ) = 0. From the Picard-sequential monotonicity of T , we
proceed by considering two possible cases.

Case 1: If f m(x �
n ; x �

n )g is increasing, then

m(xn � � 1; xn � � 1) � m(xn � ; xn � ) = 0 :

Using the above fact and (4), we get

m(xn � � 1; xn � � 1) = m(xn � � 1; xn � ) = m(xn � ; xn � ) = 0 :

Hence, by condition (m1), it follows that xn � � 1 = xn � , which leads to a contradiction.
Case 2: If f m(x �

n ; x �
n )g is decreasing, then

m(xn � +1 ; xn � +1 ) � m(xn � ; xn � ) = 0 :

Using the above fact and (5) we get

m(xn � +1 ; xn � +1 ) = m(xn � ; xn � +1 ) = m(xn � ; xn � ) = 0 :

Hence, by condition (m1), it follows that xn � = xn � +1 , which leads to a contradiction.
By the above two cases, we havem(x �

n ; x �
n ) > 0. Sincef m(xn � ; xn � )g is monotone, by (m2),

(4) and (5) we have

0 < m (xn � ; xn � ) = mxn � ;xn � +1 � m(xn � ; xn � +1 ) = 0

or
0 < m (xn � ; xn � ) = mxn � � 1 ;xn � � m(xn � � 1; xn � ) = 0 ;

which is a contradiction. Hence,M (xn � 1; xn ) > 0 for all n 2 N, which implies by the property
of ’ that

(6) ’ (M (xn � 1; xn )) > 0

for all n 2 N. Next, we will claim that

M (xn � 1; xn ) � maxf m2(xn ; xn � 1); m(xn � 1; xn ) � m(xn ; xn+1 ); m2(xn ; xn+1 )g
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for all n 2 N. To establish this result, we consider two distinct cases as follows:
Case 1: If f m(xn ; xn )g is an increasing sequence, then by applying conditions (m2) and

(m4), for each n 2 N, we obtain
1
2

[m(xn � 1; xn+1 ) � m(xn ; xn )]

�
1
2

[m(xn � 1; xn ) � mxn � 1 ;xn + m(xn ; xn+1 ) � mxn ;xn +1 + mxn � 1 ;xn +1 ]m(xn ; xn )

�
1
2

[m(xn � 1; xn ) � mxn � 1 ;xn + m(xn ; xn+1 ) + mxn � 1 ;xn +1 ]m(xn ; xn )

=
1
2

[m(xn � 1; xn ) � m(xn � 1; xn � 1) + m(xn ; xn+1 ) + m(xn � 1; xn � 1)]mxn ;xn +1

=
1
2

[m(xn � 1; xn ) + m(xn ; xn+1 )]mxn ;xn +1

�
1
2

[m(xn � 1; xn ) + m(xn ; xn+1 )]m(xn ; xn+1 )

� maxf m2(xn ; xn+1 ); m(xn � 1; xn ) � m(xn ; xn+1 )g:(7)

Case 2: If f m(xn ; xn )g is a decreasing sequence, then by applying conditions (m2) and
(m4), for each n 2 N, we similarly obtain
1
2

[m(xn � 1; xn+1 ) � m(xn ; xn )]

�
1
2

[m(xn � 1; xn ) � mxn � 1 ;xn + m(xn ; xn+1 ) � mxn ;xn +1 + mxn � 1 ;xn +1 ]m(xn ; xn )

�
1
2

[m(xn � 1; xn ) + m(xn ; xn+1 ) � mxn ;xn +1 + mxn � 1 ;xn +1 ]m(xn ; xn )

=
1
2

[m(xn � 1; xn ) + m(xn ; xn+1 ) � m(xn+1 ; xn+1 ) + m(xn+1 ; xn+1 )]mxn � 1 ;xn

�
1
2

[m(xn � 1; xn ) + m(xn ; xn+1 )]m(xn � 1; xn )

� maxf m2(xn ; xn � 1); m(xn � 1; xn ) � m(xn ; xn+1 )g:(8)

From above two cases and (3), we obtain

(9) M (xn � 1; xn ) � maxf m2(xn ; xn � 1); m(xn � 1; xn ) � m(xn ; xn+1 ); m2(xn ; xn+1 )g

for all n 2 N. Now, using (2), (6) and (9) we have

 (m2(xn ; xn+1 )) �  (maxf m2(xn � 1; xn ); m(xn � 1; xn ) � m(xn ; xn+1 ); m2(xn ; xn+1 )g)
� ’ (M (xn � 1; xn ))(10)

<  (maxf m2(xn � 1; xn ); m(xn � 1; xn ) � m(xn ; xn+1 ); m2(xn ; xn+1 )g)

for all n 2 N. The nondecreasing property of implies that

(11) m2(xn ; xn+1 ) < maxf m2(xn � 1; xn ); m(xn � 1; xn ) � m(xn ; xn+1 ); m2(xn ; xn+1 )g

for all n 2 N. If

maxf m2(xn � 1; xn ); m(xn � 1; xn ) m(xn ; xn+1 ); m2(xn ; xn+1 )g = m2(xn ; xn+1 )

for somen 2 N, then a contradiction arises from (11). Hence, it is clear that

m2(xn ; xn+1 ) < maxf m2(xn � 1; xn ); m(xn � 1; xn ) � m(xn ; xn+1 )g

for all n 2 N. This implies that

m(xn ; xn+1 ) < m (xn ; xn � 1)

for all n 2 N. Therefore, f m(xn ; xn+1 )g is strictly decreasing and hence converges tor � 0.
Now, we will show that r = 0. On the contrary, suppose that r > 0. From (3) and (9), we
have

m2(xn ; xn � 1) � M (xn � 1; xn ) � maxf m2(xn ; xn � 1); m(xn � 1; xn ) � m(xn ; xn+1 ); m2(xn ; xn+1 )g

for all n 2 N. By taking the limit as n ! 1 in the above inequality, we have

lim
n !1

M (xn � 1; xn ) = r 2:
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From this fact, by taking the limit as n ! 1 in (10) and by the continuity of  and � , we
obtain

 (r 2) �  (maxf r 2; r 2; r 2g) � ’ (r 2)
=  (r 2) � ’ (r 2)
<  (r 2);

which is a contradiction. Hence,r = 0. Thus,

(12) lim
n !1

m(xn ; xn+1 ) = 0 :

Using (m2) and (12) we obtain

(13) lim
n !1

mxn ;xn +1 = 0 ;

and so we have

(14) lim
n !1

m(xn ; xn ) = 0 :

Now, we will claim that f xng is an m-Cauchy sequence in (X; m ) so by Lemma 2.10 we
must prove that f xng is a Cauchy sequence in (X; m w). Suppose that f xng is not a Cauchy
sequence in (X; m w), which means that there exists an � > 0 and two subsequencesf xak g
and f xbk g of f xng with bk > a k > k such that

(15) mw(xak ; xbk ) � �:

So we can assume thatbk is the smallest integer such that (15) holds. Then we have

(16) mw(xak ; xbk � 1) < �:

Using the triangle inequality for the metric mw , (15), (16) and the property of mw we have

� � mw(xak ; xbk )
� mw(xak ; xbk � 1) + mw(xbk � 1; xbk )
< � + mw(xbk � 1; xbk )
= � + m(xbk � 1; xbk ) � 2mxbk � 1 ;xbk

+ M xbk � 1 ;xbk
(17)

for all k 2 N. Taking limit as k ! 1 in (17), and from (12) and (14), we have

(18) lim
k!1

mw(xak ; xbk ) = �:

On the other hand,

mw(xbk ; xak ) � mw(xbk ; xbk � 1) + mw(xbk � 1; xak � 1) + mw(xak � 1; xak );

and

mw(xbk � 1; xak � 1) � mw(xbk � 1; xbk ) + mw(xbk ; xak ) + mw(xak ; xak � 1 ):

Letting k ! 1 in above two inequalities, by (12) and (18), we deduce that

lim
k!1

mw(xbk � 1; xak � 1) = �:

Similarly, we can prove that
lim

k!1
mw(xbk � 1; xak ) = �

and
lim

k!1
mw(xbk ; xak � 1) = �:

From (13), (14) and the property of mw , we obtain

(19) lim
k!1

m(xbk � 1; xak � 1) = lim
k!1

m(xbk � 1; xak ) = lim
k!1

m(xbk ; xak � 1) = �:

Now, by substituting x = xbk and y = xak into (1), we obtain

 (m2(xbk ; xak )) =  (m2(T xbk � 1; T xak � 1))
�  (M (xbk � 1; xak � 1)) � ’ (M (xbk � 1; xak � 1))(20)
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for all k 2 N, where

M (xbk � 1; xak � 1) = max

8
>>>>>>><

>>>>>>>:

m2(xbk � 1; xak � 1);
m(xbk � 1; xbk ) � m(xak � 1; xak )

1 + m2(xbk � 1; xak � 1)
;

1
2

[m(xbk � 1; xak ) � m(xak � 1; xbk )];
m2(xak � 1; xak )

1 + m2(xak � 1; xak � 1)

9
>>>>>>>=

>>>>>>>;

:

Letting k ! 1 in (20) and using (12), (14), (19), we get

 (� 2) �  
�

max
�

� 2; 0;
� 2

2
; 0

��
� ’

�
max

�
� 2; 0;

� 2

2
; 0

��

<  (� 2);

which is a contradiction. Hence, we conclude thatf xng is a Cauchy sequence in the metric
space (X; m w). By item (1) of Lemma 2.10, the sequencef xng is an m-Cauchy sequence in
the complete M -metric space (X; m ). Hence, there exists a pointz 2 X such that

lim
n !1

�
m(xn ; z) � mxn ;z

�
= 0 and lim

n !1

�
M xn ;z � mxn ;z

�
= 0 :

Using (14), the above equation become

(21) lim
n !1

m(xn ; z) = 0 and lim
n !1

M xn ;z = 0 :

This implies that
m(z; z) � M xn ;z ! 0 asn ! 1 ;

that is,

(22) m(z; z) = 0 :

Now, we will show that z is the �xed point of T . From (1), for each n 2 N, we have

 (m2(xn+1 ; Tz)) =  (m2(T xn ; Tz))
�  (M (xn ; z)) � ’ (M (xn ; z)) ;(23)

where

M (xn ; z) = max

8
>><

>>:

m2(xn ; z);
m(xn ; T z) � m(z; T z)

1 + m2(xn ; z)
;

1
2

[m(xn ; Tz) � m(z; xn+1 )];
m2(z; T z)

1 + m2(z; z)

9
>>=

>>;
:

Using the continuity of  and � , (21), (22) and Lemma 2.11 with (14), we obtain from the
above inequality that

 (m2(z; Tz)) �  (maxf 0; m2(z; T z); 0; m2(z; Tz)g) � ’ (maxf 0; m2(z; T z); 0; m2(z; T z)g)
=  (m2(z; T z)) � ’ (m2(z; T z)) ;

which implies that ’ (m2(z; T z)) = 0. Using the property of ’ , we deduce thatm2(z; T z) = 0.
So we have

(24) m(z; T z) = 0 :

Again, by (1) we have

 (m2(T z; Tz)) �  (M (z; z)) � ’ (M (z; z)) ;

where

M (z; z) = max

8
>><

>>:

m2(z; z);
m(z; T z) � m(z; T z)

1 + m2(z; z)
;

1
2

[m(z; T z) � m(z; T z)];
m2(z; T z)

1 + m2(z; z)

9
>>=

>>;
:

Now, from (22) and (24), we have

 (m2(T z; Tz)) �  (0) � ’ (0) = 0 ;

which implies that m(T z; Tz) = 0. Now, we get

m(z; z) = m(z; T z) = m(T z; Tz):

It follows from ( m1) that z = T z, that is, z is a �xed point of T .
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To establish the uniqueness of the �xed point, suppose thatz; w 2 X are two �xed points
of T . If m(z; z) > 0, then by applying (1) we obtain

 
�
m2(z; z)

�
�  

�
M (z; z)

�
� ’

�
M (z; z)

�
:

Clearly, this inequality cannot hold, and hence m(z; z) = 0. By a similar argument, we also
have m(w; w) = 0. On the other hand, if m(z; w) > 0, then by (1), we get

 
�
m2(z; w)

�
�  

�
M (z; w)

�
� ’

�
M (z; w)

�
;

where

M (z; w) = max

8
>><

>>:

m2(z; w);
m(z; T z) � m(w; Tw)

1 + m2(z; w)
;

1
2

�
m(z; T w) � m(w; Tz)

�
;

m2(w; Tw)
1 + m2(w; w)

9
>>=

>>;
:

This leads to the absurd conclusion that m2(z; w) < m 2(z; w), which is a contradiction.
Therefore, we conclude that

m(z; z) = m(z; w) = m(w; w) = 0 ;

and by (m1), it follows that z = w. Hence, the �xed point of T is unique. �

Next, we give an example to support the validity of Theorem 3.4.

Example 3.5. Let X = [0 ; 1 ) and m : X � X ! [0; 1 ) be de�ned by

m(x; y) =
x + y

2
for all x; y 2 X . Then (X; m ) is a completeM -metric space. De�ne a mappingT : X ! X
by

T (x) =

8
><

>:

sinx
2

; 0 � x < 1;
x

x + 1
; x � 1:

for all x 2 X .
First, we consider the value ofM (x; y) for all x; y 2 X . Since T x � x for all x 2 X , we

have

m(x; T x ) � m(y; T y)
1 + m2(x; y)

=

� x+ T x
2

�
�
�

y+ T y
2

�

1 +
� x+ y

2
� 2 �

(x + x) � (y + y)

4(1 +
� x+ y

2
� 2)

� xy �
�

x + y
2

� 2
= m2(x; y)

and
m(x; T y) � m(y; Tx)

2
=

1
2

�
(x + T y)

2
�

(y + T x)
2

�
�

(x + y) � (y + x)
8

�
�

x + y
2

� 2
= m2(x; y)

for all x; y 2 X . This implies that

M (x; y) = max
�

m2(x; y);
m2(y; T y)

1 + m2(y; y)

�

for all x; y 2 X . Observe thatT is Picard-sequentially monotone.
Next, we will claim that T is a weakly rational contraction mapping with the functions

 2 	 and ’ 2 � de�ned by

 (t) =
p

t; ’ (t) = 1
2

p
t for all t 2 [0; 1 );

that is, T satis�es condition (1). Let x; y 2 X . We consider the following three cases:
Case 1: Let x; y 2 [0; 1). If M (x; y) = m2(x; y), then we get

 (m2(T x; Ty)) = m(T x; Ty)

=
sinx + sin y

4

�
x + y

4

=
x + y

2
�

x + y
4

=  (m2(x; y)) � ’ (m2(x; y))
=  (M (x; y)) � ’ (M (x; y)) :

115 / 193



On the existence and convergence theorems

If M (x; y) =
m2(y; T y)

1 + m2(y; y)
, then we get

m2(y; Ty)
1 + m2(y; y)

� ( x+ y
2 )2 and so

 (m2(T x; Ty)) = m(T x; Ty)

=
sinx + sin y

4

�
1
2

�
x + y

2

�

�
1
2

 
m(y; T y)

p
1 + m2(y; y)

!

=

 
m(y; T y)

p
1 + m2(y; y)

!

�

 
m(y; Ty)

2
p

1 + m2(y; y)

!

=  
�

m2(y; Ty)
1 + m2(y; y)

�
� ’

�
m2(y; Ty)

1 + m2(y; y)

�

=  (M (x; y)) � ’ (M (x; y)) :

Case 2: Let x; y 2 [1; 1 ). If M (x; y) = m2(x; y), then we get

 (m2(T x; Ty)) = m(T x; Ty)

=

�
x

x+1

�
+

�
y

y+1

�

2

�
x + y

4

=
x + y

2
�

x + y
4

=  (m2(x; y)) � ’ (m2(x; y))
=  (M (x; y)) � ’ (M (x; y)) :

If M (x; y) =
m2(y; T y)

1 + m2(y; y)
, then we get

 (m2(T x; Ty)) = m(T x; Ty)

=

�
x

x+1

�
+

�
y

y+1

�

2

�
1
2

�
x + y

2

�

�
1
2

 
m(y; T y)

p
1 + m2(y; y)

!

=

 
m(y; T y)

p
1 + m2(y; y)

!

�

 
m(y; Ty)

2
p

1 + m2(y; y)

!

=  
�

m2(y; Ty)
1 + m2(y; y)

�
� ’

�
m2(y; Ty)

1 + m2(y; y)

�

=  (M (x; y)) � ’ (M (x; y)) :

Case 3: Let (x; y) 2 [0; 1) � [1; 1 ) [ [1; 1 ) � [0; 1). Without loss of generality, we may
assume thatx 2 [0; 1) and y 2 [1; 1 ). If M (x; y) = m2(x; y), then we get

 (m2(T x; Ty)) = m(T x; Ty)

=

� sin x
2

�
+

�
y

y+1

�

2

�
x + y

4

=
x + y

2
�

x + y
4
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=  (m2(x; y)) � ’ (m2(x; y))
=  (M (x; y)) � ’ (M (x; y)) :

If M (x; y) =
m2(y; T y)

1 + m2(y; y)
, then we get

 (m2(T x; Ty)) = m(T x; Ty)

=

� sin x
2

�
+

�
y

y+1

�

2

�
1
2

�
x + y

2

�

�
1
2

 
m(y; Ty)

p
1 + m2(y; y)

!

=

 
m(y; T y)

p
1 + m2(y; y)

!

�

 
m(y; T y)

2
p

1 + m2(y; y)

!

=  
�

m2(y; T y)
1 + m2(y; y)

�
� ’

�
m2(y; T y)

1 + m2(y; y)

�

=  (M (x; y)) � ’ (M (x; y)) :
Therefore, all the conditions of Theorem 3.4 are satis�ed, and henceT admits a unique �xed
point. In this case, x = 0 is the unique �xed point of T .

Furthermore, some numerical experiments illustrating the approximation of the �xed point
of T are presented in Table 1, while the convergence behavior of the corresponding iterations
is depicted in Figure 2.

Table 1. Iterates of Picard iterations for Example 3.5

x0 0:3 0:6 1 1:4
x1 0:148 0:282 0:500 0:583
x2 0:074 0:139 0:240 0:275
x3 0:037 0:069 0:119 0:136
x4 0:018 0:035 0:059 0:068
x5 0:009 0:017 0:030 0:034
x6 0:005 0:009 0:015 0:017
x7 0:002 0:004 0:007 0:008
x8 0:001 0:002 0:004 0:004
x9 0:001 0:001 0:002 0:002
x10 0:000 0:001 0:001 0:001
...

...
...

...
...
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Figure 2. Convergence behavior for Example 3.5
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In the following, we present several results that can be derived directly from the main
theorem of this paper. By taking  (t) = t and ’ (t) = (1 � � )t for all t 2 [0; 1 ), where
� 2 [0; 1), in Theorem 3.4, we immediately obtain the following corollary:

Corollary 3.6. Let (X; m ) be a completeM -metric space andT : X ! X be a mapping
satisfying

(25) m2(T x; Ty) � �M (x; y)

for all x; y 2 X , where � 2 [0; 1) and

M (x; y) = max
�

m2(x; y);
m(x; T x ) � m(y; Ty)

1 + m2(x; y)
;
m(x; T y) � m(y; T x)

2
;

m2(y; T y)
1 + m2(y; y)

�
:

Assume that T is Picard-sequentially monotone. ThenT is a Picard operator.

The following result is the immediate consequence of Corollary 3.6.

Corollary 3.7. Let (X; m ) be a completeM -metric space andT : X ! X be a mapping
satisfying

m2(T x; Ty) � a1m2(x; y) + a2

�
m(x; T x ) � m(y; T y)

1 + m2(x; y)

�

+ a3[m(x; T y) � m(y; T x)] + a4

�
m2(y; Ty)

1 + m2(y; y)

�
(26)

for all x; y 2 X , where 0 � a1 + a2 + 2a3 + a4 < 1. Assume that T is Picard-sequentially
monotone. Then T is a Picard operator.

Remark 3.8. The Picard-sequentially monotone condition can be omitted if we replace the
contractive condition (1) by

(27)  (m2(T x; Ty)) �  (m2(x; y)) � ’ (m2(x; y))

for all x; y 2 X , where  2 	 and ’ 2 � .

By taking  (t) = t and ’ (t) = (1 � k2)t with k 2 [0; 1) for all t 2 [0; 1 ) in (27), we
immediately get the Banach contraction principle in M -metric space as follows:

Corollary 3.9 ([2]). Let (X; m ) be a completeM -metric space andT : X ! X satis�es the
Banach contractive condition, that is, there existsk 2 [0; 1) such that

m(T x; Ty) � km(x; y)(28)

for all x; y 2 X . Then T is a Picard operator.

Remark 3.10. From Figure 1, it is inferred that Theorem 3.4 can be viewed as the gener-
alization and the extension of many comparable results in metric spaces and partial metric
spaces.

4. Conclusions and an open problem

In this paper, we have introduced and studied the weakly rational contraction mappings in
the framework of M -metric spaces. By employing suitable auxiliary functions and relaxation
of classical contractive conditions, we established a new �xed point theorem that extends
and generalizes several existing results in the literature. The proposed approach not only
preserves the essential properties of �xed point theory in generalized metric structures but
also provides a uni�ed analytical framework for further exploration. The presented example
veri�es the validity of our main theorem and demonstrates its applicability to nontrivial cases,
thereby illustrating the broader scope of weakly rational contractions beyond traditional met-
ric settings. Our �ndings reveal that M -metric spaces o�er a 
exible and e�cient structure
for analyzing nonlinear mappings, especially when the standard assumptions of symmetry or
zero self-distance are not satis�ed.

Finally, we propose an open problem for future investigation: can the assumption of Picard-
sequentially monotone in Theorem 3.4 be weakened or even omitted while still ensuring the
existence and uniqueness of a �xed point? This question remains an intriguing challenge for
researchers seeking to re�ne and broaden the applicability of �xed point theory in M -metric
spaces.
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A new generalization of the Frank Matrix
Efruz �Ozlem Mersin

Abstract . Matrices play a fundamental role in various areas of mathematics, including
combinatorics, numerical analysis, and linear algebra. The literature includes signi�cant
papers on matrices whose entries are binomial coe�cients, such as Pascal matrices. Max
matrices, whose entries are de�ned as the maximum of their respective row and column
indices are another special type of matrix in matrix theory. Among them, the Frank matrix
has recently attracted attention from researchers. Several studies have examined various
generalizations of the Frank matrix and analysed their basic properties. This paper introduces
a new generalization of the Frank matrix, called the binomial Frank matrix, and investigates
some of its properties, including the determinant, inverse, adjoint matrix, LU decomposition,
and certain norms. This study contributes to the literature by o�ering a novel approach to
extending Frank matrices and providing insights into their algebraic and analytical properties.

2020 Mathematics Subject Classifications : 11B65, 15A09, 15A15, 15A23, 15A36

Keywords: Frank matrix, Binomial Frank matrix, Determinant, Inverse, Norm

1. Introduction

Matrices whose entries are de�ned by special number sequences or combinatorial coe�-
cients play an important role in linear algebra and its applications. Among these, the Pascal
matrix, constructed from binomial coe�cients and representing the classical Pascal triangle
in matrix form, is a well-known example widely used since the 1980s. Pascal matrices can
be de�ned in three forms [8, 10, 13]: The lower triangular matrix is most commonly referred
to as the Pascal matrix. This matrix constitutes the matrix representation of the classical
Pascal triangle and is de�ned as follows

Pn = [ pij ]ni;j =1 =

8
<

:

�
i � 1
j � 1

�
; if i � j;

0; otherwise.

That is, an n � n lower triangular Pascal matrix is

Pn =

2

66666666666664

�
0
0

�
0 0 � � � 0

�
1
0

� �
1
1

�
0 � � � 0

�
2
0

� �
2
1

� �
2
2

�
� � � 0

...
...

... . . . ...�
n � 1

0

� �
n � 1

1

� �
n � 1

2

�
� � �

�
n � 1
n � 1

�

3

77777777777775

:

An upper triangular Pascal matrix is expressed by the rule

Qn = [ qij ]ni;j =1 =

8
<

:

�
j � 1
i � 1

�
; if j � i;

0; otherwise.

A symmetric Pascal matrix Rn = [ r ij ]ni;j =1 is characterized by

r ij =
�

i + j � 2
i � 1

�
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for i; j = 1 ; 2; : : : ; n.
Edelman and Strang [8] studied determinants, inverses,LU decompositions, and some

norms of the Pascal matrices. Call and Velleman [3] examined the structure and certain prop-
erties of Pascal matrices, establishing their connections with some special matrices. Zhizheng
[40] introduced generalizations of the Pascal matrix and conducted a detailed investigation
of their algebraic properties, which were further extended by Zhizheng and Liu [39]. Ratli�
and Rush [32] focused on the determinants of triangular matrices formed by binomial co-
e�cients, revealing their connection to powers of certain integers. Brawer and Pirovino [2]
studied algebraic properties of Pascal matrices, derived explicit formulas for their powers, and
analysed their spectral characteristics. Carlitz [4] initiated the study of characteristic poly-
nomials for matrices with binomial coe�cient entries. Melham and Cooper [23] conducted
a detailed analysis of the eigenvalues of such matrices, revealing their links to fundamental
combinatorial identities. Lewis [21] presented a generalization of Pascal matrices through
operator-based constructions, extending key algebraic properties and enabling new applica-
tions in combinatorics and linear algebra.

In addition to these fundamental studies, there have been signi�cant works on generalized
Pascal-type matrices. Tu�glu et al. [37] presented an analogue of the Riordan representation
of Pascal matrices via Fibonomial coe�cients. K�l��c [17] showed that matrices involving
Fibonomial coe�cients share eigenvalues with generalized Pascal matrices, highlighting a
connection between Fibonacci-based combinatorics and classical Pascal matrices. K�z�laslan
[19] further investigated algebraic properties of Pascal-type matrices involving double factorial
binomial coe�cients. Hoskins and Ponzo [16] studied a class of band matrices whose entries
are de�ned using binomial coe�cients, examining their algebraic properties. Ar�kan and K�l��c
[1] introduced a type of non-symmetric band matrices with Gaussianq-binomial coe�cients,
investigating their determinants, inverses, and LU decompositions. Dalk�l��c and Ko�cer [6]
studied circulant matrices de�ned by q-binomial coe�cients, deriving explicit formulas for
eigenvalues, norms, and determinants, bridging combinatorial analysis and matrix theory.

Max matrices, introduced by P�olya and Szeg}o [30], form a class of structured matrices
whose entries are de�ned by the maximum of the corresponding row and column indices;
that is, Amax = [max( i; j )]n

i;j =1 . A more general form is given by

A max =
�
amax( i;j )

� n
i;j =1 ;

where f asgn
s=1 is a real sequence. These matrices and their various generalizations have

been extensively studied due to their rich algebraic and combinatorial properties. Various
authors have investigated their determinants, inverses, eigenvalues, exponential forms,LU
decompositions, Hadamard inverses, and matrix norms [5, 17, 20, 22, 28]. K�l��c and Ar�kan
[18] provided explicit formulas for the LU and Cholesky decompositions, as well as for the
inverses of generalized Max matrices. Stuart [36] analysed a related variant called the nested
symmetric matrix, which is essentially a general form of a Max matrix, o�ering explicit
expressions for its determinant, inverse, principal minors, and itsLU and QR decompositions.
Since Max matrices can be regarded as a special case of join matrices, some general results
obtained by Mattila and Haukkanen [22] in the context of meet and join matrices are also
applicable to Max matrices. A special type of Max matrix is called the Frank matrix and is
de�ned by [9] as

F =

2

66666664

n n � 1 0 � � � 0 0
n � 1 n � 1 n � 2 � � � 0 0
n � 2 n � 2 n � 2 � � � 0 0

...
...

... . . . ...
...

2 2 2 � � � 2 1
1 1 1 � � � 1 1

3

77777775

whose entries are characterized by the rule

f ij =

(
n + 1 � max (i; j ) ; i > j � 2
0; otherwise.

The Frank matrix is a well-known test matrix frequently used to evaluate eigenvalue algo-
rithms due to its spectrum containing both well-conditioned and ill-conditioned eigenvalues
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[7, 38]. Numerous structural and spectral properties of the Frank matrix F have been ex-
tensively studied [7, 12]. These properties include the facts that all eigenvalues are real,
positive, and occur in reciprocal pairs, that the determinant of F equals 1, its inverse is
an upper Hessenberg matrix, and thatF admits an LU factorization. Moreover, the char-
acteristic polynomial of F satis�es a second-order linear recurrence relation with speci�c
initial conditions. Varah [38] introduced a generalization of the Frank matrix and proposed
a method for accurately computing its eigenstructure. Mersin et al. [27] de�ned generalized
Frank matrix

Fa =

2

66666664

an an � 1 0 0 � � � 0 0
an � 1 an � 1 an � 2 0 � � � 0 0
an � 2 an � 2 an � 2 an � 3 � � � 0 0

...
...

...
... . . . ...

...
a2 a2 a2 a2 � � � a2 a1
a1 a1 a1 a1 � � � a1 a1

3

77777775

:

whose entries are determined by a real number sequencef ang. The entries of the matrix Fa
is generated by the rule

(f a) ij =

(
an+1 � max( i;j ) ; i > j � 2
0; otherwise

where as’s (s = 1 ; 2; : : : ; n) represent the elements of the real sequencef ang. The authors
presented some of its properties including determinant, characteristic polynomial and inverse.
The eigenvalues of the generalized Frank matrixFa are investigated, and the number of eigen-
values within a given interval is determined using the Sturm Theorem [25]. Shi and K�z�late�s
[33] and G�okba�s [11] each proposed a generalization of the Frank matrix and investigated its
determinant, inverse, and various matrix norms. Higham [14] studied on bidiagonal matrices
including the Frank and Pascal matrices. Mersin and Bah�si [26] studied the bounds for the
maximum eigenvalues of the Fibonacci-Frank and Lucas-Frank matrices, which are obtained
by choosing the Fibonacci and Lucas sequences, respectively, as the sequencef ang in the
generalized Frank matrix Fa. The authors also obtained some results on the Euclidean and
spectral norms of these matrices. Mersin [24] introduced some new generalizations of the
Fibonacci-Frank and Lucas-Frank matrices and presented some of their similar properties
to the paper [25]. Polatl� [29] introduced an alternative generalization of the Frank matrix
by constructing a matrix whose entries are based on the minimum of the corresponding row
and column indices, with values taken from an arbitrary real sequencef ang. Prasad and
Kumari [31] investigated the fundamental properties of the generalized Frank matrix whose
entries are formed by the Mersenne number sequence. Very recently, Shi and K�z�late�s [34]
introduced another generalization of the Frank matrix, called the geometricr -Frank matrix,
and discussed its algebraic structure.

In this study, we introduce a new generalization of the classical Frank matrix, referred
to as the binomial Frank matrix, whose entries are determined by binomial coe�cients. We
investigate several of its fundamental properties, including the determinant, inverse, adjoint
matrix, LU decomposition, and various matrix norms. This matrix structure enriches the
family of special matrices by establishing connections between combinatorial identities and
matrix theory.
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2. Main results

De�nition 2.1. The n � n matrix

F �
n =

�
f �

ij
� n

i;j =1 =

2

666666666666666664

�
n
n

� �
n

n � 1

�
0 : : : 0 0

�
n

n � 1

� �
n

n � 1

� �
n

n � 2

�
: : : 0 0

�
n

n � 2

� �
n

n � 2

� �
n

n � 2

�
: : : 0 0

...
...

... . . . ...
...�

n
2

� �
n
2

� �
n
2

�
: : :

�
n
2

� �
n
1

�

�
n
1

� �
n
1

� �
n
1

�
: : :

�
n
1

� �
n
1

�

3

777777777777777775

;

whose entries are given by

f �
ij =

8
<

:

�
n

n + 1 � max (i; j )

�
; i > j � 2

0; otherwise,

is called the binomial Frank matrix.

Theorem 2.2. The determinant of the binomial Frank matrix F �
n is

det (F �
n ) = n

nY

k=2

��
n
k

�
�

�
n

k � 1

��
:

Proof. We keep thenth column �xed and replace eachi th column with the di�erence between
the i th and ( i + 1)th columns, for i = 1 ; 2; : : : ; n � 1. Then, the determinant of the matrix
F �

n is obtained as follows

det (F �
n ) =

�����������������������

�
n
n

�
�

�
n

n � 1

� �
n

n � 1

�
0 : : : 0 0

0
�

n
n � 1

�
�

�
n

n � 2

� �
n

n � 2

�
: : : 0 0

0 0
�

n
n � 2

�
�

�
n

n � 3

�
: : : 0 0

...
...

...
. . .

...
...

0 0 0 : : :
�

n
2

�
�

�
n
1

� �
n
1

�

0 0 0 : : : 0
�

n
1

�

�����������������������

:

Thus, the well-known determinant property immediately yields the desired result. �

According to Theorem 2.2, the determinant is zero whenn is odd. Therefore, whenn is
even,F �

n is invertible. The following theorem provides its inverse.

Theorem 2.3. Let n is even. Then, the inverse of the matrixF �
n is Tn = [ t ij ]ni;j =1 where its

entries are characterized by
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t ij =

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

1
1 � n

; i = j = 1
�

n
n + 2 � i

�

��
n

n + 2 � i

�
�

�
n

n + 1 � i

�� ��
n

n + 1 � i

�
�

�
n

n � i

�� ; i = j 6= 1 ; n

� 1�
n

n + 2 � i

�
�

�
n

n + 1 � i

� ; i = j + 1

0; i > j + 1

(� 1)j � i
j � iY

k=1

t ii

�
n

n + 1 � i � k

�

��
n

n + 1 � i � k

�
�

�
n

n � i � k

�� ; i < j 6= n

� t i;n � 1; i < j = n

n � 1
n (n � 3)

; i = j = n:

Proof. The proof follows directly from the equalities F �
n Tn = TnF �

n = I n , where I n is the
identity matrix of order n. �

Using the results from Theorems 2.2 and 2.3 in the well-known equalityAdj (F �
n ) =

Tn det (F �
n ), we obtain the following result.

Corollary 2.4. The adjoint matrix An = [ aij ]ni;j =1 of the matrix F �
n is

aij =

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

n
n � 1Y

k=2

��
n
k

�
�

�
n

k � 1

��
; i = j = 1

n
�

n
n + 2 � i

� nY

k=2
k6= n+2 � i
k6= n+1 � i

��
n
k

�
�

�
n

k � 1

��
; i = j 6= 1 ; n

� n
nY

k=2
k6= n+2 � i

��
n
k

�
�

�
n

k � 1

��
; i = j + 1

0 i > j + 1

(� 1)j � i
j � iY

k=1

aii

�
n

n + 1 � i � k

�

��
n

n + 1 � i � k

�
�

�
n

n � i � k

�� ; i < j 6= n

� ai;n � 1; i < j = n

n � 1
n � 3

nY

k=2

��
n
k

�
�

�
n

k � 1

��
; i = j = n

for even n.

Before presenting theLU decomposition of the matrix F �
n , recall that it expresses a square

matrix as the product of a lower triangular matrix L and an upper triangular matrix U,
which facilitates the computation of matrix inverses, determinants, and solutions to linear
systems.

Theorem 2.5. The entries of the matricesL = [ l ij ]ni;j =1 and U = [ uij ]ni;j =1 , which form the
LU decomposition of the matrix F �

n , are characterized as follows.
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For even n

l ij =

8
>>>>>>><

>>>>>>>:

0; i < j
1; i = j�

n
n + 1 � i

�

�
n

n + 1 � j

� ; otherwise

and

uij =

8
>>>>>>>>>>><

>>>>>>>>>>>:

1; i = j = 1�
n

n + 1 � i

� ��
n

n + 2 � i

�
�

�
n

n + 1 � i

��

�
n

n + 2 � i

� ; i = j 6= 1

�
n

n � i

�
; i = j � 1

0; otherwise:

For odd n

l ij =

8
>>>>>>><

>>>>>>>:

0; i < j
1; i = j and i = j � 1 for i > n+1

2�
n

n + 1 � i

�

�
n

n + 1 � j

� ; otherwise

and

uij =

8
>>>>>>>>>>><

>>>>>>>>>>>:

1; i = j = 1�
n

n + 1 � i

� ��
n

n + 2 � i

�
�

�
n

n + 1 � i

��

�
n

n + 2 � i

� ; i = j 6= 1 and i � n+1
2

�
n

n � i

�
; i = j � 1

0; otherwise:

Proof. The matrix multiplication F �
n = LU immediately yields the desired result. �

The following theorems present certain norms of the matrixF �
n .

Theorem 2.6. The matrix F �
n has the following result for its Euclidean norm

kF �
n kF =

vuut
n � 1X

i =1

(n � i + 2)
�

n
i

� 2
+ 1 :

Proof. The Euclidean (Frobenius) of an m � n matrix A is de�ned as [15]

kAkF =

2

4
mX

i =1

nX

j =1

j aij j2
3

5

1
2

:

Considering the de�nition of the Euclidean norm, we obtain

kF �
n k2

F =
�

n
n

� 2
+ 3

�
n

n � 1

� 2
+ 4

�
n

n � 2

� 2
+ : : : + ( n + 1)

�
n
1

� 2
;

which gives the desired result. �
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Theorem 2.7. An upper bound for the spectral norm of the matrixF �
n (n > 3) is as follows

kF �
n k2

2 �

8
>>>><

>>>>:

" � n
2

+ 1
� �

n
n=2

� 2
+ 1

# " �
n

n=2

� 2
+

n
2

#

; n is even
" �

n + 3
2

� �
n

(n � 1) =2

� 2
+ 1

# " �
n

(n + 1) =2

� 2
+

n + 1
2

#

; n is odd:

Proof. The spectral norm of an m � n matrix A is de�ned as

kAk2 =
r

max
1� i � n

� i
�
AH A

�
;

where AH is the conjugate transpose of the matrixA and � i
�
AH A

�
’s are the eigenvalues of

AH A [15]. Let B = [ bij ] and D = [ dij ] be any m � n matrices. Then, the maximum row
length norm r1 (B ) and the maximum column length norm c1 (D ) are de�ned by

r1 (B ) = max
i

s X

j

j bij j2 and c1 (D ) = max
j

s X

i

j dij j2;

respectively [15]. Moreover, if the matrix A = [ aij ] has the equality A = B � D , then

kAk2 � r1 (B ) c1 (D ) ;

where B � D is the Hadamard product of the matricesB and D , which is de�ned by the rule

B � D = [ bij dij ]

[15]. Using the Hadamard product, the matrix F �
n holds the equality

F �
n = B � D;

where

B =

2

666666666666666664

�
n
n

�
1 0 : : : 0 0

�
n

n � 1

� �
n

n � 1

�
1 : : : 0 0

�
n

n � 2

� �
n

n � 2

� �
n

n � 2

�
: : : 0 0

...
...

... . . . ...
...�

n
2

� �
n
2

� �
n
2

�
: : :

�
n
2

�
1

�
n
1

� �
n
1

� �
n
1

�
: : :

�
n
1

� �
n
1

�

3

777777777777777775

and

D =

2

66666666666664

1
�

n
n � 1

�
0 : : : 0 0

1 1
�

n
n � 2

�
: : : 0 0

1 1 1 : : : 0 0
...

...
... . . . ...

...

1 1 1 : : : 1
�

n
1

�

1 1 1 : : : 1 1

3

77777777777775

:

Based on the properties of the binomial function, we derive the following results. Letn be an

even number. Then, the largest binomial occurs at
�

n
n=2

�
. Thus, the maximum row length

norm of B is

r1 (B ) =

s
� n

2
+ 1

� �
n

n=2

� 2
+ 1

and maximum column length norm of D is

c1 (D ) =

s �
n

n=2

� 2
+

n
2

:
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For odd n, the largest values are obtained at
�

n
(n � 1)=2

�
and

�
n

(n + 1) =2

�
, which are equal

and represent the central values. Then, we have

r1 (B ) =

s �
n + 1

2
+ 1

� �
n

(n + 1) =2

� 2
+ 1

and

c1 (D ) =

s �
n

(n + 1) =2

� 2
+

n + 1
2

;

which complete the proof. �

Next, we give an example to illustrate our results.

Example 2.8. For the even case, letn = 4 . Then, we have

F �
4 =

2

66666666664

�
4
4

� �
4
3

�
0 0

�
4
3

� �
4
3

� �
4
2

�
0

�
4
2

� �
4
2

� �
4
2

� �
4
1

�

�
4
1

� �
4
1

� �
4
1

� �
4
1

�

3

77777777775

=

2

664

1 4 0 0
4 4 6 0
6 6 6 4
4 4 4 4

3

775 :

The determinant of the F �
4 is

det (F �
4 ) = 4

4Y

j =2

��
4
j

�
�

�
4

j � 1

��
= 48:

Thus, Theorem 2.2 is satis�ed. The inverse of the matrixF �
4 is

2

66666666664

�
1
3

�
2
3

2 � 2

1
3

1
6

�
1
2

1
2

0
1
2

� 1 1

0 0 �
1
2

3
4

3

77777777775

;

which holds Theorem 2.3. The matricesL = [ l ij ]4i;j =1 and U = [ uij ]4i;j =1 , which are the
components of theLU decomposition of the matrix F �

4 , are

L =

2

66664

1 0 0 0
4 1 0 0

6
3
2

1 0

4 1
2
3

1

3

77775
and U =

2

6664

1 4 0 0
0 � 12 6 0
0 0 � 3 4

0 0 0
4
3

3

7775
:

It is clear that the entries l ij and uij are satisfy the formulas given in Theorem 2.5. The
Euclidean norm of the matrix F �

4 is

kF �
4 kF =

vuut
3X

i =1

(4 � i + 2)
�

4
i

� 2
+ 1 =

p
273 = 16:5227;

which is consistent with Theorem 2.6. The spectral norm ofF �
4 is

kF �
4 k2 = 15:8702:
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The matrix F �
4 can be written as

F �
4 =

2

664

1 1 0 0
4 4 1 0
6 6 6 1
4 4 4 4

3

775

| {z }
B

�

2

664

1 4 0 0
1 1 6 0
1 1 1 4
1 1 1 1

3

775 :

| {z }
D

Then, considering Theorem 2.7, the maximum row length norm of the matrixB is

r1 (B ) =

s �
4
2

+ 1
� �

4
2

� 2
+ 1 =

p
109

and maximum column length norm of the matrixD is

c1 (D ) =

s �
4
2

� 2
+

4
2

=
p

38:

Hence, the spectral norm ofF �
4 has the following upper bound

kF �
4 k2 = 15:8702� r1 (B ) c1 (D ) =

p
(109)(38) = 64:3584:

To illustrate the odd dimension, considern = 5 . Then,

F �
5 =

2

666666666666664

�
5
5

� �
5
4

�
0 0 0

�
5
4

� �
5
4

� �
5
3

�
0 0

�
5
3

� �
5
3

� �
5
3

� �
5
2

�
0

�
5
2

� �
5
2

� �
5
2

� �
5
2

� �
5
1

�

�
5
1

� �
5
1

� �
5
1

� �
5
1

� �
5
1

�

3

777777777777775

=

2

66664

1 5 0 0 0
5 5 10 0 0
10 10 10 10 0
10 10 10 10 5
5 5 5 5 5

3

77775
:

The determinant of the matrix
det (F �

5 ) = 0 ;
which is consistent with Theorem 2.2. Therefore, its inverse does not exist. The matrices
L = [ l ij ]5i;j =1 and U = [ uij ]5i;j =1 , which constitute the LU decomposition of the matrixF �

4 , are
given by

L =

2

666664

1 0 0 0 0
5 1 0 0 0
10 2 1 0 0
10 2 1 1 0

5 1
1
2

1 0

3

777775
and U =

2

66664

1 5 0 0 0
0 � 20 10 0 0
0 0 � 10 10 0
0 0 0 0 5
0 0 0 0 0

3

77775
:

It is clear that the entries l ij and uij satisfy the formulas provided in Theorem 2.5. The
Euclidean norm of the matrix F �

5 is

kF �
5 kF =

vuut
4X

i =1

(5 � i + 2)
�

5
i

� 2
+ 1 =

p
1126 = 33:5559

as predicted by Theorem 2.6. The spectral norm ofF �
5 is calculated as

kF �
5 k2 = 32:2027:

To get a bound for the spectral norm ofF �
5 , we use the Hadamard product

F �
5 = B 0� D 0;

where

B 0 =

2

66664

1 1 0 0 0
5 5 1 0 0
10 10 10 1 0
10 10 10 10 1
5 5 5 5 5

3

77775
; D 0 =

2

66664

1 5 0 0 0
1 1 10 0 0
1 1 1 10 0
1 1 1 1 5
1 1 1 1 1

3

77775
:
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Then, using Theorem 2.7, we have

r1(B 0) =

s �
5 + 1

2
+ 1

� �
5

(5 + 1) =2

� 2
+ 1 =

p
401

and

c1(D 0) =

s �
5

(5 + 1) =2

� 2
+

5 + 1
2

=
p

103;

which yield the upper bound

kF �
5 k2 � r1(B 0)c1(D 0) =

p
(401) (103) = 203:2314:

Example 2.8 demonstrates the correspondence between the computed results and the prin-
cipal conclusions established in this study, thereby supporting the validity of the theoretical
results developed.

3. Conclusion

The present paper introduced a new generalization of the Frank matrix, called the bino-
mial Frank matrix, and investigated several of its key properties, including the determinant,
inverse,LU decomposition, and various matrix norms. The results contribute to the existing
literature by o�ering a novel perspective on extending Frank matrices and deepening the
understanding of their algebraic and analytical characteristics.
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A constructive de�nition of the Riemann Integral
on a separable Banach Space B and its relationship

to the Lebesgue Integral on B, Part I
Timothy Myers

Abstract . The goal of this paper is to construct a Riemann integral on a separable
Banach space which possesses all of the fundamental properties of the Riemann integral
on Rn . Let B represent a separable Banach space. The paper [9] presents a proof that
B has an isomorphic, isometric embedding inR1 = R � R � � � � . In this work we will
use this embedding to de�ne a Riemann integral on special subsets ofB. Similar to the
Lebesgue integral onB in [9], this Riemann integral has the advantage of equaling a limit
of Riemann integrals on Rn as n ! 1 , thereby making this Riemann integral constructive
and computationally implementable. Throughout this paper we will study how the Riemann
and Lebesgue integrals on special sets inB are related. This comparison will demonstrate
that the Riemann integral on B advances the Lebesgue theory onB slightly by being useful
in de�ning the volume of some bounded subsets ofB that the Lebesgue integral onB cannot
represent.

2020 Mathematics Subject Classifications : 25229, 43936

Keywords: Riemann Integral, Darboux Integral, Lebesgue Integral, Separable Banach
Space

1. Introduction

Since 1933, mathematicians have constructed various versions of the Lebesgue integral on
an in�nite dimensional Banach space. These constructions include the early works of Harr
[12], Weil [26], Banach [4], and Cartan [6]; and more recently the constructions of Elliott and
Morse [8], Yamasaki [27], Baker [2, 3], Gill and Pantsulaia and Zachary [10], and Gill and
Myers [9]. Although these aforementioned constructions indirectly include functions that one
would expect be Riemann integrable, to date, there is nodirect construction of the Riemann
integral on an in�nite dimensional space. This paper will �ll this historical void.

In 1990, P. Muldowney [19] and R. Henstock [13] constructed a version of the generalized
Riemann (HK) integral on in�nite dimensional spaces. Although their formulation theoreti-
cally includes a Riemann integral as a special case, here we will adopt a di�erent approach by
using the same functions and special subsets ofB ,! R1 that are used to de�ne the Lebesgue
integral on B in [9].

The construction presented here o�ers several advantages. First, the Riemann integral
advances the Lebesgue theory slightly by representing the volume of an admissible subsetA
of B as the Riemann integral of � A when the Lebesgue integral of this singleton disagrees in
value with its Riemann counterpart, and thus fails to represent the volume ofA.

Second, because the Riemann integral onB equals a limit of Riemann integrals on Rn

as n ! 1 , this limit provides a method for computation and error estimation, which we
will demonstrate with an example. To highlight the practicality of this convergence, we will
exhibit its ability to evaluate and also approximate an integral of a function with in�nitely
many variables. Riemann integrals inferred by the aforementioned constructions are not as
directly computational. By using tame functions, this limit readily extends key theorems
from the Riemann integral on Rn to the Riemann integral on B.
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Third, the Riemann integral on B has the pedagogical advantage of making the constructive
theory on B more accessible to students who are not yet familiar with the Lebesgue integral,
such as �rst year graduate students and undergraduate math majors with an understanding
of real and functional analysis. Since large classes of functions that are important in physics
and engineering are continuous onRn , their analogues on the in�nite-dimensional spaceB
will be accessible to beginning students in these �elds since, as we will prove, a function is
Riemann integrable on any special rectangle inB and its admissible subsets if it continuous
a.e. there. Such readers will �nd the ideas presented here easy to grasp since most of the
tools needed are already available from studying the Riemann integral onRn ; and because the
Riemann integral on B is de�ned as a limit of �nite dimensional Riemann integrals, this limit
extends all of the de�nitions and properties from the familiar Riemann integral on Rn to this
integral on B. In particular, the proof that a continuous function on a special rectangle in B
is Riemann integrable holds precisely because this result holds in �nite dimensions, and the
proof follows in several steps from the familiar approximation property by computing a limit
of upper and lower Darboux sums as the dimension approaches in�nity. Like the Riemann
integral on B, the de�nitions and properties used to de�ne it all approximate from below in
this way.

Moreover, the construction presented here will initially proceed in a manner that is vir-
tually identical to the integral constructions of Riemann’s and Darboux’s integrals in �nite
dimensions, and will show that their formulations are equivalent on B. Introducing under-
graduate students to the Riemann integral on B can provide them with a foundation that
is helpful for understanding the construction of Lebesgue theory onB after completing a
standard graduate course in real analysis.

2. PRELIMINARIES

2.1. Separable Banach Spaces. Let B� denote the continuous dual space of the separable
Banach spaceB. A sequencef eng1

n=1 � B is called a Schauder basis (S-basis) forB if
kenkB = 1 and for each x 2 B there is a unique sequence of real scalarsf xng1

n=1 such that

(1) x = lim
n !1

nX

k=1

xkek =
1X

n=1

xnen

where the convergence is with respect to the normk � kB , which implies that lim n !1 xn = 0.
Gill and Zachary used the property (1) to construct a Lebesgue measure on any Banach space
with a S-basis. Starting with Banach in 1932 [4], mathematicians explored the conditions
necessary for a Banach space to have a S-basis. In 1987, Szarek answered this question by
demonstrating that the bounded approximation property need not imply the existence of a
S-basis [23]. Consequently, a separable Banach space need not have a S-basis, so that the
approach of [10] does not in general hold for such spaces.

In 1965, Gross [11] proved that every separable Banach space contains a separable Hilbert
space, called a Cameron-Martin space, as a continuous dense embedding; in order to general-
ize Wiener’s measure theory, by using the densely embedded Sobolev spaceH1

0[0; 1] � C 1
0 [0; 1].

In 1970, Kuelbs [16] extended Gross’ inclusion to the rigging

(2) H1
0[0; 1] � C 1

0 [0; 1] � L 2[0; 1]:
Gill and Myers [9] used Kuelbs Lemma, the generalization of the second inclusion in (2), to
extend the Lebesgue theory of [10] to any separable Banach space. Here is a proof of this
lemma as presented in [9].

Theorem 2.1 (Kuelbs Lemma). Any separable Banach spaceB can be contained in a Hilbert
spaceH as a continuous dense embedding.

Proof. Since any subset ofB as a metric space is separable [20], letfEng1
n=1 be a countable

dense sequence on the unit sphere ofB, and let fE �
ng1

n=1 be any �xed set of corresponding
duality mappings (i.e., for each n, E�

n 2 J (En ) � B � and E�
n (En ) = hEn ; E�

n i = kEnk2
B =

kE�
nk2

B� = 1). For each n, let tn = 1
2n , and de�ne (u; v)2 as follows (�En is the complex

conjugate):
(u; v)2 =

X 1

n=1
1

2n E�
n (u) �En

� (v):
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It is clear that ( u; v)2 is an inner product on B. Let H be the completion of B with respect
to this inner product. It is clear that B is dense inH , and

kuk2
H 2

=
X 1

n=1
1

2n jE�
n (u)j2 � sup

n2 N
jE�

n (u)j2 = kuk2
B ;

so the embedding is continuous. �

We will henceforth assume thatH is the (in�nite dimensional) Hilbert space prescribed by
Kuelbs Lemma for which B � H , and that f eng1

n=1 � H is a S-basis onH which is complete
and orthonormal. For each x 2 H there is a unique sequencef xng1

n=1 � R for which

(3) x =
1X

n=1

xnen such that kxk2
H =

1X

n=1

x2
n < 1 :

By the inclusion of B in H , every x 2 B also has the representation (3), thereby bestowing
the uniqueness of a S-basis representation to each element in a separable Banach space even
if there is no such basis for this space.

2.2. The Lebesgue theory on B. Here we will summarize the theory of the Lebesgue
integral in [9], henceforth referred to as the constructive Lebesgue integral, in order to relate
to it the constructive Riemann integral that we will develop in this work.

2.2.1. Embedding B in R1 with Special Subsets ofR1 . The following De�nition 2.2 and
Theorem 2.3 embedB in R1 , which is the key to developing the Lebesgue measure and
integral on B.

De�nition 2.2. Let f akg1
k=1 � R such that1 � ak � ak+1 > 0, lim k!1 ak = 0 , and

P 1
k=1 ak

converges.
(i) Jk = [ � ak ; ak ], note that Jk � Jk+1 � ::: � f 0g and lim k!1 � (Jk ) = 0 .
(ii) J n =

Q 1
k= n+1 Jk .

(iii) BJ =
�

(x1; x2; :::)
�� x1e1 + x2e2 + ::: 2 B

	
,

equipped with the normk(x1; x2; :::)kBJ = kx1e1 + x2e2 + � � � kB .
(iv) Bn

J = Rn � J n , and B1
J =

S 1
n=1 Bn

J . We shall refer to a set of the formAn � J n as
an nth unit set. By construction, B1

J � B J .

Theorem 2.3. De�ne the operator T : B ! B J by T (x) = ( xk ) for x =
P 1

k=1 xkek . Then in
fact

T : (B; k � kH ) ! (BJ ; jj � jj BJ )
is an isometric isomorphism from B onto BJ , which therefore establishes(BJ ; jj � jj BJ ) as a
Banach space inR1 .

BecauseBJ is the image ofB in R1 under the isometric isomorphismT , we will frequently
identify B � B J and tacitly assume that B is this canonical image underT .

The following subsets ofR1 will be useful for de�ning the Riemann integral on a special
rectangle in B.

De�nition 2.4.
(i) I =

�
� 1

2 ; 1
2
�

, I n =
Q 1

i = n+1 I , I n
1 =

Q n
k=1 I .

(ii) Rn
I = Rn � I n .

(iii) R0;1
I =

S 1
n=1 Rn

I .

Since limn !1 xn = 0 for any x = ( x1; x2; :::) 2 B , we can containB in R0;1
I .

2.2.2. Topological Structures onB. To study continuity on B, we will use the following topolo-
gies.

De�nition 2.5.
(i) TRn will denote the usual topology onRn , and in particular, TR will denote the usual

topology onR.
(ii) Tn =

�
V : V = U � I n ; U is open in Rn 	

.
(iii) TI is the topology onR0;1

I =
S 1

n=1 Rn
I generated by the subbase

S 1
n=1 Tn .

(iv) Note that since B � R0;1
I , we will equip B with the subspace topology ofTI on B and

denote it asTB .
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2.2.3. The Lebesgue Measure onB. Here we will show how De�nition 2.2 and Theorem 2.3
provide a context for de�ning a theory of measure that approximates from below. In [10],
Gill and Zachary de�ned a Lebesgue measure� 1 on R1 that coincides with the intuitive
notion of volume. Because� 1 (Bn

J ) = 0, it follows by sub-additivity that � 1
�
B1

J ) = 0 and
therefore, as explained in [10],� 1 (BJ ) = 0; so it is not possible to construct a non-trivial
Lebesgue measure� B on B directly from � 1 . Instead, Gill and Myers de�ned � B by using a
method due to Yamasaki [27].

To avoid trivializing � B , they de�ned it as an increasing limit of scaled measures� n
J on

n-th unit sets, each of which equals scaled n-dimensional Lebesgue measure� n in (iii) of the
following de�nition [9].

De�nition 2.6.
(i) B [BJ ] will denote the Borel algebra onBJ generated by the open sets in the topology

on BJ .
(ii) B [B] =

�
T � 1(B )

�� B 2 B [BJ ]
	

is the Borel algebra onB, which is generated by the
initial topology on B : � B =

�
T � 1(G)

�� G 2 � J
	

.
(iii) De�ne �� k ; �� k on B 2 B [R] by

�� k ( B ) =
� ( B )
� (Jk )

; �� k ( B ) =
� ( B \ Jk )

� (Jk )
:

Let B denote an elementary set inBJ , such that B =
� Q 1

k=1 Bk
�

\ B J , where each
Bk 2 B [R]. De�ne �� n

J for such a setB by:

�� n
J ( B ) =

nY

k=1

�� k ( Bk ) �
1Y

k= n+1

�� k ( Bk ):(4)

(iv) By Carath�eodory’s Theorem [24], each �� n
J extends to a measure� n

J on
�
BJ ; B [BJ ]

�

with the property that f � n
J g1

n=1 is increasing and for An 2 B [Rn ], Bk 2 B [R],

� n
J

��
An �

1Y

k= n+1

Bk

�
\ B J

�
=

� n (An )Q n
k=1 � (Jk )

�
1Y

k= n+1

�� k ( Bk ):

(v) � J = lim
n !1

� n
J is a measure on(BJ ; B [BJ ]) such that � J

�
BJ n B1

J
�

= 0 ; thus � J is
concentrated onBJ . Also, � J (A) = � n

J (A) if A � B n
J and A 2 B (B).

(vi) The Lebesgue measure� B on (B; B [B]), is de�ned by

� B(A) = � J
�
T (A)

�
for every A 2 B [B]:

Remark 1. Because the isometric isomorphismT is also measure-preserving, we will hence-
forth identify � B � � J .

As mentioned in the introduction, tame functions will be the main tool that will extend
the properties of the Riemann integrals fromRn to B, and will enable us to relate it to the
constructive Lebesgue integral onB. We de�ne tame functions as follows.

2.2.4. Measurable Functions onR1 . Since BJ � R1 , Gill and Myers de�ned measurable
functions on BJ by using special functions onR1 as follows [9]. Part (iii) is the key to
de�ning the Lebesgue integral onB as a limit.

De�nition 2.7.
(i) Let x = ( x1; x2; � � � ) 2 R1 ; h = � I where I =

�
� 1

2 ; 1
2
�
, hn =

N 1
k= n+1 h(xk ).

(ii) M n will denote the class of Lebesgue measurable, real valued functions onRn .
(iii) M n

I =
�

sn : sn (x) = �sn (x1; � � � ; xn ) 
 hn ; x = ( x1; x2; � � � ) 2 R1 and �sn 2 M n 	
.

We will call such a function sn a tame function.
(iv) A function f : B ! (�1 ; 1 ) is B [B]-measurable if there is a sequence of tame

functions f sng such that sn 2 M n
I for which limn !1 sn (x) = f (x) for � B a.e. x 2 B .

By the following theorem, the formulation of measurable function in De�nition 2.7 coincides
with the classical de�nition of measurable function as in [21].

Theorem 2.8. A function f : B ! (�1 ; 1 ) is B [B]-measurable if and only if for every
A 2 B [R], f � 1(A) 2 B [B].
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2.2.5. The Lebesgue Integral onB. The link between � n
J and � n in (iii) of De�nition 2.6 yields

the second equality in (5) for any tame functionsn 2 M n
I which will serve as a bridge between

the Lebesgue integrals onB and Rn .

(5)
Z

BJ

�
sn � Bn

J

nY

k=1

� (Jk )
�
d� J =

Z

Bn
J

�
sn

nY

k=1

� (Jk )
�
d� n

J =
Z

Rn
�snd� n :

Note that the product
Q n

k=1 � (Jk ) which scales the tame functionsn in the integrand of
(5) e�ectively cancels the same product that occurs in the denominator of the measure in the
�rst product for � n

J in (4). In fact, this scaling of the integrand actually converts the integral
to one that is based on the measure� 1 for the larger spaceR1 (See [9] and [10]).

Furthermore, if a sequence of non-negative tame functionsf sng1
n=1 is increasing, the se-

quence of their integrals in the left member of (5) is also increasing, so that the following
limit exists.

lim
m !1

Z

BJ

�
sm � Bm

J

mY

k=1

� (Jk )
�
d� J exists.(6)

Equation (5) and statement (6) will motivate the ensuing de�nition of the Lebesgue integral
on B. To insure that this is well-de�ned and is not generally trivial on n-th unit sets we �rst
de�ne it for non-negative measurable functions onB as follows. Note that in order to obtain
the result in (5) we will need to integrate over Bn

J . Since the function f in M only needs
to dominate on this set, we will scale each tame function by� Bn

J
, and thus require that

sn � Bn
J

� f .

De�nition 2.9. Let f : B ! [0; 1 ) beB [B]- measurable, and letSpt(f ) =
�

f (x)
�� f (x) 6= 0

	
.

We de�ne the Lebesgue integral off over B by

(7)
Z

B
fd� B = sup

� Z

BJ

�
sn � Bn

J

nY

k=1

� (Jk )
�
d� J

���� 0 � sn � Bn
J

� f ; sn 2 M n
I

�
:

Theorem 2.10 is the key that expresses the integral onB as limit of Lebesgue integrals on
Rn .

Theorem 2.10. Let f : B ! [0; 1 ) be B [B]-measurable. Then there is aB [B]-measurable
real-valued function g = lim n !1 sn with

�
sn 2 M n

I
	 1

n=1 increasing, such that f � g, which
has the property that

(8)
Z

B
fd� B =

Z

B
gd� B = lim

n !1

Z

BJ

�
sn

nY

k=1

� (Jk )
�
d� J = lim

n !1

Z

Rn
�snd� n :

As a consequence of Theorem 2.10, we will tacitly assume that for any for any non-negative
f 2 M there is an increasing sequence

�
sn

	
of tame functions for which limn !1 sn (x) = f (x)

for � B a.e. x 2 B .
Finally, we will de�ne the Lebesgue integral for a non-negative measurable function onB

computationally as follows.

De�nition 2.11. Let f : B ! [0; 1 ) be B [B]-measurable, and let
�

sn
	 1

n=1 be an increasing
sequence of non-negative tame functions for whichlimn !1 sn = f a.e. on B. Then the
Lebesgue integral off on B is de�ned by

Z

B
f d� B = lim

n !1

Z

B
sn d� B = lim

n !1

Z

Rn
�sn d� B :

Note that De�nition 2.9 insures that De�nition 2.11 of the Lebesgue integral of B is well-
de�ned for any sequence of non-negative tame functions converging tof a.e. onB.

De�nition 2.12. For real-valued f 2 M we know that f + ; f � 2 M . Hence we may de�ne

(9)
Z

B
f (x)d� B(x) =

Z

B
f + (x)d� B(x) �

Z

B
f � (x)d� B(x)
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provided that at most one of the integrals in(9) is in�nite. We say that f is integrable
whenever both integrals on the right side of(9) are �nite We de�ne L 1[B] to be the class of

functions in M satisfying
Z

B
jf jd� B < 1 . It follows that f 2 L 1[B] if and only if (9) is �nite.

Note that by de�nition, any tame function sn 2 L 1[B].

Remark 2. If f 2 L 1[B], then since each off + and f � are in M + , Theorem 2.10insures that
there are functions g1; g2 2 M + for which g1 = lim n !1 (s1)n and g2 = lim n !1 (s2)n where�

(s1)n 2 M n;+
I

	 1
n=1 and

�
(s2)n 2 M n;+

I
	 1

n=1 are increasing and satisfy f � � g1, f + � g2,
and Z

B
f + d� B =

Z

B
g1d� B ;

Z

B
f � d� B =

Z

B
g1d� B

so that Z

B
f (x)d� B(x) =

Z

B
g1d� B �

Z

B
g1d� B :

Remark 2 implies the following computational analogue to De�nition 2.11 for any
f 2 L 1[B].

Theorem 2.13. Let f 2 L 1[B]. Then there is a sequencef f ng of tame functions for which
limn !1 f n (x) = f (x) for � B a.e. x 2 B , jf n (x)j � j f (x)j, and

Z

B
fd� B(x) = lim

n !1

Z

B
f nd� B = lim

n !1

Z

Rn

�f nd� n :

As a consequence of De�nition 2.11 and Theorem 2.13 many of the properties for the
Lebesgue integral onRn , such as linearity and Lebesgue’s Dominated and Monotone Conver-
gence Theorems, will automatically hold for the Lebesgue integral onB.

2.2.6. Null Sets and Integrals on Rn and B. Similar to the Lebesgue theory on Rn , the
Lebesgue integral of a Lebesgue measurable function on a null set inB is zero.

Let Rn be a rectangle inRn with sides parallel to the coordinate axes. A non-negative

Lebesgue measurable functionf that satis�es
Z

R
f d� n = 0 has the property that f = 0

a.e. relative to � n . By contrast, a zero valued Lebesgue integral on a rectangleR in B can
have a non-negative integrandf that can be strictly positive on all of R. In essence, this can
occur when f is su�ciently bounded above by a small enough boundb that this integral has
a value less than

Q 1
k=1 b = 0, whereas in �nite dimensions the bound would be of the formQ m

k=1 b > 0. Consider the following counter-example.

Counter Example 2.14. Let R = I 0 \ B 1
J =

� 1Y

k=1

�
� 1

2 ; 1
2
� �

\ B 1
J . First, note that

� B(R) = 1 by the continuity from below property for � B . We have that

(10) R = I 0 \ B 1
J = I 0 \

� 1[

n=1

Bn
J

�
=

1[

n=1

(I 0 \ B n
J ) =

1[

n=1

(I n
1 � J n ):

Since the �nal union in (10) increases and� n

� nY

k=1

� (Jk )
�

= 1 , it follows that

� B(R) = lim
n !1

� B(I n
1 � J n ) = lim

n !1

� n (I n
1 )Q n

k=1 � (Jk )
= lim

n !1

1Q n
k=1 � (Jk )

= 1 :

Second, observe thatB1
J � ‘ 2 as follows. Sincelim k!1 ak = 0 , there is somem1 2 N for

which ak < 1 wheneverk � m1. For x = ( x1; x2; :::) 2 B 1
J , there is m2 2 N such that

x 2 B m2
J . Let m = max f m1; m2g, so that jxk j < a k < 1 for k � m, hencex2

k < a 2
k < a k , and

1X

k= m

x2
k <

1X

k= m

a2
k <

1X

k=1

ak < 1 )
1X

k=1

x2
k < 1 :

Therefore x 2 ‘ 2 and B1
J � ‘ 2. Thus, for any x = ( x1; x2; :::) 2 R we may de�ne

f (x) = e� 2�
P 1

k =1 x2
k . Note that f (x) > 0 on R. Let sn (x) = e� 2�

P n
k =1 x2

k 
 hn , which
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de�nes a decreasing sequence inM n;+
I that satis�es limn !1 sn (x) = f (x). Since s1 2 L 1[R],

Lebesgue’s Monotone Convergence Theorem implies that
Z

R
f d� B = lim

n !1

Z

R
sn d� B

= lim
n !1

Z

I n
1

e� 2�
P n

k =1 x2
k d� n � lim

n !1

Z

Rn
e� 2�

P n
k =1 x2

k d� n = lim
n !1

� 1p
2

� n = 0 :

Thus, we have shown that
Z

R
f d� B = 0 even thoughf (x) > 0 on R and � B(R) > 0.

3. Main Results

3.1. Riemann Sum on a Special Rectangle in B. Here we will extend the familiar
de�nitions of tagged partition and Riemann sum to a special rectangle inB.

De�nition 3.1.
(i) An n-th unit special rectangleR � B is de�ned by R = ( Rn � I n ) \ B whereRn � Rn

is a rectangle in Rn with sides parallel to the coordinate axes[15]. We shall refer to
Rn as then-th unit part.

(ii) Let Hk be anm-th unit special rectangleHk =
�
H m

1;k � I m �
\ B ( R wherem � n and

H m
1;k = Hk1 � � � � � Hkm such that 0 < � (Hkj ) < 1 for j = 1 ; :::; m. We will call such

a rectangle Hk a sub-rectangle or more speci�cally anm-th unit sub-rectangle of the
special rectangleR.

If m � n + 1 , note that Hkj ( I for k = n + 1 ; :::; m.

De�nition 3.2. Let R = ( Rn � I n ) \ B be an n-th unit special rectangle, and choose any
m � n.

(i) The collection P =
�

Hk
	 p

k=1 where eachHk is an m-th unit sub-rectangle ofR such
that R =

S p
k=1 Hk and each pair of sub-rectangles only intersect at most at boundary

points is called a partition of R.
(ii) The collection

��
Hk ; tk

�	 p
k=1 where eachtk 2 (H n

1;k � I n )\B is called a tagged partition
of R.

(iii) The partition P0 is a re�nement of the partition P if every rectangle in P0 is contained
in a rectangle in P .

(iv) The mesh of a partition P = f Hkgp
k=1 , is de�ned as

mesh(P ) = max f � (Hkj ) j k = 1 ; :::; p ; j = 1 ; :::; mg where Hk =
� mY

j =1

Hkj � I m
�

\ B :

(v) Let f : R ! R be bounded. The Riemann sum for the partition in(ii) is de�ned in

the usual way as
pX

k=1

f (tk )vol( Hk ) where vol(Hk ) = vol( H m
1;k ) �

1Y

k=1

� (I ) = vol( H m
1;k ).

When no tags are speci�ed, we shall denote such a sum asS(f; P ).

To facilitate a constructive de�nition of the Riemann integral on a special rectangle in B
as a limit, Proposition 3.3 relates continuity in B to Rn .

Proposition 3.3.
(i) Let f : R ! R be continuous on the special rectangleR = ( Rn � I n ) \ B with respect

to TB . Let c 2 R. Then f ( � ; cr +1 ; cr +2 ; :::) is continuous on Rn � I r
n+1 relative to

TRr for all r > n .
(ii) For any m 2 N, �sm : Rm ! R is continuous on Rm relative to TRm if and only if the

tame function sm = �sm 
 hm is continuous on B with respect to TB .

Proof. To prove (i), let � > 0, r > n and choosex r 2 Rn � I r
n+1 .

Since x = ( x r ; cr +1 ; cr +2 ; :::) 2 (Rn � I n ) \ B there is a subbase set (Vm � I m ) \ B 2 T B
containing x where m > r such that f (z) 2 (f (x) � �; f (x) + � ) for z 2 (Vm � I m ) \ B . Since
Vm is open in Rm , then there is an open rectangle
Um = ( b1; d1) � � � � � (br ; dr ) � (br +1 ; dr +1 ) � � � � � (bm ; dm ) � Vm for which

(x r ; cr +1 ; :::; cm ) 2 (b1; d1) � � � � � (br ; dr ) � (br +1 ; dr +1 ) � � � � � (bm ; dm ):
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Let y r 2 (b1; d1) � � � � � (br ; dr ) so that y = ( y r ; cr +1 ; cr +2 ; :::) 2 (Vm � I m ) \ B . Then
f (y) 2 (f (x) � �; f (x) + � ), and the conclusion is true.

To prove the su�ciency of (ii), let � > 0, and let x = ( x1; x2; � � � ) 2 B . Then there is
an open rectangleUm = ( b1; d1) � � � � � (bm ; cm ) � Rm containing xm = ( x1; :::; xm ) for which
�sm (ym ) 2 (�sm (xm ) � �; �sm (xm ) + � ) when ym 2 Um . First assume that xk 2 I for
k = m + 1 ; m + 2 ; :::, which implies that x 2 (Um � I m ) \ B . Let y = ( ym ; ym+1 ; ym+2 ; :::) 2
(Um � I m ) \ B where ym = ( y1; :::; ym ). Then sm (y) = �sm (ym ) and sm (x) = �sm (xm ). Since
ym 2 Um , then

sm (y) = �sm (ym ) 2
�
�sm (xm ) � �; �sm (xm ) + �

�
=

�
s(x) � �; s (x) + �

�
:

Now suppose there ism1 = min
�

k 2 Nj k > m + 1 and jxk j > 1
2
	

. Then there is also
m2 = max

�
k 2 Nj k > m + 1 and jxk j > 1

2
	

since limk!1 xk = 0. Choose bm1 ; dm1 2 R so
that either 1

2 < bm1 < x m1 < d m1 or bm1 < x m1 < d m1 < � 1
2 , and without loss of generality

for k = m1 + 1 ; :::; m2 choosebk ; dk 2 R such that bk < x k < d k . Thus,
x 2 U =

�
Um � (bm1 ; dm1 ) � � � � � (bm2 ; dm2 ) � I m2

�
\B . For any y 2 U we have that sm (x) = 0

and sm (y) = 0 so that

sm (y) 2 (� �; � ) = ( sm (x) � �; s m (x) + � ):

In either case,sm is continuous with respect to TB .

To prove the necessity of (ii), let xm 2 Rm . Choosec 2 B such that ck 2 I for k � m +1. Let
(Rm � I m ) \B be any rectangle containing (xm ; cm+1 ; cm+2 ; :::). By part (i) of this proposition
sm ( � ; cm+1 ; cm+2 ; :::) = �sm (�) is continuous at xm relative to TRm . �

3.2. The Riemann Integral on a Special Rectangle in B. Even though we will de�ne
the Riemann integral on a special rectangle inB in the usual way, Proposition 3.6 illustrates
how tame functions can equate the Reimann integral onB with the Riemann integral on Rn .

De�nition 3.4. Let R � B be ann-th unit rectangle, and let f : R ! R be bounded. A real
number A is the Riemann integral of f on R if for every � > 0 there is a � > 0 such that for
any tagged partition

�
(Hk ; tk )

	 p
k=1 of R satisfying vol(Hk ) < � , the following inequality holds
�����

pX

k=1

f (tk )vol( Hk ) � A

�����
< �:

If such a number A exists we say thatf is Riemann integrable on R, and we shall denote
this be writing f 2 R [R]. Equivalently, f 2 R [R] if for every � > 0 there is a � > 0 such that
for any partition P of R satisfying mesh(P ) < � , we have that

��S(f; P ) � A
�� < �

regardless of howP is tagged.

Proposition 3.5. Let R � B be a special rectangle. Iff : R ! R is Riemann integrable on

R, the A in De�nition 3.4 is unique, and we will therefore denote it as(R )
Z

R
f dx , and

refer to it as the Riemann integral of f on R.

The proof of this proposition is identical to the proof on Rn , and shall be omitted.

Proposition 3.6. Let sn = �sn 
 hn be bounded on the rectangleR = ( Rn � I n ) \ B . Then
sn is Riemann integrable overR i� �sn is Riemann integrable overRn , and

(11) (R )
Z

R
sn dx = ( R )

Z

Rn

�sn dxn :

Proof. First assume that �sn is Riemann integrable over Rn , and let � > 0. Then there
is a � > 0 such that (12) holds for any tagged partition f (H n

1;k ; t n;k )gp
k=1 of Rn satisfying

vol(H n
1;k ) < �

(12)

�����

pX

k=1

�sn (t n;k ) vol( H n
1;k ) � (R )

Z

Rn

�sn dxn

���� < �:
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Let

(13) Hk = ( H n
1;k � I n ) \ B and tk = ( t n;k ; 0; 0; :::) 2 (H n

1;k � I n ) \ B for k = 1 ; :::; p:

Note that sn (tk ) = �sn (t n;k ) and vol(Hk ) = vol( H n
1;k ) so that f (Hk ; tk )gp

k=1 is a tagged parti-
tion of R. Then (12 ) implies that

(14)

�����

pX

k=1

sn (tk ) vol( Hk ) � (R )
Z

Rn

�sn dxn

���� < �;

and thus sn is Riemann integrable over R and (11) holds. Conversely, assume thatsn is
Riemann integrable overR. Then for any � > 0 there is a � > 0 such that

(15)

�����

pX

k=1

sn (tk ) vol( Hk ) � (R )
Z

R
sn dxn

���� < �;

for any tagged partition f (Hk ; tk )gp
k=1 of R satisfying vol(Hk ) < � . Let f (H n

1;k ; t n;k )gp
k=1

be a tagged partition of Rn satisfying vol(H n
1;k ) < � . Let Hk and tk be as in (13), so that

�sn (t n;k ) = sn (tk ) and vol(H n
1;k ) = vol( Hk ). Then f (Hk ; tk )gp

k=1 is a tagged partition of R
satisfying vol(Hk ) < � and (15) holds. Then

�����

pX

k=1

�sn (t n;k ) vol(H n
1;k ) � (R )

Z

R
sn dx

���� =

�����

pX

k=1

sn (tk ) vol( Hk ) � (R )
Z

R
sn dxn

���� < �;

which means that �sn is Riemann integrable overRn and (11) holds. �

The proofs of the following theorems are identical to the proofs onRn , so we shall omit
them.

Theorem 3.7. If R � B is a special rectangle,a; b 2 R, and f; g : R ! R are bounded and
Riemann integrable onR, then

(i) ( R )
Z

R
(af + bg) dx = a (R )

Z

R
f dx + b (R )

Z

R
g dx.

(ii) If f � g, then (R )
Z

R
f dx � (R )

Z

R
g dx.

Theorem 3.8. (The Cauchy Criterion [17]) Let R � B be a special rectangle, and let
f : R ! R be bounded. Thenf 2 R [R] i� for every � > 0 there is a � > 0 such that
if P1 and P2 are any tagged partitions of R with mesh(P1) < � and mesh(P2) < � , then��S(f; P1) � S(f; P2)

�� < � .

The Squeeze Theorem for the Riemann Integral [5] follows from the Cauchy Criterion.

Theorem 3.9. (The Squeeze Theorem)Let R � B be a special rectangle, and letf : R ! R
be bounded. Thenf 2 R [R] i� for every � > 0 there are functions g; h 2 R [R] for which
g(x) � f (x) � h(x) for all x 2 R and

(R )
Z

R
(h � g) dx < �:

3.3. The Darboux Integral on a Special Rectangle in B. We will also de�ne the
Darboux integral on B in the usual way, and in Proposition 3.11 tame functions will connect
the upper and lower integral sums onB to those on Rn .

De�nition 3.10. Let R � B be ann-th unit special rectangle, and letf : R ! R be bounded.
Let P =

�
Hk

	 p
k=1 be any partition of R. For k = 1 ; :::; p, the following, as usual, are all �nite

since f is bounded onR.

mk (f ) = inf f f (x) j x 2 Hkg ; M k (f ) = sup f f (x) j x 2 Hkg

L (f; P ) =
pX

k=1

mk (f ) vol( Hk ) ; U(f; P ) =
pX

k=1

M k (f ) vol( Hk ) :

By a standard computation, (see[22] ), it follows that

L (f; P ) � L (f; P0) and U(f; P0) � U(f; P ) if P0 is a re�nement of P .(16)

L (f; P ) � U(f; P0) where P and P0 are any two partitions of R:(17)
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By (17) the following are upper and lower Darboux integrals are �nite real numbers :
Z

R

f dx = sup
�

L (f; P )
	

;
Z

R

f dx = inf
�

U(f; P )
	

(18)

and Z

R

f dx �
Z

R

f dx :

We say that f is Darboux integrable overR, denotedf 2 D [R], if the upper and lower Darboux
integrals are equal, and in this case we call this common real number the Darboux integral of
f over R and write

(19) (D)
Z

R

f dx =
Z

R

f dx =
Z

R

f dx :

Proposition 3.11. Let sn = �sn 
 hn be bounded on the rectangleR = ( Rn � I n ) \ B . Then
sn is Darboux integrable overR i� �sn is Darboux integrable overRn , and

(D)
Z

R
sn dx = ( D)

Z

Rn

�sn dxn :

Proof. Let P = f Hkgp
k=1 be any partition of R. Write Hk = ( H m

1;k � I m ) \B , Rm = Rn � I m
n+1

so that R = ( Rm � I m ) \ B , and let P0 = f H m
1;kgr

k=1 , which is an arbitrary partition of Rn .
Note that

vol(Hk ) = vol( H m
1;k ); sn = �sn 
 hm

n+1 
 hm = �sm 
 hm where �sm = �sn 
 hm
n+1 ;

mk (sn ) = mk (�sm ) ; and M k (sn ) = M k (�sm ):
Then

(20)

L (sn ; P ) =
pX

k=1

mk (sn ) vol(Hk ) =
pX

k=1

mk (�sm ) vol(H m
1;k ) = L (�sm ; P0) and

U(sn ; P ) =
pX

k=1

M k (sn ) vol(Hk ) =
pX

k=1

M k (�sn ) vol(H m
1;k ) = U(�sm ; P0):

Therefore

(21)
Z

R

sn dx = sup
�

L (sn ; P )
	

= sup
�

L (�sm ; P0)
	

=
Z

Rm

�sm dxm =
Z

Rn

�sn dxn

and

(22)
Z

R

sn dx = inf
�

U(sn ; P )
	

= inf
�

U(�sm ; P0)
	

=
Z

Rm

�sm dxm =
Z

Rn

�sn dxn :

By (21) and (22) this proposition is true. �

Theorem 3.12. (The Approximation Theorem) Let R � B be a special rectangle, and let
f : R ! R be bounded. Thenf 2 D [R] i� for every � > 0 there is a partition P of R such
that U(f; P ) � L (f; P ) < � .

3.4. An agreement when relating Darboux and Lebesgue integrable functions on
a Special Rectangle in B. Recall that De�nition 2.10 of the constructive Lebesgue integral
of a non-negative function f on B requires f to dominate a tame function sn in M n;+

I scaled
by Bn

J . This scaling was needed to localize the support ofsn to Bn
J where f is de�ned. Yet,

this scaling introduces a pathology that we will need to resolve.

If R � Rn is a special rectangle, it is well known that a Darboux integrable function on
R is Lebesgue integrable to the same value. When the special rectangleR resides in an
in�nite dimensional space, these integrals need not agree in value due to the scaling ofsn
by Bn

J , which can admit a tame function that makes the Lebesgue integral larger than the
Darboux integral. As Counter Example 3.13 will demonstrate, this can occur if the support
of a Darboux integrable function f is too small to contain a special sub-rectangle of the form
(An � I n ) \ B .
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Counter Example 3.13. Let f = � I 
 � J2 
 h2, and R = ( I 0) \ B . Note that the largest
tame function which f can dominate when scaled according toDe�nition 2.9 is � I 
 h1 since�
� I 
 h1

�
� B1

J
� f . Therefore

Z

R
f d� B =

Z

B1
J

�
(� I 
 h1)� (J1)

�
d� J =

Z

R
� I d� = � (I ):

Also,
Z

R
f dx = vol

�
(I � J2 � I 2) \ B

�
= � (J2), and we obtain that

Z

R
f d� B >

Z

R
f dx .

Note that Theorem 2.10 in 2.2.5 allows us to replace a functionf 2 M + with a function
g 2 M + with a larger support that can contain a special sub-rectangle of the form (A1� I 1)\B
since g � �s1 
 h1, which allows us to equate the Lebesgue integral ofg with the Darboux
integral of g. Here we will use this result to formulate a condition which will allow us to
equate the Riemann and Lebesgue integrals on a special rectangle.

We will start by formulating criteria for equating the Riemann and Lebesgue integrals for
a special class of tame functions. For a Lebesgue integrable tame functionsn � 0 on R, note
that since sn � Bn

J
� sn , De�nition 2.9 implies that

(23)
Z

R
sn d� B �

Z

Bn
J

�
sn

nY

k=1

� (Jk )
�
d� J =

Z

Rn

�sn d� n :

To obtain equality in (23), we will use the following lemma. Here we will use the following
notation to denote the projection of set to a set of smaller dimension. IfA � B , then
� r

1(A) = f (x1; x2; :::; xr ) j (x1; x2; :::) 2 Ag.

Proposition 3.14. Let sn 2 M n;+
I have the property that � m

1
�
Spt(sn )

�
� I m � Spt(sn )

within B for 1 � m � n. Then

(24)
Z

B
snd� B =

Z

Bn
J

�
sn

nY

k=1

� (Jk )
�
d� J =

Z

Rn

�sn d� n :

Proof. First, note that in accordance with the de�nition of the integral in (7) sn itself is admis-
sible sincesn 2 M n;+

I and sn � Bn
J [ Spt( sn ) � sn . Let sm 2 M m;+

I such that sm � Bm
J [ Spt( sn ) � sn .

If m � n, then

(25)
Z

Bn
J

�
sn

nY

k=1

� (Jk )
�
d� J =

Z

Bm
J

�
sn

mY

k=1

� (Jk )
�
d� J �

Z

Bm
J

�
sm

mY

k=1

� (Jk )
�
d� J :

Now considern > m . Suppose there is somexm 2 Spt(�sm ) such that xm =2 � m
1 (Spt(sn )). Let

xk 2 Jk for k � m + 1, and note that x = ( xm ; xm+1 ; xm+2 ; :::) 2 B m
J . Also, since each such

xk 2 I for k � m + 1 then sm (x) > 0. We then have that
0 < s m (x) = sm (x)� Bm

J [ Spt( sn ) � sn (x);

which contradicts that fact that sn (x) = 0 since x =2 Spt(sn ). Thus, Spt(�sm ) � � m
1 (Spt(sn )),

which means that
(26) Spt(sm ) = Spt(�sm ) � I m � � m

1 (Spt(sn )) � I m � Spt(sn ):
Thus, (26) implies that if sm (x) > 0, then x 2 Spt(sn ). Now let x 2 B n

J and suppose that
sm (x) > 0. Then we have that

sm (x) = sm (x)� Bm
J [ Spt( sn ) (x) � sn (x);

and so

(27)
Z

Bm
J

�
sm

mY

k=1

� (Jk )
�
d� J =

Z

Bn
J

�
sm

nY

k=1

� (Jk )
�
d� J �

Z

Bn
J

�
sn

nY

k=1

� (Jk )
�
d� J :

By (25) and (27), equation (24) is true. �

Corollary 3.15. As a consequence ofProposition 3.14 it follows that if the sequencef sng1
n=1

is increasing where eachsn 2 M n;+
I , then in fact each sn has the property that in the space

B,
(28) � m

1
�
Spt(sn )

�
� I m � Spt(sn ) for 1 � m � n

and so equation(24) is true for each suchsn in this sequence.
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Proof. Since the sequencef sng1
n=1 is increasing, it follows for 1� m < n that

(29) Spt(�sm ) � I n
m+1 � Spt(�sn ):

Let (xm ; xm+1 ; :::; xn ) 2 � m
1

�
Spt(�sn )

�
� I n

m+1 . Then xm 2 � m
1 (Spt(�sn )) and

(xm+1 ; :::; xn ) 2 I n
m+1 . By de�nition of cross product, � n

m+1 (Spt(�sm � I n
m+1 ) = I n

m+1 , so that
(xm+1 ; :::; xn ) 2 � n

m+1 (Spt(�sm � I n
m+1 ). Also by (29), since

� n
m+1

�
Spt(�sm ) � I n

m+1
�

� � n
m+1

�
Spt(�sn )

�
;

then (xm+1 ; :::; xn ) 2 � n
m+1 (Spt)(�sn ); and thus (xm ; xm+1 ; :::; xn ) 2 Spt(�sn ), so that

� m
1

�
Spt(�s n )

�
� I n

m+ 1 � Spt(�sn ) )

� m
1

�
Spt(�s n )

�
� I m = � m

1
�
Spt(�s n )

�
� I n

m+ 1 � I n � Spt(�sn ) � I n = Spt( sn );

and the inclusion property (28) holds for this sequence. �

Recall that Theorem 2.10 justi�es the assumption that for any for any non-negative f 2 M
there is an increasing sequence

�
sn 2 M n;+

I
	 1

n=1 of tame functions for which
limn !1 sn (x) = f (x) for � B a.e. x 2 B . Indeed, it may actually be convenient to replace the
integrand f 2 M + in

R
B f d� B with a function g 2 M + that has a larger support. Theorem

2.10 will serve as our blueprint for formulating the following agreement, which will enable us
to equate the Lebesgue integral of an admissible functionf with a Darboux integral of f in
some contexts. In light of Theorem 2.10 we may invoke the following agreement to insure
this equality.

Agreement 3.16.
(i) If f � 0 is Darboux integrable on a special rectangleR, we will assume that there is

a sequencef sr 2 M r; +
I g1

r =1 of Riemann integrable tame functions for which
0 � s1 � s2 � � � � � f such that Spt(�s1) � [a; b] where a < b. By Corollary 3.15 the
inclusion (28) holds for eachsr .

(ii) For a more general Darboux integrable functionf we may write f = f + � f � since f +
and f � are also Riemann-integrable byCorollary 3.23. Remark 2 and Theorem 2.13
provide the justi�cation for assuming that (i) applies to f + and f � .

Remark 3.19 presents a general setting where Agreement 3.16 can hold.

3.5. Relationship Between the Riemann and Darboux Integrals on a Special Rec-
tangle in B.

Proposition 3.17. Let sn = �sn 
 hn be bounded on the rectangleR = ( Rn � I n ) \ B . Then
the following are equivalent.

(a) sn is Riemann integrable onR.
(b) �sn is Riemann integrable onRn .
(c) sn is Darboux integrable onR.
(d) �sn is Darboux integrable onRn .

Furthermore, if any of (a) through (d) hold, then the �rst three equalities in (30) hold and
also sn 2 L 1[R]. If Agreement 3.16 holds for sn , then the �nal equality in (30) also holds.

(30) (R )
Z

R
sn dx = ( R )

Z

Rn

�sn dxn = ( D)
Z

Rn

�sn dxn = ( D)
Z

R
sn dx =

Z

R
sn d� B :

Proof. Proposition 3.6 and Proposition 3.11 imply that (a) through (d) are equivalent since
(b) and (d) are equivalent. If (b) or (d) hold, then �sn 2 L 1[Rn ], which implies sn 2 L 1[B].
Also, since in such a case

(R )
Z

Rn

�sn dxn = ( D)
Z

Rn

�sn dxn :

equation (30) also holds. �

Remark 3. Let R [Rn � Rn ] and R [R � B ] respectively denote the class of real-valued
functions for which each one is respectively Riemann integrable on some special rectangle
Rn � Rn and R � B . As a consequence of equation(30) in Proposition 3.17,
R [Rm � Rm ] ,! R [R � B ] as an embedding, for allm 2 N and all Rn � Rn . By contrast,
R [Rm � Rm ] ,! R [Rn � Rn ] only for m = 1 ; 2; :::; n � 1. Thus, R [R � B ] is a much larger
class of functions thanR [Rn � Rn ].
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We will now de�ne two special sequences of tame step functions to study the relationships
between the Riemann, Darboux, and Lebesgue integrals on a special rectangle inB.

De�nition 3.18. Let R � B be an n-th unit special rectangle, let f : R ! R be bounded,
and let f be Darboux integrable onR. Let f Hkgkr

k=1 be a partition of the special rectangle
(Rn � I n ) \ B for r � n where eachHk = ( H r

1;k � I r ) \ B , and let f : R ! R be bounded. Set
�H1 = H1 ; �H2 = H2 n H1 ; :::;
�Hp = Hp n (H1 [ � � � [ Hp� 1) so that R =

S kr
k=1

�Hk , �H i \ �H j = ; , and vol( �Hk ) = vol( Hk ).
For each r � n de�ne

(31)

L r (f ) =

" krX

k=1

mk;r (f )� �H r
1;k

#


 hr = �L r (f ) 
 hr

Ur (f ) =

" krX

k=1

M k;r (f )� �H r
1;k

#


 hr = �Ur (f ) 
 hr :

By Proposition 3.17 the tame step functions in(31) are Riemann and Darboux integrable
on R since �L r and �Ur are Riemann integrable onRr = Rn � I r

n+1 and by Proposition 3.17
we have that

(32)

Z

R
L r (f ) dx =

Z

R r

� krX

k=1

mk;r (f )� �H r
1;k

�
dx r =

krX

k=1

mk;r (f ) vol( H r
1;k ) = L (f; Pr );

Z

R
Ur (f ) dx =

Z

R r

� krX

k=1

M k;r (f )� �H r
1;k

�
dx r =

krX

k=1

M k;r (f ) vol( H r
1;k ) = U(f; Pr ):

Also, note that

(33) L r (f )(x) � f (x) � Ur (f )(x) for all x 2 R:

Proposition 3.19. Let R and (R1 � I 1) \ B be special rectangles whereR = ( Rn � I n ) \ B
such that R � (R1 � I 1) \ B .

(i) Let f � 0 be Darboux integrable onR. Suppose that there is some non-degenerate
interval [a; b] of R1 such that inf

�
f (x)

�� x 2 [a; b] � I 1	
> 0. Then there exists a

sequence of partitionsfP r g1
r = n+1 of R for which

L n+1 (f ) � L n+2 (f ) � � � � � f

where eachL r for r > n satis�es the inclusion relation in Proposition 3.14.
(ii) If f = f + � f � we will assume that each off + and f � satisfy condition (i), which is

justi�ed by Remark 2 and Theorem 2.13.

Proof. First let fP 0
r g1

r =1 be a sequence of partitions ofR1 � I 1 given by P0
r = f H r;k gkr

k=1 :
r � 1 is a partition where each sub-rectangleH r;k =

�
H r;k; 1 � H r;k; 2 � � � � � H r;k;r � I r �

\ B
for which L 0

1(f )(x) > 0 for somex 2 H r;j; 1 for some j . Then in fact L 1(f )0(x) > 0 for all
x 2 H r;j; 1, and Agreement 3.16 applies to the sequencef L r (f )0g1

r =1 of Darboux integrable
tame functions since we have thatL 1(f )0 � L 2(f )0 � � � � � f such that Spt( �L 1(f )0) � H r;j; 1
where H r;j; 1 is a non-degenerate interval.

Now form a sequence of partitionsfP r g1
r = n+1 of R where eachPr adjoins P0

r . Then since
L r (f ) � L r (f )0 for r = n + 1 ; n + 2 ; ::: it follows that each L r for r > n satis�es the inclusion
relation in Proposition 3.14. �

Proposition 3.20. Let R � B be an n-th unit special rectangle, and let f : R ! [0; 1 ) be
bounded and Darboux integrable onR.

(i) By (23), (32) and Proposition 3.17,

(34)

Z

R
L r (f ) d� B �

Z

R
L r (f ) dx = L (f; Pr ) and

Z

R
Ur (f ) d� B �

Z

R
Ur (f ) dx = U(f; Pr ):
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(ii) Now also assume that the conditions inProposition 3.19 apply to R and f . Since
L r (f ) � Ur (f ), it follows that each Ur (f ) also satis�es the inclusion relation in
Proposition 3.14, and in this case we have that

(35)

Z

R
L r (f ) d� B =

Z

R
L r (f ) dx = L (f; Pr ) and

Z

R
Ur (f ) d� B =

Z

R
Ur (f ) dx = U(f; Pr ):

The following proof of the equivalence between the Riemann and Darboux integrals on
a special rectangle inB is based on the equivalence proof in [5] for such integrals in �nite
dimensions.

Theorem 3.21. Let f : R ! R be bounded on the special rectangleR = ( Rn � I n ) \ B . Then
f is Riemann integrable onR if and only if f is Darboux integrable onR and in either case

(36) (R )
Z

R
f dx = ( D)

Z

R
f dx:

Proof. Assume that f is Riemann integrable onR. Let fP r g1
r =1 be a sequence of partitions of

R denotedPr = f H r;k gkr
k=1 wherePr +1 is a re�nement of Pr such that lim r !1 mesh(Pr ) = 0.

Then

(37) lim
r !1

L (f; Pr ) =
Z

R

f dx and lim
r !1

U(f; Pr ) =
Z

R

f dx:

Let � > 0. Then there is � > 0 such that (38) holds for any tagged partition f (Hk ; tk )gr
k=1

satisfying mesh(P ) < � .

(38)
����S(f; P ) � (R )

Z

R
f dx

���� < �
2 :

There is N 2 N such that mesh(Pr ) < � for r � N . For each suchr and k = 1 ; :::; kr there
is tk;r 2 Hk;r such that

(39) f (tk;r ) < m k;r (f ) + �
2vol( R) :

For any tagged partition f (Hk;r ; tk;r )gkr
k=1 satisfying r � N , vol(Hk;r ) < � which by (38)

implies that

(40)
����

krX

k=1

f (tk;r )vol( Hk;r ) � (R )
Z

R
f dx

���� < �
2 :

Therefore
����(R )

Z

R
f dx � L (f; Pr )

���� �
����(R )

Z

R
f dx �

krX

k=1

f (tk;r )vol( Hk;r )
����

+
����

krX

k=1

f (tk;r )vol( Hk;r ) �
krX

k=1

mk;r (f )vol( Hk;r )
����

< �

by (39) and (40). Thus

(R )
Z

R
f dx = lim

r !1
L (f; Pr ) =

Z

R

f dx

and similarly

(R )
Z

R
f dx = lim

r !1
U(f; Pr ) =

Z

R

f dx;

which together imply that f is Darboux integrable and (36) is true.

Now assume that f is Darboux integrable on R, and let � > 0. There is a partition
P� = f Hkgk�

k=1 of R such that
��U(f; P� ) � L (f; P� )

�� < � where eachHk = ( H r
1;k � I r ) \B and
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r � n. Let the Riemann integrable step functions L r (f ) and Ur (f ) be as in (31) and (32).
Note that Ur (f ) � L r (f ) 2 R [R] by Theorem 3.7 part (ii). Then

(41) L r (f )(x) � f (x) � Ur (f )(x)

and

(42) (R )
Z

R
(Ur (f ) � L r (f )) dx = U(f; Pr ) � L r (f )( f; Pr ) < �:

By the Squeeze Theorem (Theorem 3.9) equation (42) implies thatf 2 R [R]. By part (i) of
Theorem 3.7 the inequalities in (41) and (32) imply that

(43) L (f; Pr ) = ( R )
Z

R
L r (f ) dx � (R )

Z

R
f dx � (R )

Z

R
Ur (f ) dx = U(f; Pr ):

By assumption,

(44) L (f; Pr ) � (D)
Z

R
f dx � U(f; Pr ):

Statements (43) and (44) together imply that
����(R )

Z

R
f dx � (D)

Z

R
f dx

���� � U(f; Pr ) � L (f; Pr ) < �

and (36) is true. �

Because the Riemann and Darboux integrals on a special rectangle inB are equivalent,
we shall henceforth adopt the usual convention and refer to each of them as the Riemann
integral and drop the pre�x for each.

The following additional properties of the Riemann integral on B have standard proofs (see
[25]), and will be useful for computation.

Theorem 3.22. Let f : R ! R be Riemann integrable on the rectangleR = ( Rn � I n ) \ B .

Then jf j is Riemann integrable onR and
����

Z

R
f dx

���� �
Z

R
jf j dx.

Corollary 3.23. It follows from Theorem 3.22that f � and f + are Riemann integrable on a

special rectangle inB if f is since f � =
jf j � f

2
and f + =

jf j + f
2

.

3.6. Relationship Between the Riemann and Lebesgue Integrals on a Special Rec-
tangle in B. We will �rst extend the following well known condition for Riemann integrabil-
ity on a special rectangle inB in order to demonstrate the advantage of being able to express
this integral as a limit in �nite-dimensional space where the condition already holds.

Theorem 3.24. Let f : (R; TB) ! (R; TR) be bounded and continuous on the special rectangle
R = ( Rn � I n ) \ B . Then f is Riemann integrable onR.

Proof. By the continuity of f on R relative to TB , f is continuous at each point
(x r ; 0; 0; :::) 2 R where r > n . Since f (x r ; 0; 0; :::) is continuous on Rn � I r

n+1 relative to TRr

by Proposition 3.3, there is a partition P00
r = f H r;k gkr

k=1 of Rn � I r
n+1 for which

(45) U(f; P00
r ) � L (f; P00

r ) < 1
r :

By equation (20) in Proposition 3.11,

U(f; P0
r ) = U(f; P00

r ) and L (f; P0
r ) = L (f; P00

r ) where P0
r = f (H r;k � I r ) \ Bg kr

k=1 :

By (46), we obtain that

(46) U(f; P0
r ) � L (f; P0

r ) < 1
r :

For each r = n + 1 ; n + 2 ; ::: re�ne P0
r into a partition Pr so that lim r !1 mesh(Pr ) = 0. Then

U(f; Pr ) � L (f; Pr ) � U(f; P0
r ) � L (f; P0

r ) < 1
r ;

which implies that
lim

r !1
U(f; Pr ) � lim

r !1
L (f; Pr ) � lim

r !1
1
r = 0 :
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By (37) in Theorem 3.21, we obtain
Z

R

f dx �
Z

R

f dx = 0 ;

and f is Riemann integrable onR. �

Recall from Counter Example 3.13 that the Riemann and Lebesgue integrals need not
agree in value on any special rectangleR in B. By assuming the conditions in Proposition
3.19 we will prove that they agree in value in a setting that could be useful for equating a
Lebesgue integral with a Riemann integral. We will establish this relationship by modifying
a standard proof such as in [15].

Theorem 3.25. Let f : R ! R be bounded on the special rectangleR = ( Rn � I n ) \ B such
that the conditions in Proposition 3.19 apply to f and R. Then

(i) If f is Riemann integrable onR and Agreement 3.16applies to f , then f is Lebesgue
integrable on R andZ

R
f dx =

Z

R
f d� B .

(ii) f is Riemann integrable onR i� f is continuous � B-a.e. on R with respect to TB .

Proof. As in the proof of Theorem 3.21 letfP r g1
r = n be a sequence of partitions ofR denoted

Pr = f H r;k gkr
k=1 where eachHk;r = ( H r

1;k � I r ) \ B , and Pr +1 is a re�nement of Pr such that
lim r !1 mesh(Pr ) = 0 and these partitions are as in Proposition 3.19. Then

(47) lim
r !1

L (f; Pr ) =
Z

R

f dx and lim
r !1

U(f; Pr ) =
Z

R

f dx :

Since f L r (f )g1
r =1 increases andf Ur (f )g1

r =1 decreases, then the limits

(48) L (x) = lim
r !1

L r (f )(x) and U(x) = lim
r !1

Ur (f )(x)

each exist and are inM . Also, since mk;r (f ) � f � M k;r (f ) where x 2 Hk;r for each
k = 1 ; :::; kr , the following hold for all x 2 R :

(49) L r (f )(x) � L (x) � f (x) � U(x) � Ur (f )(x) :

First assume that f � 0. Respectively by (35) in Proposition 3.20 we obtain that
Z

R
L r (f ) d� B =

Z

R
L r (f ) dx = L (f; Pr );

Z

R
Ur (f ) d� B =

Z

R
Ur (f ) dx = U(f; Pr ):

By (48) Lebesgue’s Monotone Convergence Theorem implies that (50) and (51) hold.
Z

R
U d� B = lim

r !1

Z

R
Ur (f ) d� B = lim

r !1
U(f; Pr ) =

Z

R

f dx(50)

Z

R
L d� B = lim

r !1

Z

R
L r (f ) d� B = lim

r !1
L (f; Pr ) =

Z

R

f dx :(51)

More generally, Corollary 3.23 insures that for f = f + � f � (50) and (51) hold by the case
where f � 0 by tacitly assuming that (ii) of Proposition 3.19 holds. If f is Riemann integrable
on R, then (49), (50) and (51) imply that

(52)
Z

R
L d� B =

Z

R
U d� B =

Z

R
f dx;

and so
Z

R
(U � L ) d� B = 0. Although it is still possible that U � L > 0 on a set of non-zero

measure with respect to� B as demonstrated by Counter example 2.14, we can still establish
that U � L = 0 a.e. � B by using the fact that (50), (51), and (52) imply that

(53) lim
r !1

kUr (f ) � L r (f )kL 1 [R ] = 0 :
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By (53) there is a subsequencef Ur k � L r k g1
k=1 for which lim k!1 (Ur k � L r k ) = 0 a.e. with

respect to � B . By (48) we therefore have that
U � L = lim

r !1
(Ur (f ) � L r (f )) = lim

k!1
(Ur k � L r k ) = 0 a.e. with respect to � B ;

henceU = f = L � B a.e. by (49), and so (i) is true by (50) and (51).

Let E1 = f x 2 R jU(x) 6= L (x)g, E2 = f x 2 @(Hk;r ) j r 2 N; 1 � k � kr g, and E = E1 [ E2.
Choosex 2 R n E and let � > 0. Then sinceU(x) = L (x) equation (48) implies that there is
r 2 N such that Ur (f )(x) � L r (f )(x) < � . Since alsox =2 @(Hk;r ) for k = 1 ; :::; kr then there
is someV = ( Vr � I r ) \ B 2 T B such that x 2 V and Ur (f ) � L r (f ) is constant on V . Then
(54) Ur (f )(y) � L r (f )(y) = Ur (f )(x) � L r (f )(x) < � for y 2 V;
and by (49) and (54) we obtain

� � < L r (f )(x) � Ur (f )(x) � f (y) � f (x) � Ur (f )(x) � L r (f )(x) < �
for such y and thus f (V ) � (f (x) � �; f (x) + � ) 2 TR. Therefore f is continuous � B a.e. on
R with respect to TB since � B(E ) = 0.

Conversely, assume thatf is continuous onR nE 0 with respect to TB where � B(E 0) = 0. Let
x 2 R n (E 0[ E1), and let � > 0. Sincef is continuous at x, there is V = ( Vs � I s) \ B 2 T B
such that x 2 V and jf (y) � f (x)j < �

4 for y 2 V . Chooser so large that x 2 Hk;r � V for
somek 2 f 1; :::; kr g. Then there are x1; x2 2 Hk;r such that

f (x1) < m k;r (f ) + �
4 = L r (f )(x1) + �

4 = L r (f )(x) + �
4 � L (x) + �

4 ;(55)
f (x2) > M k;r (f ) � �

4 = Ur (f )(x2) � �
4 = Ur (f )(x) � �

4 � U(x) � �
4 :(56)

By the continuity of f at x,
(57) jf (x2) � f (x1)j � j f (x2) � f (x)j + jf (x1) � f (x)j < �

2

so that by (55), (56), and (57)
U(x) � L (x) < jf (x2) � f (x1) + �

2 j � j f (x2) � f (x1)j + �
2 < �:

Therefore U(x) = L (x) for � B a.e. x 2 R; thus by (50) and (51) f is Riemann integrable on
R. �

We can extend the de�nition of the Riemann integral to more general sets contained in a
special rectangle in the usual way.

De�nition 3.26. Let A � B \ R where R is a special rectangle, and let@Adenote the
boundary of A. Let f : R ! R be Riemann integrable onR. If @Ahas � B measure zero, then
since � A is continuous everywhere onR except for @A, so that � A and f � A are continuous
on R � B a.e. with respect toTB ; then f � A 2 R [R] by Theorem 3.25. If these conditions hold
we say thatf is Riemann integrable onA, we write f 2 R [A], and we de�ne

Z

A
f dx =

Z

R
f � A dx:

Even though the Riemann and Lebesgue integrals on a special rectangle inB can di�er in
value, we will use Theorem 3.25 to extend the usual condition for Riemann integrability and
its converse beyond (ii) of this theorem toany special RectangleR in B. By De�nition 3.26,
this condition also extends to any admissible subset ofR.

Theorem 3.27. Let f : R ! R be bounded on the special rectangleR in B. Then the
following hold.

(i) f is Riemann integrable onR if and only if f is continuous � B-a.e. on R with respect
to � B .

(ii) If f is Riemann integrable onR, then f is Lebesgue integrable onR.

Proof. To prove (i), denote R = ([ b1; c1] � � � � � [bn ; cn ] � I n ) \ B , and let R0 be any special
rectangle in B which includesR and the non-degenerate intervalR00= ([ a; b1]� I 1) \B . De�ne
F = f + � R00, and note that the conditions in Proposition 3.19 hold for F and R0. Let f
be Riemann integrable onR. Since f is Riemann integrable onR0 part (ii) of Theorem 3.25
holds and f is continuous � B-a.e. onR with respect to � B . Thus, f has this same continuity
condition on R.
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Now assume thatf is continuous � B-a.e. onR with respect to � B . Sincef has this continuity
condition on all of R0, part (ii) of Theorem 3.25 holds and f is Riemann integrable onR0.
Thus f is Riemann integrable on the sub-rectangleR of R0 (the proof of this last fact is
standard).
Part (ii) holds since by part (i), the Riemann integrability of f on R implies that f is
continuous � B-a.e. on R with respect to � B , which means that f 2 M . Since f is also
bounded onR, then f 2 L 1[R]. �

3.7. Application of the Riemann integral on B to Volume. If a subsetA of B satis�es
the criterion in De�nition 3.26, we can represent its volume in B constructively in the usual
way as

(58) vol(A) =
Z

R
� A dx;

where R is any special rectangle that containsA. Recall from Counter Example 3.13 that

(59) vol
�
(I � J2 � I 2) \ B

�
=

Z

R
� I � J2 � I 2 dx = � (J2) < 1 = � (I ) =

Z

R
� I � J2 � I 2 d� B

Where R is an special rectangle inB that includes A. Thus as (59) demonstrates, the
Riemann integral on a special rectangle inB can represent the volume of a class of subsets
in B that have a su�ciently nice boundary in the sense of De�nition 3.26 when the Lebesgue
integral fails to equal the volume of such sets. In this way, the Riemann integral advances
the Lebesgue theory in [9] slightly.

3.8. Computing the Riemann integral on a special rectangle in B. We will now
demonstrate the computational advantage of de�ning a Riemann integral onB constructively
as a limit of �nite-dimensional integrals (resulting from integals of tame functions) by using
this limit to approximate a Riemann integral of a function on a special rectangle inB that is
not tame.

3.8.1. Convergence of Integrals.

Remark 4. Note that in the proof of part (i) of Theorem 3.25 we developed sequences of
Riemann integrable tame step functionsf L r (f ) 2 M r

I g1
r =1 for which L r (f ) = �L r 
 hr and

lim
r !1

L r (f )(x) = f (x) uniformly for � B a.e. x 2 R:

For any special rectangleR � B and f 2 R [R], (32) and (37) imply that
Z

R
f dx = lim

r !1

Z

R
L r (f ) dx = lim

r !1

Z

Rm

�L r (f ) dx r :

We can generalize this result to the following theorem.

Theorem 3.28. Let the real valued function f be bounded on the special rectangle
R = ( Rn � I n ) \ B .

(i) If f is Riemann integrable onR where the conditions inProposition 3.19 apply to f
and R, then there exists a sequence of Riemann integrable tame functions
f sm 2 M m

I g1
m=1 for which limm !1 sm (x) = f (x) uniformly for � B a.e. x 2 R.

(ii) (The Uniform Convergence Theorem for the Riemann Integral)
If f sm 2 M m

I g1
m=1 is a sequence of Riemann integrable tame functions onR, and

limm !1 sm = f uniformly then f is Riemann integrable onR.
If either of (i) or (ii) hold, then the following hold whereRm = Rn � I m

n+1 .
Z

R
f dx = lim

m !1

Z

R
sm dx = lim

m !1

Z

Rm

�sm dxm :

Proof. Part (i) is true by Remark 4. The proof for part (ii) is the same as for Rn . �

Example 3.29. We will use the Uniform Convergence Theorem for the Riemann Integral to
compute the Riemann integral overR � B for a class of functions f : R ! R which are not
tame. Let

P 1
k=1 bk tk be a power series with a radius of convergence of1 � r � 1 . Note

that for t = 1 ,
P 1

k=1 bk converges, solim k!1 bk = 0

For x = ( x1; x2; :::) 2 R = ( Rn � I n ) \ B , de�ne f (x) =
P 1

k=1 bk xk
k . There is some
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m1 2 N for which j k
p

jbk jxk j � 1
2 < r when k � m1. Since jbk xk

k j � 1
2k and the geometric

series
P 1

k=1
1

2k converges, the Weirstrass M-test implies that the polynomials
�sm (x1; :::; xm ) =

P m
k=1 bk xk

k converge to f uniformly. Because limm !1 sm (x) = f (x) uni-
formly for x 2 R where sm = �sm 
 hm , then f 2 R [R] and

(60)
Z

R

1X

k=1

�
bk xk

k

�
dx = lim

m !1

Z

R

� mX

k=1

bk xk
k

�

 hm dx = lim

m !1

Z

Rn � I m
n +1

� mX

k=1

bk xk
k

�
dxm :

To demonstrate how the limit (60) of Riemann integrals in �nite dimensions can approximate

the integral in the left member of (60), consider the case wheref (x) =
P 1

k=0
xk

k +1
k! and

R = [0 ; 1] � [0; 1] � [0; 1] � [0; 1] � I 4. We obtain

Z

R

� 1X

k=0

xk
k+1
k!

�
dx = lim

m !1

Z

I

� � �
Z

I

1Z

0

1Z

0

1Z

0

1Z

0

� mX

k=0

xk
k+1
k!

�
dx1 dx2 dx3 dx4 dx5 � � � dxm

(61)

= lim
m !1

Z

I

� � �
Z

I

1Z

0

1Z

0

1Z

0

1Z

0

�
1 + x2 + x2

3
2 + x3

4
6

�
dx1 dx2 dx3 dx4 dx5 � � � dxm

+ lim
m !1

Z

I

� � �
Z

I

1Z

0

1Z

0

1Z

0

1Z

0

� mX

k=4

xk
k+1
k!

�
dx1 dx2 dx3 dx4 dx5 � � � dxm :(62)

We can use the absolute integrability property to bound the limit in(62) by bounding the
integrand as follows

����
1X

k=4

xk
k+1
k!

���� �
1X

k=4

��xk+1
��k

k!
�

1X

k=4

1
2k k!

=
p

e �
3X

k=0

1
2k k!

< 0:05 :

Thus the integral in the left member(61) is approximately 41
24 with an error of at most 0:05.

3.8.2. Convergence of Riemann Sums.Let R = ( Rn � I n ) \B be a special rectangle. As in the
proof of Theorem 3.21 letfP r g1

r =1 be a sequence of partitions ofR denoted Pr = f H r;k gkr
k=1

where eachHk;r = ( H r
1;k � I r ) \B , Pr +1 is a re�nement of Pr such that lim r !1 mesh(Pr ) = 0.

In this proof we showed that

(63)
Z

R
f dx = lim

r !1
L (f; Pr ) and

Z

R
f dx = lim

r !1
U(f; Pr ):

SinceL (f; Pr ) � S(f; Pr ) � U(f; Pr ), (63) implies that
Z

R
f dx = lim

r !1
S(f; Pr ) = lim

r !1

krX

k=1

f (tk )vol( H r;k ) = lim
r !1

krX

k=1

f (t r;k ; 0; 0; :::)vol( H r
1;k ) ;

where we can choosetk = ( t r;k ; 0; 0; :::) with t r;k 2 H r
1;k .

4. Conclusion

This work shows that a sequence of convergent tame functions is the primary tool used to
construct the Riemann integral over B and admissible subsets ofB, and to compute integrals
over these sets. For instance, The sequences of tame functionsL r (f ) and Ur (f ) were the key
to proving the equivalence between the Darboux and Riemann integrals and to establishing a
modi�ed version of the usual relationship between the Riemann and Lebesgue integrals onB,
which extends the connection between these two integrals from �nite to in�nite dimensions.

The Riemann integral on a special rectangle inB can provide the initial structure for
de�ning a Henstock-Kurzweil type integral on B, and for using it to potentially advance the
theory of constructive analysis by developing tools for studying highly oscillatory functions on
in�nite dimensions. Also, an integral on B may be useful for extending recent advancements
in constructive and functional analysis such as the following. In [7] Castro and Guerra de�ne
a Quadratic Phase Fourier Transform onRn that may be expandable to in�nite dimensions.
The general Hardy type operators that Ho and Yee de�ne on local generalized Morrey spaces
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in [14] using real-valued Lebesgue measurable functions on intervals in (0; 1 ) may be suitable
for Riemann integrable or Lebesgue measurable functions on special subsets ofB. Since
Antipova de�ned the inverse for a multidimensional Mellin transform [1], the results which
Milgram and Hughes obtain from integrals on R in [18] may be extendable to a Riemann
integral on all of B. Indeed, tame functions should be able to lift such recent advances as
these from �nite to in�nite dimensions by a convergence process that parallels the way in
which they extended the Riemann integral from Rn to B.
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Abstract . The Kairat-Kuralay-Myrzakulov-Shynaray equation is studied as an integrable
model, relevant to nonlinear wave phenomena in hydrodynamics, optics, quantum mechanics,
and plasma physics. Integrable reductions and Lax pairs are derived, and the system’s
geometric interpretation is discussed. Exact solutions with periodic, exponential, and rational
pro�les, including Jacobi elliptic forms, are obtained and visualized through three-dimensional
and contour plots. The results enhance the understanding of the geometric structure of
integrable systems and nonlinear wave dynamics in physical applications.
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1. Introduction

Nonlinear di�erential equations (NDEs), and in particular nonlinear partial di�erential
equations (PDEs), play a fundamental role in mathematics, physics, and several other �elds
of science, describing a wide range of complex natural phenomena and processes. Among
them, integrable nonlinear PDEs are of particular interest because they allow for precise
analysis, exhibit rich dynamics, and possess localized wave so- lutions known as solitons. In
recent decades, numerous methods for studying integrable sys- tems have been developed. Sig-
ni�cant progress was achieved with the discovery of the inverse scattering transform method
(1967), which laid the foundation for soliton theory[1]-[3] The most well-known models | the
Korteweg{de Vries equation, the nonlinear Schrodinger equation, the sine-Gordon equation,
and the Heisenberg model | have gained widespread acceptance due to their ability to clearly
describe a wide range of physical phenomena using localized solutions [4]-[5]. Subsequently,
integrable multidimensional extensions of soliton models [6]-[8] attracted the attention of
researchers, stimulating the development of new analytical approaches. Modern research
focuses both on �nding new integrable systems and constructing their exact solutions. In
particular, equations with fractional derivatives [9]-[11]are actively studied, allowing one to
model phenomena with memory e�ects, nonlocality, and anomalous dynamics. Furthermore,
integrable systems with self-consistent potentials [12], as well as their various modi�cations
and generalizations [13]-[14], are of considerable interest. One representative of this class
is the Kairat-Kuralay-Myrzakulov-Shynaray system [15], which admits a Lax pair with a
nonzero spectral parameter. At the same time, the �eld of constructing exact solutions to
nonlinear PDEs using modern analytical and symbolic methods is developing. Approaches
such as the �rst integral method, the exp-function method, the modi�ed extended tanh func-
tion method, the auxiliary equation method, and others have been proposed [16]-[23]. The
obtained exact solutions not only allow a deeper understanding of nonlinear physical pro-
cesses but also play an important role in testing and validating numerical schemes. Thus,
the problem of �nding new integrable systems and their exact solutions remains one of the
central topics of modern mathematical physics and the theory of nonlinear equations.
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2. The Kairat-Kuralay-Myrzakulov-Shynaray equation

Consider the well-known Kairat-Kuralay-Myrzakulov-Shynaray (KKMS) equation. The
KKMS equation reads as (see for example, [18] and references therein):

qt �
1
b

uqx +
�
b

qqt � �r t = 0 ;(1)

r t �
1
b

ur x +
�
b

rqt �
�

4ab
qxxt = 0 ;(2)

ux + 0 :5�q t = 0 ;(3)

where a; b; � are real constants, (q; r; u) are some functions of (x; t ). Note that the KKMS
equation (1)-(3) is integrable. Its Lax representation is given by [18]

� x = U1� ;(4)

� t = V1� =
1

1 � ��
B � ;(5)

where

U1 =
�

0 a
b� 2 + q� + r 0

�
; Q =

�
0 a
r 0

�
; � =

�
0 0
1 0

�
;(6)

B = B2� 2 + B1� + B0;(7)

B2 = ( aij ) =
�

0 0
u 0

�
= u� ; B1 = ( bij ) =

�
0 0

b� 1uq 0

�
= b� 1uq� ;(8)

B0 = ( cij ) =
� �

4bqt ab� 1u
b� 1ur + �

4abqxt � �
4bqt :

�
= �

ux

2b
� 3 +

u
b

Q �
uxx

2ab
� :(9)

The compatibility condition � xt = � tx of the linear equations (4)-(5) that is

(1 � �� )Ut � Bx + [ U; B ] = 0(10)

gives the KKMS equation (1)-(3). As the integrable equation, the KKMSE (1)-(3) has the
N-soliton solution, in�nite number of conservation laws, Hamiltonian structure and so on.

3. Integrable motion of curves induced by the KKMS equation

The aim of this section is to present the geometric formulation of the KKMS equation in
terms of curves and to �nd its geometrical equivalent counterpart.

We start from the di�erential geometry of space curves. In this subsection, we consider the
integrable motion of space curves induced by the KKMS equation. As usual, let us consider
a smooth space curve
 (x; t ) : [0; X ] � [0; T ] ! R3 in R3. Let x is the arc length of the curve
at each time t. In di�erential language, such curve is given by the Frenet-Serret equation
(FSE). The FSE and its temporal counterpart look like

0

@
e1
e2
e3

1

A

x

= C

0

@
e1
e2
e3

1

A ;

0

@
e1
e2
e3

1

A

t

= G

0

@
e1
e2
e3

1

A ;(11)

where ej are the unit tangent vector ( j = 1), principal normal vector ( j = 2) and binormal
vector (j = 3) which given by e1 = 
 x ; e2 = 
 xx

j
 xx j ; e3 = e1 ^ e2; respectively. Here

C =

0

@
0 � 1 � 2

� � 1 0 �
� � 2 � � 0

1

A = � �L 1 + � 2L 2 � � 1L 3 2 so(3);

G =

0

@
0 ! 3 ! 2

� ! 3 0 ! 1
� ! 2 � ! 1 0

1

A = � ! 1L 1 + ! 2L 2 � ! 3L 3 2 so(3);

where � , � 1; � 2 are the "torsion", "geodesic curvature" and "normal curvature" of the curve,
respectively; ! j are some functions. Note that L j are basis elements ofso(3) algebra and
have the forms

L 1 =

0

@
0 0 0
0 0 � 1
0 1 0

1

A ; L 2 =

0

@
0 0 1
0 0 0

� 1 0 0

1

A ; L 3 =

0

@
0 � 1 0
1 0 0
0 0 0

1

A :
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They satisfy the following commutation relations

[L 1; L 2] = L 3; [L 2; L 3] = L 1; [L 3; L 1] = L 2:

In the following, we need also in the basis elements ofsu(2) algebra. They have the forms

e1 =
1
2i

�
0 1
1 0

�
; e2 =

1
2i

�
0 � i
i 0

�
; e3 =

1
2i

�
1 0
0 � 1

�
;

where the Pauli matrices have the form

� 1 =
�

0 1
1 0

�
; � 2 =

�
0 � i
i 0

�
; � 3 =

�
1 0
0 � 1

�
:

These elements satisfy the following commutation relations

[e1; e2] = e3; [e2; e3] = e1; [e3; e1] = e2:

Note that the Pauli matrices obey the following commutation relations

[� 1; � 2] = 2 i� 3; [� 2; � 3] = 2 i� 1; [� 3; � 1] = 2 i� 2

or

[� i ; � j ] = 2 i� ijk � k :

The well-known isomorphism between the Lie algebrassu(2) and so(3) means the following
correspondence between their basis elementsL j $ ej . Using this isomorphism let us construct
the following two matrices

U = � �e1 + � 2e2 � � 1e3 = �
1
2i

�
� 1 � + i� 2

� � i� 2 � � 1

�
=

�
u11 u12
u21 � u11

�
;

V = � ! 1e1 + ! 2e2 � ! 3e3 = �
1
2i

�
! 3 ! 1 + i! 2

! 1 � i! 2 � ! 3

�
=

�
v11 v12
v21 � v11

�
;

where

u11 = 0 :5ik 1; u12 = 0 :5i (� + ik 2); u21 = 0 :5i (� � ik 2);
v11 = 0 :5i! 3; v12 = 0 :5i (! 1 + i! 2); v21 = 0 :5i (! 1 � i! 2):

Hence we obtain

� 1 = � 2iu 11; � 2 = � (u12 � u21); � = � i (u12 + u21);
! 1 = � i (v12 + v21); ! 2 = � (v12 � v21); ! 3 = � 2iv11:

The compatibility condition of the equations (10)-(11) reads as

Ct � Gx + [ C; G] = Ut � Vx + [ U; V ] = 0

or in elements

� 1t � ! 3x � � 2! 1 + � ! 2 = 0 ;
� 2t � ! 2x + � 1! 1 � � ! 3 = 0 ;
� t � ! 1x � � 1! 2 + � 2! 3 = 0 :

We now assume that

� 1 = 0 ; � 2 = � (a � b� 2 � q� � r ); � = � i (a + b� 2 + q� + r );

and

! 1 = � i [� 2(a12 + a21) + � (b12 + b21) + ( c12 + c21)];
! 2 = � [� 2(a12 � a21) + � (b12 � b21) + ( c12 � c21)];
! 3 = � 2i [� 2a11 + �b 11 + c11];

where (aij ) = B2; (bij ) = B1; (cij ) = B0 as follows from our notations (8)-(9). Then it is
not di�cult to verify that Eqs.(1)-(3) give us the following equations for q; r; u:

qt �
1
b

uqx +
�
b

qqt � �r t = 0 ;

r t �
1
b

ur x +
�
b

rqt �
�

4ab
qxxt = 0 ;

ux + 0 :5�q t = 0 :
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It is nothing but the KKMS equation (1)-(3). Finally we note that as follows from (12), the
corresponding space curve is with the zero curvature� 1 = 0.

4. Exact travelling wave solutions

In modern mathematical and theoretical physics, one of the most important topics is to
�nd the exact solutions of nonlinear di�erential equations. In this section, we want �nd exact
traveling wave solutions of the KKMS equation. To �nd the traveling wave solutions of the
KKMS equation (1)-(3), we consider the following transformations

q(x; t ) = q(� ); r (x; t ) = r (� ); u(x; t ) = u(� ); � = �x + �t;

where �; � are some real constants. Then we have

qx = �q 0; qxx = � 2q00; qxxt = � 2�q 000; r t = �r
0
; r x = �r

0
; ux = �u

0
;

where f 0 = df
d� . Plugging these expressions into the KKMSE (1)-(3) we obtain

�q
0
�

�
b

uq
0
+

2��
b

qq
0
� ��r

0
= 0 ;(12)

�r
0
�

�
b

ur
0
+

2��
b

rq
0
�

�� 2�
2ab

q
000

= 0 ;(13)

�u
0
+ 0 :5��q

0
= 0 :(14)

From Eq.(14) we get

u = c1 �
��
2�

q;

where c1 = const is an integration constant. Then Eqs.(12)-(13) take the forms

�q
0
�

�
b

(c1 �
��
2�

q)q
0
+

2��
b

qq
0
� ��r

0
= 0 ;(15)

�r
0
�

�
b

(c1 �
��
2�

q)r
0
+

2��
b

rq
0
�

�� 2�
2ab

q
000

= 0 :(16)

From (15), we obtain

c2�� + �q �
�
b

c1q +
��
2b

q2 +
��
b

q2 � ��r = 0 ;

where c2 = const is an integration constant. Hence we get

c2�� + ( � �
�
b

c1)q + (
��
2b

+
��
b

)q2 � ��r = 0 ;

or

c2�� + c3��q + c4��q 2 � ��r = 0 ;

where

c3 =
1

��
(� �

�
b

c1); c4 =
1

2��
(
��
b

+
2��

b
) =

3
2b

; c2 = const:

The last equation gives

r = c2 + c3q + c4q2:(17)

Hence we have

c3��q
0
+ 2c4��qq

0
� ��r

0
= 0 ;(18)

or

r
0

= c3q
0
+ 2c4qq

0
:(19)

Let us rewrite Eq.(16) as

c3��r
0
+

�
b

qr
0
+

2��
b

rq
0
�

�� 2�
2ab

q
000

= 0 ;

Hence, using (17) and (19), �nally, we get

c3�� (c3q
0
+ 2c4qq

0
) +

�
b

q(c3q
0
+ 2c4qq

0
) +

2��
b

(c2 + c3q + c4q2)q
0
�

�� 2�
2ab

q
000

= 0 :
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Integrating this equation one times, we obtain the following equation

q
00

= c5q3 + c6q2 + c7q + c8;(20)

where c8 = const is a constant of integration and

c5 =
2ab

3�� 2�
(
2c4�

b
+

2��c 4

b
);

c6 =
2ab

2�� 2�
(
2c4�

b
+

2��c 4

b
);

c7 =
2ab

2�� 2�
(c2

3�� +
2��c 2

b
) =

2ab
2� 2 (c2

3 +
2c2

b
);

c8 = const:

Hence we have

2q
0
q

00
= ( c5q3 + c6q2 + c7q + c8)2q

0
;

so that

q
02 = c9q4 + c10q3 + c11q2 + c12q + c13;(21)

where

c9 =
1
2

c5;

c10 =
2
3

c6;
c11 = c7;
c12 = 2c8;
c13 = const:

Let us introduce a new function p(x; t ) = p(� ) as

q = c14p + c15;

where cij are constants. Then Eq.(20) takes the form

c2
14p

00
= c5(c14p + c15)3 + c6(c14p + c15)2 + c7(c14p + c15) + c8;

or

p
00

= c16p3 + c17p2 + c18p + c19;

where

c16 =
c5c3

14
c2

14
= c5c14;

c17 =
3c5c2

14 + c6c2
14

c2
14

= 3c5 + c6;

c18 =
3c5c14c2

15 + 2c6c14c15 + c7c14

c2
14

=
3c5c2

15 + 2c6c15 + c7

c14
;

c19 =
c5c3

15 + c6c2
15 + c7c15 + c8

c2
14

:

Now we assume that

p
00

= 2mp3 � (1 + m)p(22)

or

p
02 = (1 � p2)(1 � mp2);(23)

where

m = 0 :5c16 = 0 :5c5c14; c17 = c19 = 0 ; c18 = � (1 + m) = � (1 + 0 :5c5c14):

These expressions give us

c6 = � 3c5; c8 = � (c5c3
15 � 3c5c2

15 + c7c15):

It is well-known that the equations (22)-(23) have the following solution

p(�; m ) = sn(�; m );
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where sn(�; m ) is the Jacobi elliptic function.

4.1. Jacobi elliptic function solution. The previous results give us the following solution
of the KKMSE in terms of the Jacobi elliptic function as

q = c14sn(�; m ) + c15;
r = c2 + c3[c14sn(�; m ) + c15] + c4[c14sn(�; m ) + c15]2;

u = c1 �
��
�

[c14sn(�; m ) + c15]:

(a) (b)

Figure 1. (a) The 3D plot and (b) contour plot of the Jacobi elliptic function
solution. Parameters: � = � 1; � = 0 :2; � = 0 :2; c1 = 0 ; c2 = 0 ; c3 = 0 :5; c14 =
0:5; and c15 = 0 :3.

4.2. Trigonometric function solution. Using the well-known properties of the Jacobi
elliptic function sn(�; m ): sn(�; 0) = sin( � ), we obtain the following trigonometric function
solution of the KKMSE:

q = c14 sin(� ) + c15;
r = c2 + c3[c14 sin(� ) + c15] + c4[c14 sin(� ) + c15]2;

u = c1 �
��
�

[c14 sin(� ) + c15]:

(a) (b)

Figure 2. (a) The 3D plot and (b) contour plot of the Trigonometric function
solution. Parameters: � = � 1; � = 0 :2; � = 0 :2; c1 = 0 ; c2 = 0 ; c3 = 0 :5; c14 =
0:5; and c15 = 0 :3.

4.3. Soliton solution. Now we use the following properties of the Jacobi elliptic function
sn(�; m ): sn(�; 1) = tanh( � ). The corresponding trigonometric function solution of the
KKMSE reads as:

q = c14 tanh( � ) + c15;
r = c2 + c3[c14 tanh( � ) + c15] + c4[c14 tanh( � ) + c15]2;

u = c1 �
��
�

[c14 tanh( � ) + c15]:
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(a) (b)

Figure 3. (a) The 3D plot and (b) contour plot of the Soliton solution.
Parameters: � = � 1; � = 0 :2; � = 0 :2; c1 = 0 ; c2 = 0 ; c3 = 0 :5; c14 = 0 :5; and
c15 = 0 :3.

4.4. Rational solution. To �nd the rational solution of the KKMSE, we consider the fol-
lowing expression for the function q = k

� + l . Then the rational solution of the KKMSE is
given by

q =
k
�

+ l;(24)

r = c2 + c3[
k
�

+ l ] + c4[
k
�

+ l ]2;

u = c1 �
��
�

[
k
�

+ l ]:

where k; l are some new constants. To �x constantsk; l , we use Eq.(??) that is

q
00

= c5q3 + c6q2 + c7q + c8;(25)

Subctituting (24) into Eq.(25), we get

y� 3 : 2k = c5k3;
y� 2 : 0 = 3c5k2l + c6k2;
y� 1 : 0 = 3c5kl2 + 2klc6 + c7k;
y� 0 : 0 = c5l3 + c6l2 + c7l + c8:

Hence we get

k = �
r

2
c5

;

l = �
c6

3c5
;

c7 = � (3c5l2 + 2 lc6);
c8 = � (c5l3 + c6l2 + c7l):

(a) (b)

Figure 4. (a) The 3D plot and (b) contour plot of the rational solution.
Parameters: � = � 1; � = 0 :2; � = 0 :2; c1 = 0 ; c2 = 0 ; c3 = 0 :5; c14 = 0 :5; and
c15 = 0 :3.
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5. Hamiltonian structure

From (20) and (21) follow that

q
0

= z;
z

0
= c5q3 + c6q2 + c7q + c8;

or

q
0

=
�H
�z

;

z
0

= �
�H
�q

:

Here H has the form

H =
Z

[
1
2

z2 � (
1
4

c5q4 +
1
3

c6q3 +
1
2

c7q2 + c8q)]ds:

6. Conclusion

This paper examines the KKMS equation, a relatively recently proposed equation that has
already attracted the attention of a number of researchers. Using the traveling-wave method,
new exact solutions were obtained that expand the existing solution structure and comple-
ment existing results for this model. The obtained solutions demonstrate the e�ectiveness of
the traveling-wave method in analyzing modern nonlinear integrable systems and con�rm its
signi�cance for further study of models with a rich mathematical structure. The obtained
results can be used both for a deeper theoretical understanding of the dynamics of the KKMS
equation and for subsequent numerical analy- sis and applied modeling of nonlinear waves.
Thus, this study contributes to the development of the theory of integrable systems and opens
prospects for further study of equations of this class, in particular their multidimensional
generalizations, fractional-order solutions, and con- nections with other models of nonlinear
mathematical physics.
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Abstract . Dawson constructed a Pythagorean ringhP; � ; �i and identi�ed a bijective
mapping ’ : P �! Z � Z: In this note, we have established an extension of the bijective
mapping ’ : P �! Z2 in Pythagorean triples to the bijective mapping ’ : P2 �! Z4 and
further generalized it for ’ : Pn �! Z2n :
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1. Introduction

A Pythagorean Triple (PT) is a triple of positive integers ( a; b; c); which satis�es the
Pythagorean equation

a2 + b2 = c2;

where c represents the length of the hypotenuse,a and b represent the lengths of the other
two sides (called legs) of a right triangle. In other words a Pythagorean triple represents the
lengths of the sides of a right triangle where all the three sides have integer lengths. We say a
Pythagorean triple (a; b; c) is primitive if the numbers a; b and c are pairwise co-prime [7].
Several formulas have been establish which generate Pythagorean triples, such as in [1, 2, 3, 6].

Grytczuk [5] and Wojtowicz [8] gave constructions of Pythagorean rings with new opera-
tions on Pn ; di�erent from [4].

In [4], Dawson gave a construction of a Pythagorean ring

P = f < a; b; c > 2 Z3 : a2 + b2 = c2g:

In this ring, he de�ned the operations � and � by an isomorphism ’ : P �! Z � Z given by

’
�
ha; b; ci

�
=

�
c � b; d0(ha; b; ci )

�
(1)

where

d0� ha; b; ci
�

=

8
>><

>>:

a
r 0(c� b) ; if c � b even; n6= 0

a
r 0( c� b) � 1

2 ; if c � b odd
b; if c � b = 0

:

and r 0 is de�ned as r 0 : Z+ �! Z+ by r 0(x) = 2 b0 pb1
1 pb2

2 :::pbm
m where x has prime factorization

of x = 2 a0 pa1
1 pa2

2 :::pam
m ;

bk =
�

ak

2

�
k = 1 ; 2; :::; m

b0 =

8
<

:

0; if x is odd�
a0+1

2

�
; x is even
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Dawson also established thathP; � ; �i is a commutative ring with identity where � and �
are operations onP de�ned by

ha; b; ci � h e; f; g i = ’ � 1
�

’
�
ha; b; ci

�
+ ’

�
he; f; g i

� �

= ’ � 1
� �

c � b; d0ha; b; ci
�

+
�
g � f; d 0he; f; g i

� �

= ’ � 1
�

c � b+ g � f; d 0ha; b; ci + d0he; f; g i
�

so that,

ha; b; ci � h e; f; g i =

8
><

>:

hh; h2 � n2

2n ; h2+ n2

2n i for n 6= 0 ; is even
hk; k2 � n2

2n ; k2+ n2

2n i for n odd
h0; j; j i for n = 0

where

h =
�
d0(ha; b; ci ) + d0(he; f; g i )

�
r 0(n)

n = c � b+ g � f
k =

�
2
�
d0(ha; b; ci ) + d0(he; f; g i )

�
+ 1

�
r 0(n)

j = d0(ha; b; ci ) + d0(he; f; g i ):

In addition

ha; b; ci � h e; f; g i =

8
><

>:

hh; h2 � n2

2n ; h2+ n2

2n i for n 6= 0 ; even is odd
hk; k2 � n2

2n ; k2+ n2

2n i for n odd
h0; j; j i for n = 0

where

h =
�
d0(ha; b; ci )d0(he; f; g i )

�
r 0(n)

n = ( c � b)(g � f )
k =

�
2
�
d0(ha; b; ci )d0(he; f; g i )

�
+ 1

�
r 0(n)

j = d0(ha; b; ci )d0(he; f; g i ):

In this note, we have established an extension of the bijective mapping’ : P �! Z2 in
Pythagorean triples to the bijective mapping ’ : P2 �! Z4 and further generalized it for
’ : Pn �! Z2n :

2. The Isomorphism ’ : P2 �! Z4

Let us begin by proving the following result by Dawson which is stated but not proved in
[4].

Theorem 2.1. The mapping ’ : P �! Z2 given by ’
�
ha; b; ci

�
=

�
c � b; d0ha; b; ci

�
is

bijective.

Proof. To show that ’ : P �! Z2 is bijective, we prove that ’ is both injective and surjective.
We �rst show that ’ is injective:

Ker’ =
�

ha; b; ci 2 P j ’ (ha; b; ci ) = (0 ; 0)
	

=
�

ha; b; ci 2 P j (c � b; d0(ha; b; ci )) = (0 ; 0)
	

=
�

ha; b; ci 2 P j c � b = 0; d0(ha; b; ci ) = 0
	

=
�

ha; b; ci 2 P j c � b = 0; d0(ha; b; ci ) = b = 0
	

=
�

ha; b; ci 2 P j b = c = 0
	

=
�

h0; 0; 0i
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Hence injective.

To show that ’ is surjective, we show that every element ofZ2 has a unique pre-image in
P.
Indeed for each (a; b) 2 Z2; we have that ’ � 1(a; b) =

�
h
p

a2 + 2ab; b; a+ bi
�
:

�

In this section we show that ’ : P2 �! Z4 is a bijection where P2 is de�ned by

P2 = f
�
ha; b; ci ; ha0; b0; c0i

�
j a2 + b2 = c2; a02 + b02 = c02g:

We de�ne the operations � and � in ’ : P2 �! Z4 by the following Proposition

Proposition 2.2. The mapping ’ : P2 �! Z4 given by ’
�
ha; b; ci ; ha0; b0; c0i

�
=

�
c �

b; d0ha; b; ci ; c0� b0; d0ha0; b0; c0i
�

is bijective. Moreover, hP2; � ; �i is a commutative ring
with identity where � and � are operations in P2 de�ned by

�
ha; b; ci ; ha0; b0; c0i

�
�

�
he; f; g i ; he0; f 0; g0i

�
= ’ � 1

�
’

�
ha; b; ci ; ha0; b0; c0i

�

+ ’
�
he; f; g i ; he0; f 0; g0i

� �

and
�
ha; b; ci ; ha0; b0; c0i

�
�

�
he; f; g i ; he0; f 0; g0i

�
= ’ � 1

�
’

�
ha; b; ci ; ha0; b0; c0i

�

� ’
�
he; f; g i ; he0; f 0; g0i

� �

Proof. To show that ’ : P2 �! Z4 is bijective, we prove that ’ is both injective and
surjective.
We �rst show that ’ is injective:

Ker’

=
��

ha; b; ci ; ha0; b0; c0i
�

2 P2 j ’
�
ha; b; ci ; ha0; b0; c0i

�
= (0 ; 0; 0; 0)

	

=
��

ha; b; ci ; ha0; b0; c0i
�

2 P2 j
�
c � b; d0ha; b; ci ; c0� b0; d0ha0; b0; c0i

�
= (0 ; 0; 0; 0)

	

=
��

ha; b; ci ; ha0; b0; c0i
�

2 P2 j c � b = 0; d0(ha; b; ci ) = 0; c0� b0 = 0; d0(ha0; b0; c0i ) = 0
	

=
��

ha; b; ci ; ha0; b0; c0i
�

2 P2 j c � b = 0; d0(ha; b; ci ) = b = 0; c0� b0 = 0; d0(ha0; b0; c0i ) = b0 = 0
	

=
��

ha; b; ci ; ha0; b0; c0i
�

2 P2 j b = c = b0 = c0 = 0
	

=
��

h0; 0; 0i ; h0; 0; 0i
�	

Hence injective.

To show that ’ is surjective, we show that every element ofZ4 has a unique pre-image in
P2.
Indeed for each (a; b; a0; b0) 2 Z4; we have that

’ � 1(a; b; a0; b0) =
�
h
p

a2 + 2ab; b; a+ bi ; h
p

a02 + 2a0b0; b0; a0+ b0i
�
:

Next we show that P2 is a ring:

If
�
ha; b; ci ; ha0; b0; c0i

�
;

�
he; f; g i ; he0; f 0; g0i

�
2 P2; then

�
ha; b; ci ; ha0; b0; c0i

�
�

�
he; f; g i ; he0; f 0; g0i

�

=

8
><

>:

�
hh; h2 � n2

2n ; h2+ n2

2n i ; hh0; h02 � n02

2n0 ; h02+ n02

2n0 i
�

for n; n 0 6= 0 ; is even�
hk; k2 � n2

2n ; k2+ n2

2n i ; hk0; k02 � n02

2n0 ; k02+ n02

2n0 i
�

for n; n 0 odd�
h0; j; j i ; h0; j 0; j 0i

�
for n = n0 = 0
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where

h =
�
d0(ha; b; ci ) + d0(he; f; g i )

�
r 0(n)

h0 =
�
d0(ha0; b0; c0i ) + d0(he0; f 0; g0i )

�
r 0(n0)

n = c � b+ g � f
n0 = c0� b0+ g0� f 0

k =
�
2
�
d0(ha; b; ci ) + d0(he; f; g i )

�
+ 1

�
r 0(n)

k0 =
�
2
�
d0(ha0; b0; c0i ) + d0(he0; f 0; g0i )

�
+ 1

�
r 0(n0)

j = d0(ha; b; ci ) + d0(he; f; g i )
j 0 = d0(ha0; b0; c0i ) + d0(he0; f 0; g0i ):

In addition
�
ha; b; ci ; ha0; b0; c0i

�
�

�
he; f; g i ; he0; f 0; g0i

�

=

8
><

>:

�
hh; h2 � n2

2n ; h2+ n2

2n i ; hh0; h02 � n02

2n0 ; h02+ n02

2n0 i
�

for n; n 0 6= 0 ; is even�
hk; k2 � n2

2n ; k2+ n2

2n i ; hk0; k02 � n02

2n0 ; k02+ n02

2n0 i
�

for n; n 0 odd�
h0; j; j i ; h0; j 0; j 0i

�
for n = n0 = 0

where

h =
�
d0(ha; b; ci )d0(he; f; g i )

�
r 0(n)

h0 =
�
d0(ha0; b0; c0i )d0(he0; f 0; g0i )

�
r 0(n0)

n = ( c � b)(g � f )
n0 = ( c0� b0)(g0� f 0)
k =

�
2
�
d0(ha; b; ci )d0(he; f; g i )

�
+ 1

�
r 0(n)

k0 =
�
2
�
d0(ha0; b0; c0i )d0(he0; f 0; g0i )

�
+ 1

�
r 0(n0)

j = d0(ha; b; ci )d0(he; f; g i )
j 0 = d0(ha0; b0; c0i )d0(he0; f 0; g0i ):

The additive identity in hP2; � ; �i is
�
h0; 0; 0i ; h0; 0; 0i

�
:

The multiplicative identity in hP2; � ; �i is
�
h3; 4; 5i ; h3; 4; 5i

�
:

The additive inverse I (ha; b; ci ; ha0; b0; c0i ) of (ha; b; ci ; ha0; b0; c0i ) is given by

I (ha; b; ci ; ha0; b0; c0i ) =

8
><

>:

�
ha; � b; � ci ; ha0; � b0; � c0i

�
if c � b; c0� b0 6= 0 ; is even�

hh; h2 � m2

2m ; h2+ m2

2m i ; hh0; h02 � m02

2m0 ; h02+ m02

2m0 i
�

if c � b; c0� b0 odd�
h0; � b; � ci ; h0; � b0; � c0i

�
if c � b = c0� b0 = 0

where h = a � 2r 0(c � b)(c0� b0) and m = ( b � c)(b0� c0):

The units in hP2; � ; �i are
�
h3; 4; 5i ; h3; 4; 5i

�
;

�
h� 3; � 4; � 5i ; h� 3; � 4; � 5i

�
;�

h� 1; 0; 1i ; h� 1; 0; 1i
�
;
�
h1; 0; � 1i ; h1; 0; � 1i

�
;
�
h3; 4; 5i ; h� 3; � 4; � 5i

�
;
�
h� 3; � 4; � 5i ; h3; 4; 5i

�
;�

h3; 4; 5i ; h� 1; 0; 1i
�
;
�
h� 1; 0; 1i ; h3; 4; 5i

�
;
�
h3; 4; 5i ; h1; 0; � 1i

�
;
�
h1; 0; � 1i ; h3; 4; 5i

�
;�

h� 3; � 4; � 5i ; h1; 0; � 1i
�
;

�
h1; 0; � 1i ; h� 3; � 4; � 5i

�
;

�
h� 3; � 4; � 5i ; h� 1; 0; 1i

�
;�

h� 1; 0; 1i ; h� 3; � 4; � 5i
�
;

�
h1; 0; � 1i ; h� 1; 0; 1i

�
; and

�
h� 1; 0; 1i ; h1; 0; � 1i

�
:

�

The above propositionosition can be extended for any �nite number of triples as shown in
the following propositionosition.
Let fhai ; bi ; ci i

	 n
i =1 = fha0; b0; c0i ; ha00; b00; c00i ; :::; han ; bn ; cn ig and

fhei ; f i ; gi i
	 n

i =1 = fhe0; f 0; g0i ; he00; f 00; g00i ; :::; hen ; f n ; gn ig : Also let
�

ci � bi ; d0hai ; bi ; ci i
	 n

i =1 =
f c0 � b0; d0ha0; b0; c0i ; c00� b00; d0ha00; b00; c00i ; :::; cn � bn ; d0han ; bn ; cn ig and

�
gi �

f i ; d0hei ; f i ; gi i
	 n

i =1 = f g0� f 0; d0he0; f 0; g0i ; g00� f 00; d0he00; f 00; g00i ; :::; gn � f n ; d0hen ; f n ; gn ig :

We then have the following propositionerty:
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Proposition 2.3. The mapping ’ : Pn �! Z2n given by ’
� �

hai ; bi ; ci i
	 n

i =1

�
=

��
ci �

bi ; d0hai ; bi ; ci i
	 n

i =1

�
is bijective. Moreover, hPn ; � ; �i is a commutative ring with identity

where � and � are operations in Pn de�ned by

�
fhai ; bi ; ci i

	 n
i =1

�
�

�
fhei ; f i ; gi i

	 n
i =1

�
= ’ � 1

�
’

�
fhai ; bi ; ci i

	 n
i =1

�
+ ’

�
fhei ; f i ; gi i

	 n
i =1 )

�

and

�
fhai ; bi ; ci i

	 n
i =1

�
�

�
fhei ; f i ; gi i

	 n
i =1

�
= ’ � 1

�
’

�
fhai ; bi ; ci i

	 n
i =1

�
� ’

�
fhei ; f i ; gi i

	 n
i =1 )

�

Proof. To show that ’ : Pn �! Z2n is bijective, we prove that ’ is both injective and
surjective.
We �rst show that ’ is injective:

Ker’ =
���

hai ; bi ; ci i
	 n

i =1

�
2 Pn j ’

�
fhai ; bi ; ci i

	 n
i =1

�
= (0 ; 0; 0; :::; 0)

	

=
��

fhai ; bi ; ci i
	 n

i =1

�
2 Pn j

��
ci � bi ; d0hai ; bi ; ci i

	 n
i =1

�
= (0 ; 0; 0; :::; 0)

	

=
��

fhai ; bi ; ci i
	 n

i =1

�
2 Pn j

�
ci � bi = 0 ; d0hai ; bi ; ci i = 0

	 n
i =1

	

=
��

fhai ; bi ; ci i
	 n

i =1

�
2 Pn j

�
ci � bi = 0 ; d0hai ; bi ; ci i = bi = 0

	 n
i =1

	

=
��

fhai ; bi ; ci i
	 n

i =1

�
2 Pn j

�
bi = ci = 0

	 n
i =1

	

=
��

h0; 0; 0i ; h0; 0; 0i ; :::; h0; 0; 0i
�	

:

Hence injective.

To show that ’ is surjective, we show that every element ofZ2n has a unique pre-image
in Pn .
Indeed for each

��
ai ; bi 	 n

i =1

�
2 Z2n ; we have that

’ � 1��
ai ; bi 	 n

i =1

�
=

��
h
p

ai 2 + 2ai bi ; bi ; ai + bi i
	 n

i =1

�
:

Next we show that Pn is a ring.

If
��

hai ; bi ; ci i
	 n

i =1

�
;

��
hei ; f i ; gi i

	 n
i =1

�
2 Pn ; then

��
hai ; bi ; ci i

	 n
i =1

�
�

��
hei ; f i ; gi i

	 n
i =1

�
=

8
><

>:

��
hhi ; h i 2 � m i 2

2m i ; h i 2+ m i 2

2m i i
	 n

i =1

�
for m i 6= 0 ; is even��

hk i ; k i 2 � m i 2

2m i ; k i 2+ m i 2

2m i i
	 n

i =1

�
for m i odd��

h0; j i ; j i i
	�

for m i = 0

where

hi =
�
d0�� hai ; bi ; ci i

	 n
i =1

�
+ d0�� hei ; f i ; gi i

	 n
i =1

��
r 0(mi )

mi =
�

ci � bi + gi � f i 	 n
i =1

k i =
�
2
�
d0�� hai ; bi ; ci i

	 n
i =1

�
+ d0�� hei ; f i ; gi i

	 n
i =1

��
+ 1

�
r 0(mi )

j i = d0�� hai ; bi ; ci i
	 n

i =1

�
+ d0�� hei ; f i ; gi i

	 n
i =1

�

In addition

��
hai ; bi ; ci i

	 n
i =1

�
�
��

hei ; f i ; gi i
	 n

i =1

�
=

8
><

>:

��
hhi ; h i 2 � m i 2

2m i ; h i 2+ m i 2

2m i i
	 n

i =1

�
for m i 6= 0 ; is even��

hk i ; k i 2 � m i 2

2m i ; k i 2+ m i 2

2m i i
	 n

i =1

�
for m i odd��

h0; j i ; j i i
	�

for m i = 0
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where

h =
�
d0�� hai ; bi ; ci i

	 n
i =1

�
d0�� hei ; f i ; gi i

	 n
i =1

��
r 0(mi )

mi =
�

(ci � bi )(gi � f i )
	 n

i =1

k i =
�
2
�
d0�� hai ; bi ; ci i

	 n
i =1

�
d0�� hei ; f i ; gi i

	 n
i =1

��
+ 1

�
r 0(mi )

j i = d0�� hai ; bi ; ci i
	 n

i =1

�
d0�� hei ; f i ; gi i

	 n
i =1

�
:

The additive identity in hPn ; � ; �i is
�
n

�
h0; 0; 0i

	�
=

�
h0; 0; 0i ; :::; h0; 0; 0i

�
:

The multiplicative identity in hPn ; � ; �i is
��

h3i ; 4i ; 5i i
	 n

i =1

�
:

The additive inverse I
��

hai ; bi ; ci i
	 n

i =1

�
of

�
hai ; bi ; ci i

	 n
i =1 is given by

I
��

hai ; bi ; ci i
	 n

i =1

�
=

8
><

>:

��
hai ; � bi ; � ci i

	 n
i =1

�
if

�
ci � bi 	 6= 0 ; is even��

hhi ; h i 2 � m i 2

2m i ; h i 2+ m i 2

2m i i
	 n

i =1

�
if

�
ci � bi 	 odd��

h0; � bi ; � ci i
	 n

i =1

�
if

�
ci � bi 	 = 0

where hi = ai � 2r 0\
�

ci � bi 	 n
i =1 and mi = \

�
bi � ci 	 n

i =1 :

The units in hPn ; � ; �i are:��
h3i ; 4i ; 5i i

	 n
i =1

�
;

��
h3i ; 4i ; 5i i

	 n � 1
i =1 h� 30; � 40; � 50i

�
; :::;

��
h� 3i ; � 4i ; � 5i i

	 n
i =1

�
;

��
h3i ; 4i ; 5i i

	 n � 1
i =1 h� 10; 00; 10i

�
;

��
h3i ; 4i ; 5i i

	 n � 2
i =1 h� 100; 000; 100i

�
; :::;

��
h� 1i ; 0i ; 1i i

	 n
i =1

�
;

��
h3i ; 4i ; 5i i

	 n � 1
i =1 h10; 00; � 10i

�
;

��
h3i ; 4i ; 5i i

	 n � 2
i =1 h100; 000; � 100i

�
; :::;

��
h1i ; 0i ; � 1i i

	 n
i =1

�
;

��
h� 3i ; � 4i ; � 5i i

	 n � 1
i =1 h� 10; 00; 10i

�
; :::;

��
h� 30; � 40; � 50ih� 1i ; 0i ; 1i i

	 n � 1
i =1

�
;

��
h� 3i ; � 4i ; � 5i i

	 n � 1
i =1 h10; 00; � 10i

�
; :::;

��
h� 30; � 40; � 50ih1i ; 0i ; � 1i i

	 n � 1
i =1

�
;

��
h1i ; 0i ; � 1i i

	 n � 1
i =1 h� 10; 00; 10i

�
; :::;

��
h10; 00; � 10ih� 1i ; 0i ; 1i i

	 n � 1
i =1

�
: �

3. Conclusion

Dawson identi�ed ’ : P �! Z2 to be an isomorphism on the Pythagorean ringhP; � ; �i :
We have investigated and generalized this mapping to’ : Pn �! Z2n : It can be shown that
the total number of units in hPn ; � ; �i is 4n :
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Respecting Cauchy equivalence classes
Anthony J. Ripa

Abstract . In the standard construction of real numbers as Cauchy equivalence classes of
rational sequences, only the basic arithmetic operations are de�ned to respect these classes,
leaving other functions susceptible to pathologies, such as discontinuities or unde�ned points.
The standard solution to resolving pathologies is to reintroduce limits, thereby complicating
a convergence-based construction. This paper proposes a uni�ed approach where all func-
tions respect Cauchy equivalence classes, ensuring they are well-de�ned at all points without
redundant limits. By applying rational functions to sequence representatives and assigning
the resulting equivalence class, we eliminate pathologies such as removable discontinuities.
Examples, including arithmetic operations, di�erence quotients and Riemann sums, demon-
strate the method’s e�cacy. Compared to alternative �xes like extended number systems,
our approach o�ers simplicity and coherence, suggesting a principled construction of real
analysis.

2020 Mathematics Subject Classifications : 26A06, 40A05

Keywords: Cauchy sequences, Equivalence classes, Continuity, Removable discontinu-
ities

1. Introduction

The real numbers are traditionally constructed as equivalence classes of Cauchy sequences
of rational numbers, where two sequences are equivalent if their di�erence converges to zero.
Arithmetic operations|addition, subtraction, multiplication, and division|are de�ned by
applying their rational counterparts pointwise to sequence representatives, ensuring the result
is independent of the chosen representatives. However, all other functions are de�ned directly
on the real numbers without this constraint, leading to two categories: functions that respect
Cauchy equivalence classes and those that do not.

Non-respecting functions often exhibit pathologies, such as being unde�ned at points of
interest or having removable discontinuities. For instance, the functionf (x) = x

x is unde�ned
at x = 0 despite an intuitive value of 1, requiring the limit lim x ! 0 f (x) = 1 to resolve it.
This reliance on limits reintroduces complexity into a system initially built on convergence,
undermining the elegance of the Cauchy construction.

x

f (x)

1

0

Figure 1. A traditional graph of x=x vs x, with undesirable hole at x = 0.

We propose that all functions on the real numbers should respect Cauchy equivalence
classes, mirroring the arithmetic operations. Under this framework, a real functionf (x) is
de�ned by applying its rational precursor to representatives of x ’s equivalence class, yielding
a consistent output class when de�ned. This eliminates the need for limits, directly deriving
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values like f (0) = 1 for f (x) = x
x . We explore this approach’s implications, compare it to ex-

isting remedies, and illustrate its application through examples, advocating for a streamlined
real analysis free of unnecessary complications.

2. Motivation

The real numbers are conventionally constructed as equivalence classes of Cauchy sequences
of rational numbers, where two sequences (qn ) and (rn ) are equivalent if their di�erence
jqn � rn j converges to zero asn ! 1 . The four fundamental arithmetic operations|addition,
subtraction, multiplication, and division|are de�ned to respect these equivalence classes. For
instance, given real numbersX and Y with representatives (qn ) 2 X and (rn ) 2 Y , the sum
X + Y is the equivalence class of (qn + rn ), where addition is applied pointwise in Q. This
ensures that the operation’s output is consistent regardless of the chosen representatives,
aligning seamlessly with the Cauchy construction.

In contrast, all other functions on the real numbers are de�ned as mappings between
real numbers without requiring that they respect these equivalence classes. This creates a
dichotomy: functions like the arithmetic operations that inherently respect Cauchy equiva-
lence classes, and those that do not. Non-respecting functions frequently exhibit pathological
behaviors, such as being unde�ned at speci�c points or possessing removable discontinuities.
Consider the function f (x) = x

x , which is unde�ned at x = 0 despite equaling 1 for all x 6= 0.
Classically, this is resolved by introducing the limit lim x ! 0 f (x) = 1, reintroducing a layer of
complexity into a framework built to encapsulate convergence through Cauchy sequences.

This reliance on limits is particularly inconvenient for functions critical to calculus, such
as di�erence quotients. For example, the di�erence quotient f (x+ h) � f (x)

h is unde�ned at
h = 0, precisely where it is needed to de�ne derivatives. To circumvent this, higher-order
tools like the limit operator are employed, computing limh! 0

f (x+ h) � f (x)
h . While e�ective,

this approach|de�ning reals via convergence, then obscuring it for most functions, only to
reintroduce limits|lacks elegance and unity. If all functions respected Cauchy equivalence
classes, such complications would vanish. Forf (x) = x

x , we would directly derive f (0) = 1,
eliminating the need for limits.

The classical framework also permits nuisance functions that complicate analysis. Con-
sider a function equal to

p
x everywhere except atx = 7, where it takes the value 9 or is

unde�ned. Such functions, with removable discontinuities or singularities, demand sophisti-
cated methods|limits, equivalence classes for functions, or ad hoc adjustments|to handle
them properly. These pathologies stem directly from functions not respecting the underlying
equivalence class structure of the real numbers.

E�orts to address this awkwardness have led to various alternative �xes, each introduc-
ing its own complexities. One approach de�nes equivalence classes for functions, grouping
a well-behaved function (e.g.,

p
x) with its corrupted variants (e.g., altered at x = 7) based

on agreement almost everywhere. Another employs higher-order operators, such as a "tilde"
operator, transforming a function f into ef by removing idiosyncrasies like removable singu-
larities. Neighborhood-based methods rede�ne function values via behavior in a punctured
neighborhood, akin to limits but avoiding pointwise evaluation.

Extended number systems o�er further workarounds, particularly for di�erence quotients.
Dual numbers adjoin a nilpotent element " where "2 = 0, allowing derivatives like f (x+ " ) � f (x)

"

to be computed algebraically. For f (x) = x2, this yields (x+ " )2 � x2

" = 2x" + " 2

" = 2x" +0
" =

2x"
" = 2x, avoiding limits. However, dual numbers require rede�ning all functions and face

issues with theorems not transferring (e.g., non-zero elements with zero squares). Hyperreals,
incorporating in�nitesimals and in�nite numbers via ultra�lters or model theory, preserve
�rst-order real properties but rely on non-constructive axioms and limit transfer to �rst-
order statements. For the same derivative, using an in�nitesimal � , (x+ � )2 � x2

� = 2x + � , and
a standard part operator std(2x + � ) yields 2x. Surreals extend this further but amplify
complexity. These systems typically replicate limit-based results without surpassing them,
failing to model singular objects like the Dirac delta function.

While these �xes mitigate some nuisance functions, they introduce signi�cant overhead and
rarely exceed the power of traditional limits. In contrast, this paper proposes a fundamental
solution: all functions on the real numbers should respect Cauchy equivalence classes, akin to
arithmetic operations. By de�ning a function F via a rational precursor f applied to sequence
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representatives|assigning the resulting equivalence class when de�ned|we ensure F is well-
de�ned and continuous acrossR. For f (x) = x

x , the range of f applied to any representative
of X = 0 (e.g., f 1

n g) yields f 1; 1; : : :g 2 [1], soF (0) = 1 directly. This eliminates pathologies
and limits, aligning function de�nitions with the real numbers’ foundational structure.

This approach promises a uni�ed, intuitive real analysis, free from the arti�cial complex-
ities of non-respecting functions. Subsequent sections formalize this method, illustrate its
application, and compare it to existing remedies, highlighting its simplicity and e�cacy.

3. Related Work

There are many constructions that attempt to bake continuity in by design. Intuitionist
analysis [1] gives up the law of the excluded middle to ensure continuity, or to be precise no
total constructible function is provably discontinuous. In Computable Analysis [2] and Do-
main Theory [3], every computable real function is continuous. Prior work in category theory
introduced the notion of Cauchy continuous maps: for example, Kent et al. (1979) [4] study
sequential Cauchy spacesin which the morphisms are exactly those functionsf satisfying
xn � yn =) f (xn ) � f (yn ) for Cauchy sequences (xn ), (yn ). Our slight modi�cation is that
we only require f (xn ) � f (yn ) when both are de�ned.

The above approaches share the central idea of this paper. The novelty of the present
work lies in applying this philosophy within classical real analysis as a unifying principle to
simplify de�nitions and exclude pathology. Unlike Brouwer’s intuitionism, we do not aban-
don classical logic; unlike computable analysis, we do not restrict to e�ectively calculable
functions. Instead, we formally require of every real function the same extensionality that
addition and multiplication enjoy. By doing so, we aim to remove the need for � { � limit
arguments in establishing basic properties { continuity is automatic by construction { and to
rule out counterintuitive examples (like discontinuous or multi-valued mappings) since these
cannot be de�ned without violating Cauchy equivalence. This approach appears unprece-
dented in the literature in its explicit generality: while previous frameworks imposed similar
restrictions for philosophical or practical reasons, none have proposed a blanket re-de�nition
of \function on R" in standard analysis to always mean a Cauchy-continuous (extensional)
function. Thus, our work can be seen as unifying and extending those earlier insights into a
single principle that sits at the foundations of real analysis, o�ering a new lens to view limits
and functions through the prism of Cauchy equivalence.

Each of the related lines of research above reinforces the feasibility of our approach. In
intuitionistic logic settings, one already sees a \universe" of reals with no discontinuous
functions. In computable and constructive analysis, one sees that any concretely speci�able
function automatically respects Cauchy equivalence. The present work bridges these insights
back to classical analysis: it suggests that we can adopt the constraint \de�ne everything on
representatives and prove independence from the representative" as a general design principle.
In doing so, we inherit the bene�ts (no pathologies, no separate limit processes needed to
de�ne function values) while remaining in the comfortable setting of classical set-theoretic
reals. This connection to prior art provides strong evidence of consistency and suggests that
many standard results of analysis will carry over smoothly { but it also highlights the novel
impact of our thesis, which is to reformulate the concept of a real function itself in a way that
sidesteps the usual pitfalls and logical detours of� { � limits. The following sections will build
on this foundation, demonstrating that such a reformation is not only theoretically sound
but also advantageous for the clarity and robustness of real analysis.

4. Notation

4.1. Constants. In case of ambiguity, we will bracket real constants, as in [1]. By default,
an unbracketed 1 is a rational number.

4.2. Cases. For the most part, we will capitalize real functions, as in F . By default, an
uncapitalized f is a rational function. Similarly for variables: x is a rational variable, and
X,Y are real variables.

4.3. Operators. We will use a superscriptc (for Cauchy) lift operator. This operator will
transform a rational f into a particular corresponding F. The bulk of this paper is about this
transformation. For example, F = cf . Similarly, by default + is the rational plus. c+ is the
corresponding real plus.
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We will use an overscript tilde e for the completion operator, which transforms a function
F into a corresponding eF without removable discontinuities. Unlike the Cauchy operator,
which we will use as part of our method, we use tilde descriptively (e.g. Thm 5.3 tilde on
right means left is complete).

4.4. Function. For functions, f (�) will refer to standard function application. To specify
term-wise application we write f [�].

5. Methods

5.1. Standard Construction.

De�nition 5.1 (Standard construction of Cauchy sequences andR).

A Cauchy sequence(qn )n2 N in Q satis�es:
� 8 � > 0; 9N : m; n > N =) j qm � qn j < � .

Two sequences(qn ) and (rn ) are equivalent if:
� 8 � > 0; 9N : n > N =) j qn � rn j < � .

The set R is:
� the quotient set of Cauchy sequences by the equivalence relation.

5.2. Our Method.

5.2.1. One Dimensional Case.

De�nition 5.2 (Our construction: Cauchy lift operator - 1-dimensional).

For rational partial function f: Q * Q, we de�ne its Cauchy-lift cf : R * R; X 7! Y
s.t.

� 8 x 2 X; f [x] # =) f [x] 2 Y .

Remark 1. In other words, cf action on real X is de�ned by f ’s action on rational sequences
representativesx 2 X .

If f is unde�ned for some representatives,cf remains well-de�ned as long as the de�ned
cases consistently yield sequences inY . This leverages the equivalence class structure to
extendf naturally acrossR, avoiding arti�cial unde�nedness (e.g. removable discontinuities).

Theorem 5.3 (Cauchy-lifts have no removable discontinuities).

Let f : Q * Q be a partial rational function, and let cf : R * R be its Cauchy-lift. Then
cf = ecf :

Proof sketch. If cf (X ) is de�ned, then ecf (X ) = cf (X ).
If cf (X ) is unde�ned and the limit L = lim Y ! X

cf (Y ) existed, then by density of Q and
the de�nition of the lift one can choose rationals xn ! X with f (xn ) de�ned and f (xn ) ! L .
The rational Cauchy sequence (xn ) representsX , and (f (xn )) is Cauchy representingL , so
by the lift-de�nition cf (X ) = L |a contradiction. Hence no such limit exists when cf (X ) is
unde�ned, and ecf (X ) is also unde�ned.

Therefore cf = ecf . �

5.2.2. k-Dimensional Case.

De�nition 5.4 (Our construction: Cauchy lift operator - k-dimensional) .

For rational partial function f : Qk * Q, we de�ne its Cauchy lift cf : Rk * R; X k 7! Y s.t.
� 8 x 2 X k ; f [x] # =) f [x] 2 Y .

Remark 2. In the 1-d case, we applyf to x 2 X .
In the k-d case, we applyf to k-tuples (x1; x2; : : : ; xk ) 2 (X 1; X 2; : : : ; X k ).
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6. Examples

In this section, we illuminate the method by incorporating detailed examples, demonstrat-
ing how various functions can be constructed to respect Cauchy equivalence classes. Each
example illustrates the application of a rational function to representatives of real numbers
(as equivalence classes), ensuring consistency and well-de�nedness across all real inputs.

6.1. Arithmetic Functions.

6.1.1. Unary Functions. Here we consider the unary rational functions negationx 7! � x and
reciprocation x 7! =x.

Negation

Consider the rational unary function negation, denoted by � . We construct the real function
c � (X ) from the rational � (x) and verify its behavior. By de�nition, c � (X ) exists if and
only if there is a Cauchy equivalence classY 2 R such that for all representatives x 2 X , if
� (x) is de�ned, then � (x) 2 Y .

Example 6.1. Given a real numberX 2 R, take representativex 2 X , wherex = f c1; c2; c3; : : :g
with ci 2 Q. The negation � x is de�ned pointwise: � x = f� c1; � c2; � c3; : : :g. Since nega-
tion is always de�ned for rationals and the negation of a Cauchy sequence is itself a Cauchy
sequence, there exists an equivalence classY 2 R such that f� c1; � c2; � c3; : : :g 2 Y . Thus,
c � (X ) = Y .

Remark 3. This is the 1st basic unary arithmetic function � which is de�ned in the standard
Cauchy construction. Our construction yields identical results.

Reciprocation

Reciprocation, denoted c=(X ), is more delicate due to division by zero. It exists if and
only if there is a Y 2 R such that for all x 2 X , if =(x) is de�ned, then =(x) 2 Y .

Example 6.2. For X 2 R, take x = f c1; c2; c3; : : :g 2 X , with ci 2 Q. Pointwise, =x =
f =c1; =c2; =c3; : : :g, de�ned wheneverci 6= 0 for all i . If X = [0] (the class containing the zero
sequence), considerx = f 1; 1

2 ; 1
3 ; : : :g 2 X , yielding f 1; 2; 3; : : :g, which diverges. Similarly

all other representatives also diverge (or are otherwise unde�ned). Thus,c=(X ) is unde�ned
when X = [0] . For X 6= [0] , we can choosex with ci 6= 0 for all i (since X 6= [0] implies
sequences not converging to zero), andf =c1; =c2; =c3; : : :g is Cauchy, de�ning Y . Hence,
c=(X ) = Y when X 6= [0] , matching standard real reciprocation.

Remark 4. This is the 2nd basic unary arithmetic function = which is de�ned in the standard
Cauchy construction. Our construction yields identical results.

6.1.2. Binary Functions.

Addition

Consider the rational binary function addition, denoted by +. We construct the real function
c + ( X 1; X 2) from the rational +( x1; x2) and verify its behavior. By de�nition, c + ( X 1; X 2)
exists if and only if there is a Cauchy equivalence classY 2 R such that for all representatives
x1 2 X 1, x2 2 X 2, if +( x1; x2) is de�ned, then +( x1; x2) 2 Y .

Example 6.3. Given two real numbersX 1; X 2 2 R, take representativesx1 2 X 1 and x2 2
X 2, where x1 = f c1; c2; c3; : : :g and x2 = f C1; C2; C3; : : :g with ci ; Ci 2 Q. The sum x1 + x2 is
de�ned pointwise: x1+ x2 = f c1; c2; c3; : : :g+ f C1; C2; C3; : : :g = f c1+ C1; c2+ C2; c3+ C3; : : :g.
Since addition is always de�ned for rationals and the sum of two Cauchy sequences is itself
a Cauchy sequence, there exists an equivalence classY 2 R such that f c1 + C1; c2 + C2; c3 +
C3; : : :g 2 Y . Thus, c + ( X 1; X 2) = Y .

Remark 5. This is the 1st basic binary arithmetic function + which is de�ned in the standard
Cauchy construction. Our construction yields identical results.
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Subtraction and Multiplication

The constructions for subtraction and multiplication, denoted c � (X 1; X 2) and c � (X 1; X 2),
proceed similarly. Using the rational operations� and � , we apply them pointwise to repre-
sentativesx1 2 X 1 and x2 2 X 2. The resulting sequences are Cauchy, de�ning the respective
real operations, mirroring the addition case.

Remark 6. This is the 2nd and 3rd basic binary arithmetic functions � ; � which are de�ned
in the standard Cauchy construction. Our construction yields identical results.

Division

Division, denoted c=(X 1; X 2), is more delicate due to division by zero. It exists if and only if
there is aY 2 R such that for all x1 2 X 1, x2 2 X 2, if =(x1; x2) is de�ned, then =(x1; x2) 2 Y .

Example 6.4. For X 1; X 2 2 R, take x1 = f c1; c2; c3; : : :g 2 X 1 and x2 = f C1; C2; C3; : : :g 2
X 2, with ci ; Ci 2 Q. Pointwise, x1=x2 = f c1=C1; c2=C2; c3=C3; : : :g, de�ned wheneverCi 6= 0
for all i . If X 2 = [0] (the class containing the zero sequence), considerx1 = f 1; 1

2 ; 1
3 ; : : :g 2 X 1

and x2 = f 1; 1
2 ; 1

3 ; : : :g 2 X 2 = [0] , yielding f 1; 1; 1; : : :g 2 [1], but another x3 = f 1; 1
4 ; 1

9 ; : : :g 2
X 2 gives f 1; 2; 3; : : :g, which diverges. Thus, c=(X 1; X 2) is unde�ned when X 2 = [0] , by
uniqueness. ForX 2 6= [0] , we can choosex2 with Ci 6= 0 for all i (since X 2 6= [0] implies se-
quences not converging to zero), andf c1=C1; c2=C2; c3=C3; : : :g is Cauchy, de�ning Y . Hence,
c=(X 1; X 2) = Y when X 2 6= [0] , matching standard real division.

Remark 7. This is the 4th basic binary arithmetic function � which is de�ned in the stan-
dard Cauchy construction. The main di�erence is that instead of manually ruling out 0
denominators, our construction merely fails to remove the discontinuity.

6.2. Power Functions.

6.2.0. Power preliminaries.

Lemma 6.5 (Odd{denominator density) . The set f p=q2 Q : q oddg is dense inR.

Proof sketch. Given a < b, choose an oddq large and take p = bqac; bqac + 1 ; : : : so that
p=q2 (a; b). �

Lemma 6.6 (Perfect{power re�nement) . Let X > [0] in R and let (yn = pn=qn ) ! Y be
rationals in lowest terms. There existsn 2 Q with xn := sqn

n 2 Q and xn ! X .

Proof sketch. Approximate X 1=qn by rationals sn (e.g. continued fractions or truncations).
Then sqn

n ! X . �

6.2.1. Unary Integer Powers x 7! xn .

For a �xed integer n 2 Z, consider the unary rational function f n (x) = xn , and its Cauchy
lift cf n .

Proposition 6.7 (Domain and form of the lift) . For each �xed n 2 Z:
(i) If n > 0, then cf n : R ! R is total and coincides with the classical real mapX 7! X n

(e.g., cf 1 = id , cf 2(X ) � [0], etc.).
(ii) If n = 0 , then f 0 is the rational partial constant x 7! 1 (unde�ned at x = 0 ), and cf 0 is

everywhere de�ned with cf 0(X ) = [1] . This mirrors the earlier x 7! x=x example.
(iii) If n < 0 (write n = � m with m 2 N), then cf n agrees withX 7! ( cf m (X )) � 1 on its

domain and is unde�ned at X = [0] . For X 6= [0] , the lift is well-de�ned and equals the
classical X 7! X n .

Example 6.8 (Three quick instances).
(a) n = 0. For any X , pick a representative with no zeros; thenf 0[x] = f 1; 1; : : : g 2 [1], so
cf 0(X ) = [1] .
(b) n = 2. For X = [ e], take x = f 2; 2:7; 2:71; : : : g; then f 2[x] = f 22; 2:72; 2:712; : : : g =
f 4; 7:29; 7:3441; : : : g 2 [e2], hence cf 2([e]) = [ e2].
(c) n = � 1. For X 6= [0] , cf � 1(X ) is the lifted reciprocal and agrees with classical1=X . At
X = [0] , the lift is unde�ned.
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The unary rational power function x 7! x0 at x = 0 is an indeterminate form. The unary
real power function c(x 7! x0) at x = 0 is [1], becausec(x 7! x0) is the real function X 7! [1].
The Cauchy lift is immune to indeterminate forms. Furthermore, the lift is robust to the
syntax used to generate the form. The rational unary function x 7! x=x is identical to
x 7! x0. Therefore, c(x 7! x=x) at X = [0] is also [1]. The same is true for the Cauchy lift of
the unary rational piecewise function x 7!

n
1; x 6= 0 .

Remark 8. The standard construction of the realsR is merely a �eld (i.e. +,-,*,/). The
power function is traditionally de�ned on R, after the fact, with X 7! X 0 having a removable
discontinuity. This contrasts with our construction where c(x 7! x0) is de�ned for all R.
6.2.2. Unary Integer Roots x 7! n

p
x.

By Lemma 6.6 with the �xed exponent 1=n, for X � [0] (if n even) there exist perfect
nth powers xk = r n

k ! X . Then c n
p

X = [lim r k ], and independence of representatives follows
from the lift.
Example 6.9 (Square Root, n = 2) . For X = [2] (where n = 2 is even andX � [0]), the
decimal expansion of

p
2 is approximately 1.41421356. . . . Form1; 1:4; 1:41; 1:414; : : :, then

12; 1:42; 1:412; 1:4142; : : : 2 [2]. Applying
p

� pointwise gives1; 1:4; 1:41; 1:414; : : : 2 [
p

2].
Example 6.10 (Cube Root, n = 3) . For X = [2] (where n = 3 is odd, de�ned for all X ), the
decimal expansion of 3

p
2 is approximately 1.25992105. . . . Form1; 1:2; 1:25; 1:259; : : :, then

13; 1:23; 1:253; 1:2593; : : : 2 [2]. Applying 3
p

� pointwise gives1; 1:2; 1:25; 1:259; : : : 2 [ 3
p

2].

Example 6.11 (Fourth Root, n = 4) . For X = [3] (even n, X � [0]), approximate 4
p

3 �
1:31607401: : :. Form 1; 1:3; 1:31; 1:316; : : :, then 14; 1:34; 1:314; 1:3164; : : : 2 [3]. Applying 4

p
�

pointwise gives1; 1:3; 1:31; 1:316; : : : 2 [ 4
p

3].
Remark 9. Pointwise roots may fail on a �xed representative; the lift usessome de�ning
representatives. Lemma 6.6 supplies them uniformly.

Thus, c n
p

X = Y is well-de�ned for all valid X , extending naturally to all positive integer
n � 2. For variable n, this could be treated as a binary operationc N

p
X in § 6.2.4, applying

similar pointwise lifting to pairs of representatives.

6.2.3. Unary Rational Powers x 7! xm .

We now generalize to unary rational powers, recovering§ 6.2.1 and § 6.2.2 as special cases.
Proposition 6.12 (Domain and form of the lift for rational powers) . Let f m = x 7! xm .
For each �xed m = p=q2 Q in lowest terms:

(i) The domain of cf m is R if q is odd (de�ned for all X ), or R� 0 if q is even (unde�ned
for X < [0]).

(ii) At X = [0] :
� If p > 0, then cf m (0) = [0] .
� If p = 0 , then cf m (0) = [1] .
� If p < 0, then cf m (0) is unde�ned.

(iii) For X 6= [0] , cf m (X ) coincides with the classical real powerX m .
Proof sketch. Write m = p=q in lowest terms. Fix X 2 R. If q is odd, no sign restriction
is required; if q is even, assumeX � [0]. By Lemma 6.6, there exist rationals sn with
xn := sq

n 2 Q and xn ! X . Then xm
n = ( sq

n )p=q = sp
n is a rational sequence that is Cauchy;

its Cauchy class depends only onX (and agrees with the classical value when de�ned). At
X = [0] the three p-sign cases agree with the unary-integer discussion (§ 6.2.1): p > 0 gives
[0], p = 0 gives [1], p < 0 is unde�ned. �
Example 6.13.
(a) m = 3

2 , X = [4] : X 3=2 =
�
X 3� 1=2 = [64]1=2 = [8] .

(b) m = � 1
3 , X = [ � 8]: q odd, soX 1=3 = [ � 2] is de�ned and X � 1=3 = [ � 1=2].

(c) m = 1
2 , X = [ � 1]: even root of a negative base; unde�ned inR.

(d) m = � 3
2 , X = [0] : negative exponent at0; unde�ned.

(e) m = 0 , any X : X 0 = [1] .
(f ) m = 2

3 , X = [ � ]: X
2
3 = [ � 2]1=3 = [ � 2=3].
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6.2.4. Binary Real Powers (x; y) 7! xy .

We now extend the unary power constructions to the binary real exponentiation as the
Cauchy lift of a partial rational precursor on Q2. This naturally generalizes Sections 6.2.1{
6.2.3, reducing to those cases when the exponent is �xed as an integer or rational constant.

De�nition 6.14 (Rational precursor). De�ne pow : Q2 * Q by

pow(x; y) =

8
>>>><

>>>>:

xm if y = m 2 Z and (x 6= 0 if m < 0);
�
x1=q� p if y = p

q (lowest terms); q 2 N+ ; and

(
x is a perfect q-th power in Q;
x � 0 if q is even;

unde�ned otherwise.

Its Cauchy{lift cpow : R2 * R is given by thek-ary lift de�nition.

Proposition 6.15 (Domain and agreement). For X; Y 2 R:
(i) If X > [0], then cpow(X; Y ) = [ X Y ] for all Y .

(ii) If X = [0] , then cpow([0]; Y ) = [0] for Y > [0] and is unde�ned for Y � [0].
(iii) If X < [0], then cpow(X; Y ) is de�ned i� Y 2 Z or Y = [ p=q] with q odd, and equals

the classical value when de�ned.

Proof sketch.
(i) Pick yn = pn=qn ! Y in lowest terms and re�ne bases by Lemma 6.6 toxn = sqn

n ! X .
Thus we obtain rational pairs (xn ; yn ) with xn = sqn

n ! X and yn = pn=qn ! Y (lowest
terms), giving

pow(xn ; yn ) =
�
x1=qn

n
� pn = spn

n :
For X > [0], the classical map (x; y) 7! xy is continuous on (0; 1 ) � R, so spn

n ! X Y . Hence
(spn

n ) is Cauchy with class [X Y ]. By the lift de�nition, cpow(X; Y ) = [ X Y ].
(ii) Follows from unary integer powers and reciprocals: cpow([0]; Y ) = [0] for Y > [0];

unde�ned otherwise.
(iii) Use Lemma 6.5 to approximate Y by rationals of odd denominator when needed; apply

the same re�nement as in (i) and the unary/roots cases. �

Example 6.16.
(a) X = [2] ; Y = [

p
2]: chooseyn = pn=qn !

p
2 and xn = sqn

n ! 2; then pow(xn ; yn ) =
spn

n ! 2
p

2, hence cpow([2]; [
p

2]) = [2
p

2].
(b) X = [ � 8]; Y = [ 2

3 ]: q = 3 odd, c 3
p

X = [ � 2], so cpow(X; Y ) = ( � 2)2 = [4] .
(c) X = [0] ; Y = [ 1

2 ]: cpow([0]; [1
2 ]) = [0] .

(d) X = [0] ; Y = [0] : unde�ned (con
icting representative behavior).
(e) X = [ � 1]; Y = [

p
2]: unde�ned in R (irrational exponent on a negative base).

Remark 10 (Continuity and agreement with the classical (x; y) 7! xy). For X > [0] the
lifted map (X; Y ) 7! cpow(X; Y ) is continuous on (0; 1 ) � R and agrees with the classical
real power. For X � [0] it matches the classical real domain exactly (items (ii){(iii) of Propo-
sition 6.15). Recall the unary caseX 0 = [1] remains valid everywhere (as in§ 6.2.1), whereas
the genuinely binary cpow([0]; [0]) is unde�ned|re
ecting the di�erence between �xing �rst
(unary case) versus approaching([0]; [0]) in two dimensions.

6.3. Calculus Functions.

Cauchy constructed reals via convergent sequences (i.e. sequences equivalent in the limit).
Instead of de�ning calculus operations (derivative & integral) in terms of these real numbers
which are already de�ned by limits, redundant limits are added.

6.3.1. Di�erence Quotient.

Cauchy constructed reals via convergent sequences (i.e. sequences equivalent in the limit).
Instead of de�ning derivatives in terms of these real numbers which are already de�ned by
limits, redundant limits are added, and the derivative is de�ned as the limit of Di�erence
Quotients.

f 0(x) = lim
h! 0

f (x + h) � f (x)
h
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We can do without the redundant limit.
Find the derivative of F (X ) = X 2 at X = [1]

Example 6.17 (Di�erence Quotient) .

Consider the rational function g(h) = (1+ h)2 � 12

h = 2 + h, de�ned for h 6= 0 .
Construct cg(H ).
Take h = f h1; h2; h3; : : :g 2 H with all hi 6= 0 ,
so g[h] = f 2 + h1; 2 + h2; 2 + h3; : : :g 2 [2] + H .
So, cg(H ) = [2] + H .
For H = [0] , use h = f 1

1 ; 1
2 ; 1

3 ; : : :g,
yielding f 2 + 1; 2 + 1

2 ; 2 + 1
3 ; : : :g 2 [2].

Thus, cg([0]) = [2], the derivative F 0([1]), directly obtained, without redundant limits.

6.3.2. Riemann Sum.

Cauchy constructed reals via convergent sequences (i.e. sequences equivalent in the limit).
Instead of de�ning integrals in terms of these real numbers which are already de�ned by lim-
its, redundant limits are added, and the Riemann Integral is de�ned as the limit of Riemann
Sums. Z b

a
f (x) dx = lim

n !1

nX

i =1

f (x �
i )� x i :

We can do without the redundant limit.
Find the integral of F (X ) = X from X = [0] to [1].

Example 6.18 (Riemann Sum).

Consider the rational Riemann Sum function g(h) = h �
P j1=hj

i =1 ih .
Construct cg(H ) at H = [0] .
We want Upper-Sum-Index1=h to be an integer.
So, we chooseh = f 1; 1

2 ; 1
3 ; : : :g 2 [0].

This simpli�es g(h) = h2 �
1
h ( 1

h +1)
2 = 1+ h

2 .

Then, g[h] = f 1+1
2 ; 1+ 1

2
2 ; 1+ 1

3
2 ; : : :g = f 1; 3

4 ; 2
3 ; : : :g 2 [1

2 ].

Thus, cg([0]) = [ 1
2 ], the integral

R1
0 F (x) dx, directly obtained, again without redundant

limits.

7. Discussion

Our approach evaluates functions at exact real points, enhancing intuitiveness, making
neighborhood analysis redundant.

This approach simpli�es real analysis by:
� Eliminating Redundant Limits: Functions are de�ned directly via equivalence classes.
� Removing Pathologies: Discontinuities likef (x) = x

x at x = 0 vanish.
� Consistency: All functions align with the Cauchy construction.

Unlike extended number systems, which introduce complexity (e.g., hyperreals’ ultra�lters,
surreals’ vastness), our method requires no additional structures or operators like std(�). It
alters standard results (e.g., unaryX=X = [1] everywhere § 6.2.1), adding a feature typically
added manually after the fact.

8. Conclusion

By mandating that all functions respect Cauchy equivalence classes, we rede�ne real anal-
ysis to be more coherent and intuitive, avoiding redundant limits and pathologies inherent
in the classical approach. Examples con�rm practicality for diverse functions. Future work
could extend to other quotient constructions, potentially reinterpreting mathematical analy-
sis.
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Abstract . Tensor product immersion of two immersions of a given Riemannian manifold
has begun to be studied by B.Y. Chen. In the light of Chen’s de�nition, many researchers
studied the tensor product of two immersions. Then, tensor product surfaces of Euclidean
plane curves were investigated by Mihai and Rouxel. Moreover, tensor product surfaces
of Lorentzian plane curves were investigated by Mihai et al. Recently Bulca and Arslan
studied some special semi-parallel surfaces in Euclidean spaces. Further, Yildirim and Ilarslan
considered tensor product surfaces in 4-dimensional semi-Euclidean space with index 2,E4

2,
satisfying the semi-parallelity condition. In present study, we consider and characterize tensor
product surfaces inE4

2 satisfying the extended semi-parallelity condition.
2020 Mathematics Subject Classifications : 53C15, 53C40.

Keywords: Tensor product surface, Gaussian curvature, Extended semi-parallel.

1. Introduction

B.Y. Chen introduced tensor product immersion of two immersions of a given Riemannian
manifold, (cf. [9]). Motivated by Chen’s de�nition, F. Decruyenaere et al. studied the tensor
product of two immersions of di�erent manifolds, ( cf. [11]). This gives an immersion of
the product manifold, under some conditions. LetM and N be di�erentiable manifolds and
assume that f : M ! Em and h : N ! En are two immersions. Then the tensor product
map is de�ned by

f 
 h : M � N ! E mn

(p; q) 7! f (p) 
 h(q) = ( f 1(p)h1(q); : : : ; f 1(p)hn (q); : : : ; f m (p)hn (q)) :

Necessary and su�cient conditions for f 
 h to be an immersion were obtained in (cf. [11]).
Further, tensor products of spherical and equivariant immersions were studied in (cf. [10]).
Tensor product surfaces of Euclidean plane curves were studied by Mihai and Rouxel (cf.
[17]) and tensor product surfaces of Lorentzian plane curves by Mihai et al., (cf. [18]) (See
also (cf. [1])).

Let M be a submanifold of a (n + d)-dimensional Euclidean spaceEn+ d. Denote by R the
curvature tensor of the Vander Waerden-Bortoletti connection r of M and h is the second
fundamental form of M in En+ d. The submanifold M is called semi-parallel if R � h = 0,
(cf. [12]). This notion is an extrinsic analogue for semi-symmetric spaces, i.e. Riemannian
manifolds for which R � R = 0 and a direct generalization of parallel submanifolds, i.e.
submanifolds for which r h = 0, ( cf. [14]). For more details see also (cf. [12, 13, 16, 19]).
In (cf. [12]), J. Deprez showed the fact that the submanifoldM � En+ d is semi-parallel
implies that ( M; g) is semi-symmetric. For references on semi-symmetric spaces, see (cf.
[2, 3, 4, 12, 20]); for references on parallel immersions, see (cf. [14]). In (cf. [12]), J. Deprez
gave a local classi�cation of semi-parallel hypersurfaces inEn . Recently Bulca and Arslan
considered some special surfaces inEn satisfying the semi-parallelity condition R � h = 0
(cf. [5, 6, 7]). If the curvature tensor R and the tensor Q are linearly dependent, that is;
R � h = L hQ(g; h), then M is called extended semi-parallel. Extended semi-parallel surfaces
in En are classi�ed by Ozgur et al., (cf. [19]).

Yildirim and Ilarslan studied tensor product surfaces of an Euclidean plane curve and
a Lorentzian plane curve in E4

2, satisfying the semi-parallelity condition, (cf. [22]). In
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the present study we consider tensor product surfaces inE4
2, satisfying the extended semi-

parallelity condition.

1.1. Preliminaries. In the present section, we begin by giving some basic concepts about
Riemannian submanifolds from (cf. [8]). Let � : M ! En be an immersion from an m-
dimensional connected Riemannian manifoldM into En . We denote the metric tensor ofEn

by < �; �> or g as well as that induced onM . Let er be the Levi-Civita connection of En

and r the induced connection onM . Then the Gaussian and Weingarten formulas are given
respectively by

r X Y = r X Y + h(X; Y ) and er X N = � AN X + r ?
X N;

where X; Y are vector �elds tangent to M and N is normal to M . Moreover, h is the second
fundamental form, r ? is linear connection induced in the normal bundleT? M , called normal
connection andAN is the shape operator in the direction ofN that is related with h by

< h (X; Y ); N > = < A N X; Y > :

If the set f X 1; :::; X m g is a local basis for� (M ) and f N1; :::; Nn � m g is an orthonormal local
basis for � ? (M ), then h can be written as

h =
n � mX

k=1

mX

i;j =1

hk
ij Nk ;

where hk
ij = < h (X i ; X j ); Nk > : The covariant di�erentiation r h of the second fundamental

form h on the direct sum of the tangent bundle and the normal bundleT M � T? M of M is
de�ned by

(r X h)(Y; Z) = r ?
X h(Y; Z) � h(r X Y; Z) � h(Y;r X Z );

for any vector �elds X; Y and Z tangent to M . Then we have the Codazzi equation as

(r X h)(Y; Z) = ( r Y h)(X; Z );

where r is called the Vander Waerden-Bortoletti connection of M . We denote by R the
curvature tensor associated withr ;

R(X; Y )Z = �r X r Y Z + r Y r X Z + r [X;Y ]Z;

and denote byR? the curvature tensor associated withr ? ;

R? (X; Y )� = r ?
Y r ?

X � � r ?
X r ?

Y � � r ?
[X;Y ]�;

whereX; Y; Z are tangent vector �elds to M and � is normal vector �eld to M . The Gaussian
curvature of M is de�ned by (see (cf. [15]))

K = < h (X 1; X 1); h(X 2; X 2) > � < h (X 1; X 2); h(X 1; X 2) >;

where the setf X 1; X 2g is a linearly independent subset of� (M ). The normal curvature K N
of M is de�ned by (see (cf. [11]))

(1) K N =

( n � mX

1= k<l

< R ? (X 1; X 2)Nk ; N l > 2

) (1=2)

;

where f Nk ; N l g forms an orthonormal basis of� ? (M ). From (1), we conclude that K N = 0
if and only if r ? is a 
at normal connection of M . Let us consider the product tensorR:h of
the curvature tensor R with the second fundamental form h. This product tensor is de�ned
by

(R(X; Y ) � h)(Z; T ) = r X (r Y h(Z; T )) � r Y (r X h(Z; T )) � r [X;Y ]h(Z; T );

for all X; Y; Z; T tangent to M . Let M � En be a smooth surface, then M is said to be
semi-parallel if R � h = 0, i.e., R(X; Y ) � h = 0, ( cf. [12, 21]). One can easily get

(R(X; Y ) � h)(Z; T ) = R? (X; Y )h(Z; T ) � h(R(X; Y )Z; T ) � h(Z; R (X; Y )T ):
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Lemma 1.1 (cf. [12]). Let M � En be a smooth surface, then the followings hold;

(R(X 1; X 2) � h)(X 1; X 1) =

 n � 2X

k=1

hk
11(hk

22 � hk
11 + 2K )

!

h(X 1; X 2)

+
n � 2X

k=1

hk
11hk

12(h(X 1; X 1) � h(X 2; X 2)) ;

(R(X 1; X 2) � h)(X 1; X 2) =

 n � 2X

k=1

hk
12(hk

22 � hk
11)

!

h(X 1; X 2)

+

 n � 2X

k=1

hk
12hk

12 � K

!

(h(X 1; X 1) � h(X 2; X 2)) ;

(R(X 1; X 2) � h)(X 2; X 2) =

 n � 2X

k=1

hk
22(hk

22 � hk
11 � 2K )

!

h(X 1; X 2)

+
n � 2X

k=1

hk
22hk

12(h(X 1; X 1) � h(X 2; X 2)) :

De�nition 1.2 (cf. [13]). Let M � En be a smooth surface. A tensorQ is de�ned by

Q(g; h)(X i ; X j ; X k ; X l ) = � h((X k ^ X l )X i ; X j ) � h(X i ; (X k ^ X l )X j );

for vector �elds X i ; X j ; X k ; X l tangent to M . Here, ^ denotes the endomorphism with respect
to the metric tensor g.

De�nition 1.3 (cf. [19]). Let M � En be a smooth surface, thenM is said to be extended
semi-parallel if the tensorsR � h and Q(g; h) are linearly dependent, that is, the equality

R � h = L hQ(g; h);

holds on the setUh = f p 2 M : Q(g; h) 6= 0g, where L h is some function on Uh .

Lemma 1.4 (cf. [19]). Let M � En be a smooth surface andX 1; X 2 be an orthonormal basis
of the tangent spaceTpM . Then, the followings hold;

Q(g; h)(X 1; X 1; X 1; X 2) = 2 h(X 1; X 2);

Q(g; h)(X 1; X 2; X 1; X 2) = h(X 2; X 2) � h(X 1; X 1);

Q(g; h)(X 2; X 2; X 1; X 2) = � 2h(X 1; X 2):

Yildirim and Ilarslan studied tensor product surfaces of an Euclidean plane curve and a
Lorentzian plane curve in E4

2. Let c1 : R ! E2 be a di�erentiable Euclidean plane curve and
c2 : R ! E2

1 be a di�erentiable non-null Lorentzian plane curve. Put c1(t) = ( 
 (t); � (t)) and
c2(s) = ( � (s); � (s)). Then their tensor product surface patch is given by

f = c1 
 c2 : R2 ! E4
2

f (t; s) = ( 
 (t)� (s); 
 (t)� (s); � (t)� (s); � (t)� (s)) :

The metric tensor on E2
1 and E4

2 is given by

g = � dx2
1 + dx2

2

and

g = � dx2
1 + dx2

2 � dx2
3 + dx2

4;

respectively. Let c1(t) = (cos t; sin t) and c2(s) = ( � (s); � (s)) is a spacelike or a timelike curve
with unit speed. Then, the surface patch becomes

(2) M : f (t; s) = ( � (s) cost; � (s) cost; � (s) sin t; � (s) sin t):
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An orthonormal frame tangent to M is given by

e1 =
�

1
kc2(s)k

�
@f
@t

=
�

1
kc2(s)k

�
(� � (s) sin t; � � (s) sin t; � (s) cost; � (s) cost);

e2 =
@f
@s

= ( �
0
(s) cost; �

0
(s) cost; �

0
(s) sin t; �

0
(s) sin t):

The normal space ofM is spanned by

n1 = ( �
0
(s) cost; �

0
(s) cost; �

0
(s) sin t; �

0
(s) sin t);

n2 =
�

1
kc2(s)k

�
(� � (s) sin t; � � (s) sin t; � (s) cost; � (s) cost)

where

g(e1; e1) = � g(n2; n2) =
g(c2(s); c2(s))

kc2(s)k2 = "1;

g(e2; e2) = � g(n1; n1) = g(c
0

2(s); c
0

2(s)) = "2

and "1 = � 1; "2 = � 1. By covariant di�erentiation with respect to e1 and e2 a straightforward
calculation gives

er e1 e1 = a"2e2 � b"2n1;
er e1 e2 = � a"1e1 � b"1n2;
er e1 n1 = � b"1e1 � a"1n2;
er e1 n2 = � b"2e2 + a"2n1;
er e2 e1 = � b"1n2;
er e2 e2 = � c"2n1;
er e2 n1 = � c"2e2;
er e2 n2 = � b"1e1;

where a; b and c are Christo�el symbols and as in follows

a = a(s) =
�� 0 � �� 0

kc2(s)k2 ;

b = b(s) =
�� 0 � � 0�
kc2(s)k2 ;

c = c(s) = �
0
�

00
� �

00
�

0
:

Second fundamental form of this surface is written as

h =
2X

i;j;k =1

" khk
ij nk ;

where

h1
11 = b; h2

11 = 0 ;

h1
12 = h1

21 = 0 ; h2
12 = h2

21 = b;

h1
22 = c; h2

22 = 0 :

In the next section, we will use the results obtained in (cf. [22]).
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2. Main results

In this section, we present the main results that we obtained.

Theorem 2.1. Let M be a tensor product surface given with the surface patch(2). Then,
M is an extended semi-parallel surface if and only if there exists a functionL h such that the
following equalities hold;

b2"1(c � b+ 2b"1 � 2c"2) = L h2b;

(3) b"2(b � b"1 + c"2)(c � b) = L h(c � b);

b"1(2b"1 + bc� c � 2bc"2) = � L h2b:

Proof. SinceM is an extended semi-parallel surface, i.e.,R �h = L hQ(g; h), where the induced
metric on M is denoted by g. Then, using Lemmas (1.1) and (1.4), we obtain

b2"1(c � b+ 2b"1 � 2c"2)n2 = L h2bn2;

b"2(b � b"1 + c"2)(c � b)n1 = L h(c � b)n1;

b"1(2b"1 + bc� c � 2bc"2)n2 = � L h2bn2:

So the result is clear. �

Theorem 2.2. Let M be a tensor product surface given with the surface patch(2) and
"1 = "2 = 1 . Then, M is an extended semi-parallel surface if and only ifM is a semi-parallel
surface.

Proof. Suppose that M is an extended semi-parallel surface, soM satis�es the extended
semi-parallelity condition (3). There are two possible cases:

1) Let L h = K . Then by (3), we obtain

bK = 0 ;
(b � c)(bc� K ) = 0 ;

b(3K + b2 � c2) = 0 :

If b = 0, then c = 0. Since K = b(b� c), also K = 0. In this case, M is a semi-parallel surface
given with the surface patch (cf. [22])

(4) f (t; s) = ( �� (s)cost; � (s)cost; �� (s)sint; � (s)sint ); � 6= 1 ; � 2 R:

If b 6= 0, then K = 0, consequently b = c. In this case, M is again a semi-parallel surface.

2) Let L h 6= K . Then by (3), we obtain

b(K � 2L h) = 0 ;
(b � c)(bc� L h) = 0 ;

b(K + b2 � c2 + 2L h) = 0 :

We supposeb; c6= 0 and b 6= c. So, we get

K = 2L h ;
bc= L h ;

K + 2L h = c2 � b2:

Since K = b(b � c), these three equations give usb = 0, so this is a contradiction. Conse-
quently, the caseL h 6= K is not possible. �

Theorem 2.3. Let M be a tensor product surface given with the surface patch(2) and
"1 = � 1; "2 = 1 . Then, M is an extended semi-parallel surface if and only ifM is a semi-
parallel surface.
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Proof. Suppose that M is an extended semi-parallel surface, soM satis�es the extended
semi-parallelity condition (3). There are two possible cases:

1) Let L h = K . Then by (3), we obtain

b(2b2 � 3K ) = 0 ;

(c � b)(b2 � 2K ) = 0 ;

b(K + b2 + c2) = 0 :

If b = 0, then c = 0. Since K = � b(b+ c), also K = 0. In this case, M is a semi-parallel
surface given with the surface patch (4). If b 6= 0, we get 3K = 2b2 = � 3b2 � 3c2, this
equation gives us a contradiction. Consequently, in this caseb 6= 0 is not possible.

2) Let L h 6= K . Then by (3), we obtain

b(� K + 2b2 � 2L h) = 0 ;

(c � b)( � K + b2 � L h) = 0 ;

b(� K + b2 + c2 + 2L h) = 0 :

We supposeb 6= 0. If b = c, we obtain L h = 0 and K = 2b2. But, since K = � b(b+ c), this
gives usb = 0, so this is a contradiction. If b 6= c, we obtain K = 0, this gives us the same
contradiction. Consequently, the caseL h 6= K is not possible. �

Theorem 2.4. Let M be a tensor product surface given with the surface patch(2) and
"1 = 1 ; "2 = � 1. Then, M is an extended semi-parallel surface if and only ifM is a semi-
parallel surface.

Proof. Suppose that M is an extended semi-parallel surface, soM satis�es the extended
semi-parallelity condition (3). There are two possible cases:

1) Let L h = K . Then by (3), we obtain

b(2bc� K ) = 0 ;
(c � b)(bc� K ) = 0 ;

b(4K + bc� c2) = 0 :

If b = 0, then c = 0. Since K = b(b + c), also K = 0. In this case, M is a semi-parallel
surface given with the surface patch (4). If b 6= 0, we get K = 2bc = b2 + bc, so we �nd
b(b � c) = 0, this implies b = c. Consequently, we �nd K = 0, so b = 0. This equation gives
us a contradiction. Consequently, in this caseb 6= 0 is not possible.

2) Let L h 6= K . Then by (3), we obtain

b(� K + 2b2 � 2L h) = 0 ;

(c � b)( � K + b2 � L h) = 0 ;

b(� K + b2 + c2 + 2L h) = 0 :

We supposeb 6= 0. If b = c, we obtain L h = 0 and K = 2b2. But, since K = b(b+ c), this
gives usb = 0, so this is a contradiction. If b 6= c, we obtain K = 0, then we �nd b = c and
this gives us a contradiction. Consequently, the caseL h 6= K is not possible. �

Theorem 2.5. Let M be a tensor product surface given with the surface patch(2) and
"1 = "2 = � 1. Then, M is an extended semi-parallel surface if and only ifM is a semi-
parallel surface.

Proof. Suppose that M is an extended semi-parallel surface, soM satis�es the extended
semi-parallelity condition (3). There are two possible cases:

1) Let L h = K . Then by (3), we obtain

5bK = 0 ;
0 = 0;

cK = 0 :
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If b = 0, then c = 0. Since K = b(c� b), also K = 0. In this case, M is a semi-parallel surface
given with the surface patch (4). If b 6= 0, then K = 0, consequently b = c. In this case, M
is again a semi-parallel surface.

2) Let L h 6= K . Then by (3), we obtain

b(3K + 2L h) = 0 ;
(c � b)(K � L h) = 0 ;

b(� 2K + c2 � bc+ 2L h) = 0 :

We supposeb; c6= 0 and b 6= c. So, we getK = L h . This is a contradiction. Consequently,
the caseL h 6= K is not possible.

�
3. Conclusion

We examined tensor product surfaces given with the surface patch (2) inE4
2 and investi-

gated such kind of surfaces satisfying extended semi-parallelity condition (3). We conclude
that extended semi-parallel tensor product surfaces coincide with semi-parallel tensor product
surfaces inE4

2.
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Power series statistical relative uniform
convergence of a double sequence of functions at a

point and approximation results
Sevda Y�ld�z

Abstract . In this paper, we introduce a novel concept in statistical convergence for
double sequences, namely power series statistical uniform convergence at a point, de�ned with
respect to the power series method. We establish an approximation theorem for sequences
of functions under this convergence. Furthermore, we provide an illustrative example that
satis�es our new theorem but fails to hold under previously studied convergence methods.
Additionally, we investigate the rate of convergence, o�ering a quantitative analysis of the
proposed method’s e�ciency.

2020 Mathematics Subject Classifications : 40A35, 40G10, 41A36

Keywords: Power series methods, Double sequences, Korovkin theorem, Statistical rel-
ative uniform convergence, Rate of convergence

1. Introduction

Convergence methods have been a central focus in approximation theory, functional anal-
ysis, and summability theory for a considerable period. Convergence for double sequences
has attracted considerable attention due to its aplications in numerical analysis, functional
equations, and the theory of positive linear operators. The classical notion of convergence,
as proposed by Pringsheim [25], provided the foundation for this line of research. The in-
troduction of the notion of statistical convergence by Fast [17] and Steinhaus [29] resulted
in signi�cant theoretical contributions, including further generalisations and extensions to
double sequences by Moricz [24]. These developments have opened a wide avenue for new
approximation results and summability methods (see e.g. [1, 3, 4, 6, 7, 13, 15, 18, 19, 22, 27]).

A more recent and powerful framework involves the use of power series methods, non-
matrix methods (including Abel, Borel and logarithmic methods), which were investigated
for double sequences by Baron and Stadtm�uller [2]. In particular, �Unver and Orhan [31]
introduced the notion of statistical convergence with respect to power series methods for
single sequences, while Y�ld�z et al. [34] extended this idea to double sequences, showing
that such convergence is incompatible with classical statistical convergence. These methods
not only generalize classical convergence techniques but also provide a 
exible structure for
studying statistical-type convergence (see e.g. [9, 12, 14, 28, 30, 33, 35]).

Another interesting new forms of uniform convergence have been proposed in order to bet-
ter capture the local behavior of single-double sequences of functions. Klippert and Williams
[20] introduced the concept of uniform convergence at a point for single sequences, and later
Dirik et al. [16] extended it to the double sequences. More recently, Demirci et al. [10]
and Boccuto et al. [5] introduced the notion of relative uniform convergence ([8, 23]), which
serves as a re�ned tool for developing Korovkin-type approximation theorems [21] (see also
[11, 32]).

Motivated by these observations, the present paper introduces a new notion titled \power
series statistical relative uniform convergence of a double function sequence at a point" . This
concept combines two fundamental ideas: the power of statistical convergence with respect
to power series methods and the 
exibility of relative uniform convergence. This combination
�lls a gap in the existing literature. We establish a Korovkin-type approximation theorem
within this new framework, together with example that demonstrates its e�ectiveness in
cases where classical methods fail. Furthermore, we analyze the rate of convergence with the
modulus of continuity.
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The structure of the paper is as follows. In Section 2, preliminary de�nitions are revisited
and the notion of power series statistical relative uniform convergence at a point is introduced.
Section 3 is dedicated to the presentation of Korovkin-type approximation results for double
sequences of positive linear operators, accompanied by a detailed application. The subsequent
section, Section 4, discusses the rate of convergence. Finally, the concluding remarks provide
a summary of the signi�cance and potential extensions of the results obtained.

2. Preliminaries

In this section, the fundamental concepts of de�nitions are revisited and we introduce the
notion of power series statistical relative uniform convergence at a point.

2.1. The Notions of Convergences for Double Sequences.

De�nition 2.1. [25] A double sequencey = f yk;l g is said to converge in Pringsheim’s sense
if, for every " > 0; there exists an integerL = L (" ) such that

jyk;l � � j < " wheneverk; l > L;

where � is called the Pringsheim limit of y and is denoted byP � lim k;l yk;l = �: For brevity,
we refer to such sequences asP -convergent.

A double sequencef yk;l g is bounded provided there exists a constantK > 0 with jyk;l j � K
for every (k; l ) 2 N2: One should observe that, unlike the case of ordinary (single) sequences,
P -convergence of a double sequence does not in general guarantee boundedness.

Let f pk;l g be a double sequence of nonnegative real numbers withp00 > 0; and consider
the associated power series

p (t; u) :=
1X

k;l =0

pk;l tkul

which is assumed to have a radius of convergenceR (with R 2 (0; 1 ]) so that the series
converges for allt; u 2 (0; R) :

De�nition 2.2. [2] A double sequencey = f yk;l g is said to converge according to the power
series method, denoted byP2

p � lim yk;l = �; if, for every t; u 2 (0; R) ; the limit

lim
t;u ! R �

1
p (t; u)

1X

k;l =0

pk;l tkul yk;l = �

holds.

Furthermore, this method is called regular if, for every �xed index pair ( �; � ) ; the condi-
tions

(1) lim
t;u ! R �

1P

k=0
pk;� tk

p (t; u)
= 0 and lim

t;u ! R �

1P

l=0
p�;l ul

p (t; u)
= 0 ;

hold true (cf. [2]).
For the remainder of this paper, we shall assume that the power series method under

consideration is regular, unless explicitly stated otherwise.
In a recent contribution, �Unver and Orhan [31] proposed the concept ofPp-density of

E � N0 together with the associated idea ofPp-statistical convergence (stPp -limit) for single
sequences. Their analysis revealed that classical statistical convergence andPp-statistical
convergence are fundamentally incompatible. Inspired by this observation, Y�ld�z et al. [34]
extended this idea to double sequences by de�ning theP2

p -density of F � N2
0 = N0 � N0 and

P2
p -statistical convergence.

De�nition 2.3. [34] Let F � N2
0: If the limit

� 2
Pp (F ) := lim

t;u ! R �

1
p (t; u)

X

(k;l )2 F

pk;l tkul

exists, then � 2
Pp

(F ) is called theP2
p -density of F:
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De�nition 2.4. [34] Let y = f yk;l g be a double sequence. Theny is said to be power series
statistically convergent (P2

p -statistically convergent) to � if for any " > 0

lim
t;u ! R �

1
p (t; u)

X

(k;l )2 F"

pk;l tkul = 0

where F" =
�

(k; l ) 2 N2
0 : jyk;l � � j � "

	
; that is � 2

Pp
(F" ) = 0 for any " > 0: In this case we

write st2
Pp

� lim yk;l = �:

The notion of uniform convergence of a sequence of functions at a point, which is strictly
stronger than the classical concept of uniform convergence, was originally formulated by J.
Klippert and G. Williams [20]. Subsequently, Demirci et al. [10] de�ned relative uniform
convergence of sequences of functions at a point and established several Korovkin-type ap-
proximation theorems in this setting. More recently, Dirik et al. [16] extended this line of
research to the setting of double sequences by formulating the notion of uniform convergence
at a point for such sequences.

De�nition 2.5. [16] Let f f k;l g be a double sequence of real functions de�ned onM 2 �
R2: Let (y0; z0) 2 M 2: We say that f f k;l g converges uniformly at the point (y0; z0) to f :
M 2 ! R i� for every " > 0; there are � > 0 and L 2 N such that for every k; l � L; ifq

(y � y0)2 + ( z � z0)2 � � (or jy � y0j � � and jz � z0j � � ), then

jf k;l (y; z) � f (y; z)j < ":

2.2. Power Series Statistical-Type Convergence at a Point.

De�nition 2.6. Let M 2 � R2 be an interval and suppose thatf f k;l g is a double sequence of
real functions de�ned on M 2: Let (y0; z0) 2 M 2: We say that f f k;l g converges power series
statistically relatively uniformly at the point (y0; z0) to f : M 2 ! R i� for every " > 0 there
exist a function �; j� (y; z)j 6= 0 ; � > 0 and F � N2 with � 2

Pp
(F ) = 0 such that for every

(k; l ) 2 N2
0nF; if

q
(y � y0)2 + ( z � z0)2 � � (or jy � y0j � � and jz � z0j � � ), then

jf k;l (y; z) � f (y; z)j < " j� (y; z)j :

Remark 1. (i ) It is immediate that if f f k;l g is P2
p -statistically relatively uniformly convergent

to a function f on M 2; then f f k;l g is also convergesP2
p -statistically relatively uniformly at

each point in M 2:
(ii )If the scale function � is bounded,P2

p -statistical relative uniform convergence at a point
implies P2

p -statistical uniform convergence at a point. In contrast, when � is unbounded,
P2

p -statistical relative uniform convergence at a point does not necessarily implyP2
p -statistical

uniform convergence at a point.
(iii ) The notion of P2

p -statistical uniform convergence of a double sequence of functions at
a point is the special case ofP2

p -statistical relative uniform convergence of a double sequence
of functions at a point in when the scale function is taken to be a nonzero constant.

Now we give the following example to show the e�ectiveness of newly proposed method:

Example 2.7. De�ne gk;l : [0; 1]2 ! R by

(2) gk;l (y; z) =

(
k2ly2z; k = 2 i or l = 2 j
k2 ly 2z

4+ k2 ly 2z ; otherwise ;

i; j = 1 ; 2; :::: In addition, let the power series method be de�ned by

(3) pk;l =
�

0; k = 2 i or l = 2 j
1; otherwise

i; j = 1 ; 2; :::: We claim that f gk;l g converges power series statistically relatively uniformly at
(y0; z0) = (0 ; 0) to g = 0 to the scale function

(4) � (y; z) =
�

1; y = 0 or z = 0
1

yz ; (y; z) 2 ]0; 1]2 :
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Indeed, let " > 0 be given and choose� =
p

" and F = f (k; l ) : k = 2 i or l = 2 j; i; j = 1 ; 2; :::g :
Then � 2

Pp
(F ) = 0 : Let (k; l ) 2 N2

0nF and (y; z) 2 [0; 1]2 with jyj � � and jzj � �: Then,
����
gk;l (y; z)
� (y; z)

���� �
����

k2ly3z2

4 + k2ly2z

���� � j yj jzj < � 2 = ":

However, f gk;l g does not convergence power series statistically uniformly at(0; 0) : Indeed,
for " = 1

6 ; (y; z) =
� 1

k ; 1
l
�

2 ]0; 1]2 with 1
k < �; 1

l < � and (k; l ) 2 N2
0nF; we get

k2ly2z
4 + k2ly2z

=
1
5

>
1
6

:

Furthermore, the sequence fails to converge tog = 0 ; both in the sense of uniform convergence
and in the sense of relative uniform convergence.

3. Korovkin-Type Approximation

In this section we apply the concept of power series statistical relative uniform convergence
of double sequences of functions at a point in order to establish a Korovkin type approximation
theorem. Let C

�
M 2�

denote the space of all functionsf continuous on M 2: It is well known
that C

�
M 2�

is a Banach space equipped with the supremum normkf k = sup
(y;z)2 M 2

jf (y; z)j :

For a function f 2 C
�
M 2�

; we denote the value of the operatorTk;l (f ) at a point ( y; z) 2
M 2 by Tk;l (f (s; v); y; z) or brie
y, Tk;l (f ; y; z):

Throughout, we employ the following standard test functions:

e0(y; z) = 1 ; e1(y; z) = y; e2(y; z) = z and e3(y; z) = y2 + z2:

At this stage, it is now convenient to recall the following P2
p -statistical Korovkin-type

theorem, which will serve as a useful reference point.

Theorem 3.1. [34] Suppose thatf Tk;l g is a double sequence of positive linear operators acting
from C

�
M 2�

into itself. Then, for all f 2 C
�
M 2�

;

st2
Pp � lim kTk;l (f ) � f k = 0

i�
st2

Pp � lim kTk;l (er ) � er k = 0 ; (r = 0 ; 1; 2; 3) :

We are now in a position to present the main theorem.

Theorem 3.2. Let f Tk;l g be a double sequence of positive linear operators acting fromC
�
M 2�

into itself. Then f Tk;l (er )g (r = 0 ; 1; 2; 3) converges power series statistically relatively uni-
formly at (y0; z0) to er with respect to the scale function� r i� for each f 2 C

�
M 2�

; f Tk;l (f )g
converges power series statistically relatively uniformly at(y0; z0) to f with respect to the scale
function � where j� r (y; z)j > 0; j� (y; z)j > 0 and � r ; � possibly unbounded,r = 0 ; 1; 2; 3:

Proof. First, we begin the \if" part. Since er 2 C
�
M 2�

; r = 0 ; 1; 2; 3; the necessity of the
condition is straightforward. We now proceed to establish the su�ciency by considering the
\only if" direction. Let f 2 C

�
M 2�

and (y; z) 2 M 2 be �xed. Let B1 = max
n

jyj ; jyj2
o

;

B2 = max
n

jzj ; jzj2
o

and B3 = max f B1; B2g : Also, by the continuity of f on M 2; we can
write jf (y; z)j � B4: Hence,

jf (s; v) � f (y; z)j � j f (s; v)j + jf (y; z)j � 2B4:

Moreover, since f is uniformly continuous on M 2; we write that for every " > 0; there
exists a number � > 0 such that jf (s; v) � f (y; z)j < " holds for all (s; v) 2 M 2 satisfyingq

(s � y)2 + ( v � z)2 < �: Hence, we get

(5) jf (s; v) � f (y; z)j <
"
4

+
2B4

� 2

n
(s � y)2 + ( v � z)2

o
:
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This means

�
"
4

�
2B4

� 2

n
(s � y)2 + ( v � z)2

o
< f (s; v) � f (y; z)

<
"
4

+
2B4

� 2

n
(s � y)2 + ( v � z)2

o
:

It is su�cient, without loss of generality, to restrict attention to values of " satisfying 0 <
" � 1: By the given hypothesis, in correspondence withB5 := min

n
"
4 ; "

4B 4
; "� 2

56B 4
; "� 2

56B 4B 3

o
and

r = 0 ; 1; 2; 3; there are � r ; scale functions,� r > 0 and Fr � N2
0 with � 2

Pp
(Fr ) = 0 such that

jTk;l (er ; y; z) � er (y; z)j � B5 j� r (y; z)j

whenever (k; l ) 2 N2
0nFr ; jy � y0j � � r and jz � z0j � � r : Now, choose

� (y; z) = max fj � r (y; z)j ; r = 0 ; 1; 2; 3g :

Then, we get
jTk;l (er ; y; z) � er (y; z)j � B5� (y; z)

whenever (k; l ) 2 N2
0nF and jy � y0j � � and jz � z0j � �; where

F =
3
[

r =0
Fr with � 2

Pp (F ) = 0 and � = min f � r : r = 0 ; 1; 2; 3g :

We write

Tk;l

�
(: � y)2 + ( : � z)2 ; y; z

�

� j Tk;l (e3; y; z) � e3 (y; z)j + 2 jyj jTk;l (e1; y; z) � e1 (y; z)j

+2 jzj jTk;l (e2; y; z) � e2 (y; z)j +
��y2 + z2�� jTk;l (e0; y; z) � e0 (y; z)j

�
"� 2

8B4
� (y; z)

for (k; l ) 2 N2
0nF and (y; z) 2 M 2 with jy � y0j � � and jz � z0j � �: Using the linearity and

the positivity of the operators Tk;l together with (5), it follows that

jTk;l (f ; y; z) � f (y; z)j
� j Tk;l (f ; y; z) � f (y; z) Tk;l (e0; y; z)j + jf (y; z)j jTk;l (e0; y; z) � e0 (y; z)j

� Tk;l

�
"
4

+
2B4

� 2

n
(: � y)2 + ( : � z)2

o
; y; z

�
+ B4 jTk;l (e0; y; z) � e0 (y; z)j

=
"
4

Tk;l (e0; y; z) +
2B4

� 2 Tk;l

�
(: � y)2 + ( : � z)2 ; y; z

�

+ B4 jTk;l (e0; y; z) � e0 (y; z)j

�
n "

4
+ B4

o
jTk;l (e0; y; z) � e0 (y; z)j +

"
4

+
2B4

� 2 Tk;l

�
(: � y)2 + ( : � z)2 ; y; z

�

� "� (y; z)

whenever (k; l ) 2 N2
0nF and (y; z) 2 M 2 with jy � y0j � � and jz � z0j � �; hence the

result. �

When the scale function is substituted by a nonzero constant, the following statement can
be derived directly as an immediate consequence of the main Korovkin-type approximation
theorem established herein.

Corollary 3.3. Let f Tk;l g be a double sequence of positive linear operators acting onC
�
M 2�

into itself. Then f Tk;l (er )g (r = 0 ; 1; 2; 3) converges power series statistically uniformly at
(y0; z0) to er i� for each f 2 C

�
M 2�

; f Tk;l (f )g converges power series statistically uniformly
at (y0; z0) to f:

An illustrative example is provided below, highlighting the extent to which our new theorem
exhibits a higher degree of precision compared to earlier results.

189 / 193



Power series statistical relative uniform convergence at a point

Example 3.4. (i ) Let M 2 = [0 ; 1]2 : Consider the following Bernstein operators (see[26])
given by

(6) Bk;l (f ; y; z) =
kX

i =0

lX

j =0

f
�

i
k

;
j
l

� �
k
i

��
l
j

�
yi (1 � y)k � i zj (1 � z) l � j

where (y; z) 2 M 2; f 2 C
�
M 2�

:From these polynomials, we introduce the corresponding
positive linear operators on C

�
M 2�

:

(7) Tk;l (f ; y; z) = (1 + gk;l (y; z)) Bk;l (f ; y; z)

where gk;l (y; z) is given by (2) and the power series method is given with (3). Now, observe
that

Tk;l (e0; y; z) = (1 + gk;l (y; z)) e0 (y; z) ;
Tk;l (e1; y; z) = (1 + gk;l (y; z)) e1 (y; z) ;
Tk;l (e2; y; z) = (1 + gk;l (y; z)) e2 (y; z) ;

Tk;l (e3; y; z) = (1 + gk;l (y; z))
�
e3 (y; z) +

y � y2

k
+

z � z2

l

�
:

Now we claim that f Tk;l (er )g converges power series statistically uniformly at(y0; z0) =
(0; 0) to er to the scale function � r := �; is given by (4) (r = 0 ; 1; 2; 3) :

Let " > 0 be given andFr := F = f (k; l ) : k = 2 i or l = 2 j; i; j = 1 ; 2; :::g ; then � 2
Pp

(Fr ) =
0 (r = 0 ; 1; 2; 3) :

Now, let (k; l ) 2 N2
0nF0 and (y; z) 2 [0; 1]2 with jyj � � 0 and jzj � � 0 where � 0 =

p
": Then,

����
Tk;l (e0; y; z) � e0 (y; z)

� 0 (y; z)

���� =
����
gk;l (y; z)
� (y; z)

���� � j yj jzj < 2� 2
0 = ";

our claim is true for r = 0 : Also,
����
Tk;l (e1; y; z) � e1 (y; z)

� 1 (y; z)

���� =
����
e1 (y; z) gk;l (y; z)

� (y; z)

����

� j yj2 jzj < � 3
1 = "

whenever(k; l ) 2 N2
0nF1 and jyj � � 1; jzj � � 1 where � 1 = 3

p
": Similarly,

����
Tk;l (e2; y; z) � e2 (y; z)

� 2 (y; z)

���� �
����
e2 (y; z) gk;l (y; z)

� (y; z)

���� � j yj jzj2 < � 3
2 = "

whenever(k; l ) 2 N2
0nF2 and jyj � � 2; jzj � � 2 where � 2 = 3

p
": Hence, we get that our claim

is true for r = 1 ; 2: Finally,
����
Tk;l (e3; y; z) � e3 (y; z)

� 3 (y; z)

����

=
����

1
� (y; z)

�
(1 + gk;l (y; z))

�
e3 (y; z) +

y � y2

k
+

z � z2

l

�
� e3 ((y; z))

� ����

�
����
gk;l (y; z)
� (y; z)

�
e3 (y; z) +

y � y2

k
+

z � z2

l

� ���� +
����

y � y2

k� (y; z)

���� +
����

z � z2

l� (y; z)

����

� 4
����
gk;l (y; z)
� (y; z)

���� + 2 jyj jzj � 6 jyj jzj � 6� 2
3 = "

whenever(k; l ) 2 N2
0nF3 and jyj � � 3; jzj � � 3 where � 3 =

p "
6 and our claim is true for

r = 3 : Hence from our main Theorem 3.2, we get
����
Tk;l (f ; y; z) � f (y; z)

� (y; z)

���� � "

whenever(k; l ) 2 N2
0nF; jyj � � and jzj � � where � = min

� p
"; 3

p
";

p "
6
	

: Since
jTk;l (e0; y; z) � e0 (y; z)j = gk;l (y; z) ; it follows that the sequencef Tk;l (e0)g is not power

series statistically uniformly convergent at(0; 0) to e0: Therefore, neither Theorem 3.1 (power
series statistical Korovkin type theorem) nor Corollary 3.3 are valid for the operators de�ned
in (7). Furthermore, even ordinary uniform convergence of f Tk;l (e0)g at (0; 0) to e0 fails.
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(ii ) Let for any � k > 0 and � l > 0; M � k � l := [0 ; � k ] � [0; � l ] with lim
k

� k = lim
l

� l = + 1
and

stPp � lim
� k

k
= 0 ; stPp � lim

� l

l
= 0 :

By these weaker conditions, consider the double Bernstein-Chlodowsky operators:

Ck;l (f ; y; z) =
kX

i =0

lX

j =0

f
�

i� k

k
;
j� l

l

� �
k
i

� �
y

� k

� i �
1 �

y
� k

� k � i �
l
j

� �
z
� l

� j �
1 �

z
� l

� l � j
:

It is well known that

Ck;l (e0; y; z) = e0 (y; z) ;
Ck;l (e1; y; z) = e1 (y; z) ;
Ck;l (e2; y; z) = e2 (y; z) ;

Ck;l (e3; y; z) = y2 + z2 �
y2

k
�

z2

l
+

y� k

k
+

z� l

l
:

Let b; d are any su�ciently large �xed positive real numbers such thatb � � k and d � � l ;
f 2 C (M bd) ; then, from Theorem 3.1, we have

st2
Pp � lim kCk;l (f ) � f kC (M bd ) = 0 :

Using now Ck;l ; we de�ne the following

(8) C �
k;l (f ; y; z) = (1 + gk;l (y; z)) Ck;l (f ; y; z)

wheregk;l (y; z) is given by (2) and the power series method is given with (3). It is easy to see
that

n
C �

k;l (er )
o

converges power series statistically uniformly at(y0; z0) = (0 ; 0) to er to the
scale function � r := �; is given by (4) (r = 0 ; 1; 2; 3) : Hence from our main Theorem 3.2, we
can say that, for all f 2 C (M bd) ;

n
C �

k;l (f )
o

converges power series statistically uniformly
at (y0; z0) = (0 ; 0) to f to the scale function �: However, neither Theorem 3.1 (power series
statistical Korovkin type theorem) nor Corollary 3.3 are valid for the operators de�ned in (8).

4. Rate of Convergence

The focus of this section is on studying the rate of convergence through the modulus of
continuity, de�ned below:

! 2 (f ; � ) := sup
�

jf (s; v) � f (y; z)j : (s; v) ; (y; z) 2 M 2;
q

(s � y)2 + ( v � z)2 � �
�

where f 2 C
�
M 2�

and � > 0: For the purpose of establishing our result, we make use of the
elementary inequality, for all f 2 C

�
M 2�

and for �; � > 0;

! 2 (f ; �� ) � (1 + [ � ]) ! 2 (f ; � )

where [� ] is de�ned to be the greatest integer less than or equal to�:

Theorem 4.1. Let f Tk;l g denote a double sequence of positive linear operators acting from
C

�
M 2�

into itself. Suppose that the following conditions are satis�ed:

(i ) f Tk;l (e0)g converges power series statistically uniformly at(y0; z0) to e0 with respect
to the scale function � 0;

(ii ) st2
Pp

� lim ! 2(f ;� k;l )
j� 1 (y;z) j = 0 for each (y; z) 2 M 2 where� k;l :=

r
Tk;l

�
(: � y)2 + ( : � z)2 ; y; z

�
:

Then we have, for allf 2 C
�
M 2�

; f Tk;l (f )g converges power series statistically uniformly
at (y0; z0) to f with respect to the scale function�; where� (y; z) = max fj � r (y; z)j : r = 0 ; 1g :
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Proof. Let (y; z) 2 M 2and f 2 C
�
M 2�

be �xed. Using the linearity and the positivity of the
operators Tk;l ; for all ( k; l ) 2 N2

0 and any � > 0; we have

jTk;l (f ; y; z) � f (y; z)j
� j Tk;l (f ; y; z) � f (y; z) Tk;l (e0; y; z)j + jf (y; z)j jTk;l (e0; y; z) � e0 (y; z)j

� Tk;l

  

1 +
(: � y)2 + ( : � z)2

� 2

!

! 2 (f ; � ) ; y; z

!

+ jf (y; z)j jTk;l (e0; y; z) � e0 (y; z)j

= ! 2 (f ; � ) Tk;l (e0; y; z) +
! 2 (f ; � )

� 2 Tk;l

�
(: � y)2 + ( : � z)2 ; y; z

�

+ jf (y; z)j jTk;l (e0; y; z) � e0 (y; z)j :

Put � := � k;l =
r

Tk;l

�
(: � y)2 + ( : � z)2 ; y; z

�
: Hence, we get

jTk;l (f ; y; z) � f (y; z)j
� (y; z)

� [! 2 (f ; � k;l ) + jf (y; z)j]
����
Tk;l (e0; y; z) � e0 (y; z)

� 0 (y; z)

���� + 2
! 2 (f ; � k;l )
j� 1 (y; z)j

:

By using (i ) and (ii ) the proof is completed. �

5. Conclusion

In this work, we introduced and investigated the concept of statistical relative uniform
convergence with respect to power series methods of double sequences of functions at a point.
Within this framework, we proved a Korovkin-type approximation theorem and presented
an example to illustrate this. We also derived results on the rate of convergence using the
modulus of continuity. The proposed approach extends classical convergence notions and
o�ers new insights in approximation theory. It is suggested that future work should extend
nonlinear operators and establish connections with probabilistic methods.
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